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Preface

The well-known methods of investigation for evolutionary problems of fluid dynamics
are the Faedo—Galerkin method [36, 37, 61], the iteration method [2, 3], the method
of evolution equations in Banach spaces [51, 78] and some others. In the present
book we describe one more method of study of such problems, which is especially
appropriate for the research of weak solvability for initial-boundary value problems
arising in nonlinear hydrodynamics. Here we use this method for the investigation of
some models for motion of viscoelastic media, its employment for other models can
be found e.g. in works [29, 64, 71]. The outline of application of this method is the
following one.

One begins with the interpretation of an initial-boundary value problem as an op-
erator equation in the function space which naturally corresponds to the considered
problem. As a rule, the maps involved in this equation do not possess good operator
properties, so at once it is not possible to apply any principles of nonlinear analysis
for the proof of the solvability of the problem. Therefore one finds an approximation
of this equation (which consists in smoothing of nonlinear terms, or in adding terms
of higher order with a small parameter, or in some other operations) and studies the
solvability of this approximating equation in the spaces with more suitable topolog-
ical properties. For this purpose, one applies the technique of the Leray—Schauder
topological degree or its generalizations. It is important to point out that in this situa-
tion the approximating equation has natural equation properties, and small variations
of the right-hand side and of the initial data imply small variation of the solution set
for this equation. In particular, this gives opportunity to apply various approximate
methods for the analysis of this equation, and the convergence of the approximate
solutions to the solutions of the approximating equation is guaranteed. The last step
of the method is the passage to the limit in the approximating equation as the approx-
imation parameters tend to zero, and here the solutions of the approximating equation
converge to a solution of the original equation (usually in a topology which is much
weaker than the one of the spaces where the approximating equation was studied).

In particular, this method turned out to be useful in those problems of non-
Newtonian hydrodynamics where it is hard or impossible to express the deviatoric
stress tensor via the velocity vector function explicitly (and, consequently, one has to
examine systems of two basic variables: the velocity vector and the stress tensor).

The book contains preliminary material from rheology, which is required for under-
standing the models under consideration. This material is written from the mathemati-
cian’s point of view. Besides, for the sake of relative completeness of the research, we
give some results on the existence of strong solutions for the initial-boundary value
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problems describing the motion of the media which are modeled by the considered
models. Let us turn to more detailed description of the book’s contents.

The first chapter of the book is the just mentioned introduction to the rheology
of viscoelastic and nonlinear-viscous media. Let us point out that we do not try to
describe all existing models, and we mainly restrict ourselves to the ones which are
the objects of our research in the subsequent chapters. Section 1.1 is a summary of the
basic laws which are independent of particular media. Section 1.2 is devoted to the
brief analysis of one-dimensional viscoelastic models, which are generalized to higher
dimensions in Section 1.3. The nonlinear-viscous models are handled in Section 1.4.
In Section 1.5, we combine the viscoelastic and nonlinear-viscous approaches.

The second chapter is concerned with the function spaces which are required for
the mathematical study of the hydrodynamical equations and with the interrelations
between these spaces (embedding theorems etc.). Section 2.1 deals with the spaces
of functions defined on subsets of R” and with values in finite-dimensional spaces.
In Section 2.2, we give the necessary results which involve the vector functions with
values in Banach spaces.

The third chapter contains miscellaneous facts on linear (Section 3.1) and non-
linear (Section 3.2) non-evolutionary and evolutionary operator equations in Banach
spaces, which we need for the investigation of equations of hydrodynamics (in partic-
ular, the notion of Leray—Schauder degree).

The fourth chapter is a rather general self-contained theory of attractors for evolu-
tionary equations in Banach spaces. It is used in Chapter 6 for construction of attrac-
tors for the weak solutions to the initial-boundary value problems from the dynamics
of viscoelastic media. Section 4.1 contains the classical issues of attractor theorys; its
generalizations for the evolution equations without uniqueness of solutions, without
invariance of the trajectory space etc. are given in Section 4.2 (autonomous case) and
Section 4.3 (non-autonomous case).

The goal of the fifth chapter is to present some results on the strong solvability and
some solution properties for the initial-boundary value and Cauchy problems describ-
ing the motion of viscoelastic media. Unfortunately, as in the classical dynamics of
Newtonian fluids in three-dimensional domains, for the problems under consideration
one cannot prove global in time existence of strong solutions for arbitrary data even
in two dimensions (although there is no counterexample). Section 5.1 is devoted to a
local existence result for the initial-boundary value problem for the system of equa-
tions of motion for the Jeffreys viscoelastic medium. In the subsequent sections of the
chapter we study the initial-value problem for the system of motion equations for a
more general combined class of models for nonlinear viscoelastic media in the whole
space R? or R3. In Section 5.2, we formulate the problem and the main (existence
and uniqueness) result and introduce additional notations. In Section 5.3, the operator
treatment of the considered problem is realized. In Section 5.4, an auxiliary problem
depending on a parameter is introduced and investigated. The existence of solutions
of this problem and a uniform a priori estimate are proved. In Section 5.5, the passage
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to the limit as the parameter tends to zero is carried out, and the global strong solution
of the original problem is obtained (for small initial data and body force). In Section
5.6, we study the continuous dependence of solutions on the problem data.

As we already mentioned, the problem of existence of global strong solutions to
the initial-boundary value problems for the equations of viscoelastic fluid mechanics
is open in the general case. A possible way to break this deadlock is to investigate
weak solutions to these problems. This is realized in the sixth chapter. In Section 6.1,
we give a set-theoretic scheme for weak formulation of problems and prove some im-
portant equalities. In Section 6.2, we introduce the concept of a weak solution to the
initial-boundary value problem for the system of motion equations for the Jeffreys vis-
coelastic medium, and then we formulate the main existence theorem for it. In Section
6.3, existence of solutions of an auxiliary problem, depending on several parameters,
is proved via obtaining a priori estimates and application of the Leray—Schauder de-
gree theory. In Section 6.4, the passage to the limit as one of these parameters tends
to zero is carried out. With the help of the obtained result, in Section 6.5 we prove
existence of a weak solution of the initial-boundary value problem for the Jeffreys
model (here we also touch on the existence of pressure).

The uniqueness of weak solutions for the majority of equations of hydrodynamics
is still an open problem. For example, for the Navier—Stokes equations in the two-
dimensional case a weak solution is unique, and in the three dimensions there are
only conditional results. In Section 6.6 we present two results of the latter kind for
the Jeffreys model. Section 6.7 (autonomous case) and Section 6.8 (non-autonomous
case) are devoted to the study of attractors of weak solutions for the system of mo-
tion equations for the Jeffreys viscoelastic medium. In Section 6.9, we investigate
stationary (independent of time) solutions of this system.

The seventh chapter represents another approach to the study of the equations of
viscoelastic fluid mechanics. It is based on regularization ideas, and the problems aris-
ing here contain less unknown functions. In Section 7.1 we describe the regularization
procedure for the equations of motion of the Jeffreys viscoelastic medium. We give
the weak statement of the regularized initial-boundary value problem and formulate
some existence results. In Sections 7.2 — 7.4, we apply the approximating-topological
procedure for the proof of these theorems. In Section 7.5, we suggest another weak
formulation of the regularized problem and compare it with the first one. This helps to
establish (in Section 7.6) the convergence of the solutions of the regularized problems
to the solutions of the original problem in some generalized sense. Section 7.7 is a sort
of appendix to Chapter 7. Here we describe necessary constructions of regularization
operators.

Voronezh, November 2007 Victor G. Zvyagin
Dmitry A. Vorotnikov
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Chapter 1

Non-Newtonian flows

1.1 Principles of flow description

1.1.1 The basic characteristics of a flow

For mathematical description of behaviour of the real fluids and of the media close
to fluids, in hydrodynamics it is usually supposed that the particles of a medium are
infinitesimal, and they are situated at the points of an open set (domain) of the n-
dimensional space. The domain corresponds to a vessel filled with this medium. In
the course of time, the particles move and describe some trajectories in the space. The
”vessel” can also move with the course of time; it can have elastic boundary, which
changes its shape under the influence of the flow; it can have holes, through which the
medium flows in or out, and so on.

Remark 1.1.1. The most typical situation is n = 3; the case n = 2 corresponds to
the so called plane-parallel flows, but from the cognitive point of view one can also
investigate other cases.

The problem of description of motion for a medium may be reduced to the de-
scription of motion for each point particle of the medium. Consider such a particle.
Its position is described by a function x () of time ¢ with values in the points of the

space.
Assume that in the space an origin and an orthonormal basis are fixed. In this case
the coordinates of a point (or of a vector) are denoted as x = (x1, x2,...,x5). Thus

the space is identified with the arithmetical n-dimensional space R”.
The velocity of the particle with a trajectory x (¢) at the moment ¢ is

v(t) = x'(1). (1.1.1)

Remark 1.1.2. Here and below in this chapter we consider all functions to be suffi-
ciently smooth, so that all required derivatives exist.

Definition 1.1.1. A linear operator transforming (7-dimensional) vectors to vectors
will be briefly called tensor.

Remark 1.1.3. Provided a basis is chosen, a tensor may be identified with a matrix
n x n. The elements of this matrix will be called components of the tensor.
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Remark 1.1.4. The tensor is called orthogonal, symmetric etc., if the corresponding
operator (or matrix) is orthogonal, symmetric and so on.

Denote by v(¢, x) the velocity of the particle which at the moment of time ¢ is
situated at the spatial point x. Consider the gradient of this function, i.e. the tensor
with the components

av; (t,
(Vo)1) = 20, (112)
Xj
Its symmetrical part
1
&= 2(Vu+ Vo) (1.1.3)
is called the strain velocity tensor, and the skew-symmetrical one
1 T
W = E(VU —Vov') (1.1.4)

is called the vorticity tensor.

Consider a particle inside the medium. Assume that it is surrounded by an imag-
inary surface of an arbitrary shape. The remaining part of the medium effects the
particle through this surface. Consider a small flat part of this surface of area AS
with the exterior normal vector 7. Denote by P—> the force of action of the outer part
of the medium onto the particle through the considered area AS.

The vector

P

lim —2
AS—0 AS

Py =

is called stress.

The fundamental Cauchy theorem [63] says that there exists a symmetric tensor
T(z, x) such that the stress at the moment ¢ at the point x in the direction 7 is ex-
pressed by the formula:

P (t.x) =T(t.x)7 .

This tensor is called the stress tensor.
The tensor

1
o=T—-TrTI, (1.1.5)
n
where [ is the unit tensor, is called the deviatoric stress tensor. Roughly speaking, it
characterizes the forces of interior friction in a medium.

1.1.2 Newtonian fluid

The science that treats deformation and flow of materials is called rheology. The rhe-
ological behavior of a particular material depends on the relations between stresses,
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strains, stretchings in it. The most important of such relations is the constitutive equa-

tion (it is also called constitutive law, constitutive relation), which gives the connec-

tion between the deviatoric stress tensor o and various characteristics of deformation.
The most simple relation of this kind, describing a fluid, looks like

o:2n(8—lTr81), (1.1.6)
n

where 7 is a scalar parameter called viscosity.

When 1 = 0, the fluid is called ideal. For n > 0 we have the classical Newtonian
Sfluid. Tt is the basic object of the classical hydrodynamics. In this book, however, our
prime interest is in the models different from the Newtonian one.

1.1.3 Equation of motion

Assume that the velocity field v(z, x) is given at every geometrical point x of a spatial
domain (where the medium is moving) and at every moment ¢ in some time interval.
Then, to describe the motion of the particle which at the initial moment #g is at a point
Xo, it suffices to solve the Cauchy problem

X'ty = vt x(1)), (1.1.7)
x(tp) = Xxo. (1.1.8)

If the velocity field v is regular enough, this problem has a unique solution.

Hence, the crucial problem for description of the medium motion is to find the
velocity field v(z, x). The basic tool to realize this is to use the following relation
between the velocity and the stress tensor, which is called the equation of motion
[10, 23]:

v z v
— 4+ vi— —DivT = pf. 1.1.9
por P l; I pf. (1.1.9)
Here f(¢,x) is the body force (i.e. the mass density of exterior forces effecting the
particles of the material, for example, gravitational forces), p(z, x) is the density of
the medium, while the divergence of the tensor Div T(¢, x) is the vector

n n n

Ty (t, x) T, (t, x) 0T, (t, x)
Z 1 Z 2J 217
Jj=1 J

= 0x; 0x; — 0

_ 2L (0T (t,x) dTa(t, x) aTnj(t,x))
> (

0x; 0x; 0x;
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For a homogeneous incompressible medium, one has more information. Firstly, the
divergence of velocity is zero:

" 9vi(t,x)

divo(t,x) = Y —L—"-==0. 1.1.10
(tx) =2 7 (1.1.10)

j=1
Secondly, because of the constraints generated by the incompressibility, the trace
of the stress tensor has to be considered as completely independent of the deforma-
tion characteristics, so one has to introduce the unknown scalar function p(t,x) =
—% TrT, called the hydrostatic pressure (see [63], Chapter IV, §7). Formula (1.1.5)

implies

T=-pl +o. (1.1.11)

Thirdly, the density is constant and it is possible to consider it equal to one.
Note that grad p = (Bxl . ax 2 ) = Div(pl). Therefore, (1.1.9) and (1.1.5) yield

d " 0
—I;+i_zlvl-8—v—Diva—|—gradp=f. (1.1.12)

Xi

This is the equation of motion for homogeneous incompressible media.
We have now

2D1V8—22(881J 882’ N 88"’)

ax; " Ox;
_ N (P o 9% vy +i( Pv; %y Pv; )
= I ox? T o7 = dxjoxy 0x;0xz 7 0x;j0xp

Condition (1.1.10) implies that the second sum is equal to zero. Therefore

2Div & = Av, (1.1.13)

n
where A is the Laplacian ) 3‘9—2
j=1
Then from Newton’s constitutive relation (1.1.6) and equation of motion (1.1.12)
we get the equation of motion for the Newtonian fluid:

n
Zv, —nAv—|—gradp = f (1.1.14)

which is usually called the Navier—Stokes equation.
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1.1.4 No-slip condition

Assume that the medium is contained in a motionless vessel which may be identified
with an open set (domain) €2 in the n-dimensional space R” (see Remark 1.1.1). The
no-slip condition means that the velocity of the medium vanishes on the boundary of
Q:

v(t,x) =0, x € 092. (1.1.15)

A justification for the no-slip condition may be found if we remember that a real
medium consists of molecules. When a medium is stationary, its molecules still move
with a random velocity, but the mean velocity of this motion is zero. When the
medium begins to move, there appears a non-zero mean velocity, sometimes called the
bulk velocity, which is superimposed on the random velocity of the stationary state.
Just this bulk velocity corresponds to the velocity (1.1.1) at the idealized hydrody-
namical approach described in Section 1.1.1. Near the interface between the medium
and the solid boundary of the vessel there exists an attraction between the molecules
of the medium and the molecules of the solid boundary. The attractive force is usually
so strong that the bulk velocity of the medium vanishes at this interface.

The no-slip condition can be illustrated by the following folklore example. If you
like Italian or French cuisine, your dishes may be sometimes stained with cheese.
When you put them into your dishwasher, you realize that they are not washed up
well. This is not surprising, since, due to the no-slip condition, the velocity vanishes
at the interface between the water and the cheese, so the stream itself is not able to
carry away the cheese. A possible way out is to scrub the cheese by yourself.

1.2 One-dimensional models of viscoelastic media

1.2.1 Method of mechanical models

In rheology, for construction of constitutive relations describing materials with more
complicated properties than the Newtonian fluid, the method of mechanical models is
often used. Let us describe the essence of this heuristic method.

The basic properties for rheology are elasticity, viscosity and plasticity. For repre-
sentation of the elasticity a spiral spring is used. It satisfies Hooke’s law: the length
variation of the spring is in direct proportion to the force applied to its ends. This
model is denoted by the letter H. For representation of viscosity one uses a viscous
damper (dashpot). The velocity of the dashpot (i.e. the rate of change of its length) is
in direct proportion to the applied force. This model is denoted by N. The model for
plasticity is not used in this book.

Assume that investigated media consist of microcomplexes of small springs and
dashpots. Within these complexes they are connected in parallel (denoted by |) or
in series (denoted by —). For the parallel connection the loadings perceived by each
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element are summarized and the velocities of each element are the same. For the
connection in series the velocities are summarized and the loadings are the same.

However for rheological relations one does not need the forces and the velocities
but the stresses and strain velocities. The stress (in a spring or dashpot) may be un-
derstood as the ratio of the resistance force (which is equal in absolute value to the
applied force) to the cross-section area (of the spring or dashpot). The strain velocity
€ may be understood as a half of the ratio of the velocity of the spring or dashpot (i.e.
the rate of change of the length) to the average longitudinal length of the spring or
dashpot.

Now one has to write relations between the stress and the strain velocity for the
spring and the dashpot. For the dashpot it is very simple. If the force is in direct
proportion to the velocity, then the stress is in direct proportion to the strain velocity:

oN = 2n8. (1.2.1)

Remark 1.2.1. Note that (1.2.1) resembles (1.1.6), so 1 has the physical sense of
viscosity.

Now, differentiating (with respect to time) Hooke’s law for the spring, we conclude
that the derivative of the force is in direct proportion to the velocity of variation of
length of the spring. Therefore the derivative of the stress is in direct proportion to the
strain velocity:

o =2u€y. (1.2.2)

From here (but only in Section 1.2) the time derivative is denoted by a point. The
constants of proportionality p and 7 are usually positive.
1.2.2 The Maxwell body

The simplest structure of a model for a viscoelastic medium is the Maxwell body with
the symbolical notation M = H — N, i.e. a spring and a dashpot connected in series.
Let us deduce the constitutive equation for this body. For this purpose, recall that for
the connection in series the stress is constant

oM = ON =0H, (1.2.3)
and the strain velocities are summarized:

Eym =8 + EN. (1.2.4)
From equalities (1.2.1) — (1.2.4) it follows that

oM | OM

= . 1.2.5
2t o (1.2.5)

8m
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This is the constitutive relation for the Maxwell body. It looks like a linear differ-
“w
ential equation for o37. Multiplying both parts of this equation by e 7’ we get:

e%lgM — e%to—ﬂ + e%to—ﬂ7
2 2n
“y (e%toM)
en' By = —.
2p

It implies
Ky ! e
en' oy ZUM0+2M/ en 8p(s)ds,
0

OM, 1s the stress at the initial moment (here and below it is the moment ¢ = 0). We
conclude that the solution of equation (1.2.5) has the following form:

t
oM = e_%t<0M0 + Z,u/ eS8y (5) ds). (1.2.6)
0

1.2.3 The Jeffreys body

The most typical model of a viscoelastic medium is the Jeffreys model J. It consists
of a Maxwell body and one more dashpot, connected in parallel, i.e. / = M|N. The
viscosities of mediums in two different dashpots may differ; denote them by »n; and
2. Thus, for the Maxwell constituent of the Jeffreys body we have:

oM = e_%t (O’MO +2u /(;t e%SSM (5) ds), (1.2.7)
and for the Newtonian constituent
onN = 2n28EN. (1.2.8)
But for the parallel connection one has:

0j = 0pM + ON, (1.2.9)
&7 =8y =8En. (1.2.10)

Equalities (1.2.7) — (1.2.10) yield

_n tow
oj=e "lt(aMo—i—Z,u/ €n1S8](S)dS)+27]28_]. (1.2.11)
0

Let us denote the stress and the strain velocity of the Jeffreys body at the initial mo-
ment of time by o, and & j,. Taking = 0 in (1.2.11), we get the equality:

0Jy = OM, + 2128 ;. (1.2.12)
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Then (1.2.11) and (1.2.12) imply

_u 4 w
oy =ce it (GJO =228y, + 2,LL/ 8r(s)em’ ds) + 2n287. (1.2.13)
0
This is the rheological relation for the Jeffreys body with explicitly expressed stress.
Another form of the constitutive law for the Jeffreys body, which we deduce just
below, is more traditional.
Differentiate expression (1.2.11) with respect to ¢:

t

. — My Moy Y —_ Mg .
oy=e " 2uen 8y(t)——e M |opm,+2n | en8y(s)ds | +2n28,.
m 0

(1.2.14)
On the other hand, (1.2.11) implies:
_y Lo
e M CTMO—l—z[L/ em 8y(s)ds ) =05 —2n287. (1.2.15)
0
Equalities (1.2.14) and (1.2.15) yield
. o .
Gy =2u8y — 77_1(0] —2n287) + 2m28;.
Multiply this by 'L—l and move the term o to the left-hand side:
o1+ Doy =2m + )&y + 21728, (1.2.16)
M M
Denote A = 771’ Ay = %, ns = n1 + n2. Then (1.2.16) may be rewritten
as
oy + A6y :277](8]4-125.3]). (1.2.17)

That is how another form of the constitutive equation for the Jeffreys body looks like.
The parameter 7 is called the viscosity of the Jeffreys body. The parameter A; is
called the relaxation time, and the parameter A, is the retardation time. Since the

viscosities are positive and A, = A1 m'fnz, one has

)Lz<)tl.

From the physical point of view, the parameters A1, A», 1y are preferable with respect
to the parameters (1, 71, 172 because the first ones are not only parameters of a me-
chanical model, but can be measured for real media possessing viscoelastic properties
of the Jeffreys model.

Assume that the strain velocity is constant and equal to &,. Then €7 = 0, and
equation (1.2.17) may be transformed as follows:

o5 —2ns8€y, + A1(og —2n584,) =0.
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Solving this differential equation, we obtain

.
oJ — 27}_]8_]0 = (UJ() - 27}_]8_]0)6 A

We have the following expression for the stress:

_r
oy =2n58y, + (04, —2n58y,)e *1. (1.2.18)

If oy, = 2ns8€y,, then oy = 21 8,, and the stress does not depend on time. If
deformation in a body remains constant, the strain velocity & j, is equal to zero, and
the stress decreases according to the exponential law:

13

o] =0j.e .

Thus, the relaxation time A1 is the time, during which, for constant deformation, the
stress is reduced to 1/e-th part.
If there is no stress (o7 = 0), then (1.2.17) implies

€7 + 1287 =0,

and ,
8r=e %28y, (1.2.19)

i.e. the strain velocity decreases according to the exponential law, and during the
retardation time A, the strain velocity is reduced to 1/e-th part.

Let us express the “mechanical” parameters as functions of the viscosity of the
Jeffreys body and the times of relaxation and retardation:

) - (1_)‘_2) _
Thus, (1.2.13) turns into
_L A Ar—A s A
oy =e *l (010—2n1ﬁ810+2771 lkz 2/0 eAISJ(s)ds)+2nJﬁ8J.
1

(1.2.20)
This is one more form of the constitutive relation for the Jeffreys body.

Remark 1.2.2. The equations (1.2.17) and (1.2.20) are also rheological relations for
another viscoelastic body. It is the Lethersich body [49] with symbolical notation
(N|H) — N, where the viscosities of two dashpots N may differ.

Remark 1.2.3. For A, = 1 = 0 the Jeffreys body turns to be equivalent to the
Maxwell one: it suffices to compare (1.2.11) and (1.2.6).
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1.3 Multidimensional models of viscoelastic media

1.3.1 Passage to multidimensional models

The employment of the models obtained in the previous section for description of
mediums in the “’real” n-dimensional space (see Remark 1.1.1) requires generaliza-
tion of the equations (first of all, of the constitutive laws) to the n-dimensional case.
It is the last step of the method of mechanical models.

The problem is how to understand the components of the obtained constitutive
relations, for example, of (1.2.17), in the n-dimensional case. Here the answer is
that the times of relaxation and retardation of the Jeffreys body remain scalars, as
well as the viscosity, so it is possible to measure them for particular materials. The
stress and the strain velocity become the deviatoric stress tensor and the strain velocity
tensor, respectively (see however Remarks 1.3.1 and 1.3.5). The only problem is how
to understand the time derivative denoted by a point. There is no direct answer to this
question, there are several variants (almost all of them, however, may be criticized),
and the choice of a variant determines the obtained model. The following subsections
are devoted to the analysis of the principal variants.

Remark 1.3.1. We will describe all the variants by the example of the Jeffreys model.
Henceforth, the indices ; at the symbols of viscosity, stress tensor and strain velocity
tensor will be omitted for brevity. In Section 1.3 it is implicitely assumed that we deal
with incompressible medium, i.e.

divv =Tr& = 0.

However, the results remain valid for compressible medium with or without minor
changes (such as to replace € with & = 8—% Tr & I or to stop treating o as a deviatoric
stress tensor, cf. Remark 1.3.5 below).

1.3.2 Partial derivative

The simplest way out, which causes minor mathematical difficulties, is the choice of
the partial derivative with respect to time ¢ as a substitute for the derivative denoted
by a point.

The constitutive relation (1.2.17) becomes

do 08
0+ Ao _2n(8+12§), (1.3.1)

and the equivalent constitutive relation (1.2.20) becomes

t — t S
oc=e¢ ™ (oo —Zn%Bo + ZnAIAZAZ /0 et 8(s) ds) + 20%8. (1.3.2)
1
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In the case of a homogeneous incompressible medium this and (1.1.13) imply:

M= A
M

. =B . A2 s Ao
Divo =e *1 |Divog — nA—Av|,=0 + 7 et Av(s)ds | + UA_AU-
1 0 1

Substituting it into the equation of motion (1.1.12), we get the following equation of
motion for a homogeneous incompressible viscoelastic medium

n
av lz Al_kz /t s—t
g 2 — _pnZZAy— AL A d d

5 +i=1v, o nkl v—1 k% A e v(s)ds + grad p

(1.3.3)
— L . Az
=f+e M (DIVU() —nA—Av|,=0).
1

1.3.3 Substantial derivative

Equation (1.3.1) describes the relation between stresses, strains and their partial deriva-
tives with respect to time, i.e. with the rates of their change at each fixed geometrical
point of space. It is more natural from different points of view to use the approach
when the constitutive relation connects stresses and strains with the rates of their
change for each particle. For this purpose, introduce an auxiliary function z. Let
t and t be two arbitrary moments of time and let x be a spatial point. Consider the
particle which at the moment 7 is at the spatial point x. Then z(¢, 7, x) expresses the
spatial position of this particle at the moment ¢.
From this definition we can see that

Bz(téitr,x) =v(t,z(t,1,X)), (1.3.4)
z(t,t,x) = x, (1.3.5)
z(s,t,z(t,t,x)) = z(s, T, X). (1.3.6)

Let A(z, x) be a sufficiently smooth function of time and space. The rate of change
of A for a fixed particle is equal to

lim A(t + At,z(t + At,t,x)) — A(t, x) _ iA(r,z(r,t,x))
At—0 At 0t =t
_ 0A(t,x) " 9A(t, x) 3z (.1, x)
= r=t+; o i (1.3.7)

8A(t X) . Z (tx 8A(t x)

i=1



12 1 Non-Newtonian flows

This function is called the substantial derivative of A and is denoted by d . Ob-

serve that
dx "
— = viei = v,

where e¢;, i = 1,2,...,n, are the basis vectors of the space. Thus, we have the
following property of the substantial derivative:

X
v(t,x) = —.
(t.x) =—

To obtain an analogue of (1.2.20), we have to use the inverse operation for the
new derivation % This inverse operation is the integration along the trajectories of
particles. Let us study this problem more formally.

We have to find the solution to the following Cauchy problem

d
—_— = A
V) (t.x),

(1.3.8)
U(0,x) = Up(x),
where A and U are arbitrary sufficiently smooth known functions.
Let us show that P
dt/ A(s,z(s,t,x))ds = A(t, x). (1.3.9)
Really, the continued equality (1.3.7) gives
dA i
0 = —A(t,z(t,t,x))‘ . (1.3.10)
dt ot =t

Taking into account (1.3.6) and (1.3.10), we obtain:
d
dt/ A(s,z(s,t,x))ds = P / A(s,z(s, T, z(z,t, x)))ds‘ 3

= —/ A(s, z(s,t,x)) ds‘ = A(r,z(r,t,x))‘ = A(t, x).
ot 0 =t =t

Observe that the function Uy(z (0,7, x)) possesses the value Ug(x) at t = 0. Be-
sides, using (1.3.6) and (1.3.10), we obtain

d 9 9
L Up(2(0,1, %)) = —Uy(2(0, I,Z(r,t,x)))‘ - —UO(Z(O,t,x))‘ -
dt T =t 0T =t

Thus, the solution of problem (1.3.8) has the following representation:

t
Up(z(0,1,x)) +/ A(s,z(s,1,x))ds. (1.3.11)
0
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But this problem cannot have more than one solution. Really, let U; and U, be two
solutions of problem (1.3.8), and w = U; — U,. Then we have:

%w(t,x) =0, w(,x)=0.

Equality (1.3.10) yields
=0.

T=t

gw(r,z(r,t,x))

Substituting here z (¢, 0, y) for x, where y is an arbitrary point, we get:

0= iw(t,z(t,t,z(l,O,y))) = iw(r,z(t,O,y)) = Ew(t,z(l‘,O,y)).
ot ot ot

=t =t

Letwy(z,y) = w(t,z(¢,0,y)). Then

0
gl[)](t,y)zo, wl(()?y):()

Hence, w; = 0. Then
0=w;(t,z(0,t,x)) = w(t,z(t,0,2(0,t,x))) = w(t, x)

for any x and ¢. Thus, w = 0, and uniqueness of the solution for problem (1.3.8) is
proven.

Now we can return to deriving of constitutive relations. Using the substantial
derivative, rewrite the constitutive equation (1.2.17) as

d d
o+ MEU =2n(8 + )LZES). (1.3.12)

We are going to derive an explicit expression for o, i.e. an analogue of (1.2.20).
Let us carry out a number of transformations of equation (1.3.12):

)Lz d Az o A1_12
0—2nx8+11$(0—2nx8)—2n( T 8).
r
eﬂ Az % d Az i % Al —12
T (o 2”118)+e1dt(0 27]118)_271631( : 8),

In accordance with (1.3.11), the solution for this equation has the following form:

L

A A
¢?1 (0 —2172€) = 00(=(0.1.x)) — 217> (=(0.1.)
1 1

Al — Az s
+ 2 / e 18(s,z(s,1,x))) ds.
AT 0
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It implies an expression for o'

o(t.x) = ¢ 1 [0p(z(0.1.x)) — 2;7%80(2(0,;,;0)

A —A (1.3.13)

M

t A
+ 2 2/ e E(s, 2(s,1,x)) ds] +2nf8(t,x).
0 1

In the case of a homogeneous incompressible medium, (1.3.13) and (1.1.13) yield

Div o (t,x) = ¢~ 1 Div [00(2(0, t,x)) — ZU%SO(Z(O, t,x))]

A=A
M

+ 27

¢ s—t
/ e 1 Div[8(s,z(s,t,x))]ds + ni—zAv.
0 1

To get the equation of motion of the homogeneous incompressible Jeffreys’ viscoelas-
tic medium, substitute it into (1.1.12):

W e Ao A1 — A2
— —Av—2ng
1 23

to
/ el_lt Div [8(s, z(s,t,x))] ds + grad p
0

= f + ¢ %1 Div[00(z(0.1.x)) —2ni—280(z(0,t,x))]. (13.14)
1

1.3.4 Principle of material frame-indifference.
Frame-indifferent functions

Before passing to the description of other objects able to replace in the n-dimensional
situation the time derivative denoted by a point, it is necessary to say a few words
about the principle of material frame-indifference. It is one of the main principles of
rational mechanics, which expresses the fact that the properties of a material do not
depend on the choice of observer.

The observer in rational mechanics is identified with a frame, i.e. a certain cor-
respondence between the spatial points and the elements x of the space R”, as well
as between the moments of time and the elements ¢ of the scalar axis R. It is con-
sidered that when the observer is changed, the metrics in R” and in the scalar axis
are conserved, the time direction is also conserved. Then the most general change of
coordinates for each point looks like [63]:

t* =t +a, (1.3.15)
x* =x5@) + Q1) (x — xo), (1.3.16)

where a is a time value, xq is a spatial point, x;(7) is a function of time with the
values at the spatial points, Q is a time dependent orthogonal tensor.
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A change of observer induces some transformation of vectors and tensors. How-
ever, the principle of material frame-indifference [63] states that such a transformation
(i.e. a change of coordinates (1.3.15) — (1.3.16)) should not affect the structure of the
formulas expressing physical properties of a medium and containing the time variable
t, the spatial variable x and their functions.

Remark 1.3.2. In spite of these statements, it should be pointed out that the form of
the equations of motion (1.1.9) and (1.1.12) depends on the choice of observer [63].
The point here is that, generally speaking, the equation of motion has form (1.1.9)
only in inertial [63] reference frame. If a change of variables of the form (1.3.15) —
(1.3.16) transforms inertial frames to inertial ones (it means, in particular, that Q is
independent of time ¢), the equation of motion does not change its form.

Take an arbitrary vector, which is geometrical, i.e. it is a directed segment existing
in the space irrespectively of the observer. Assume that in the initial frame of reference

N —_—
it has the form w = xyx2. Then in the new frame of reference w* = xjfx; =
—
xo (1) + Q1) (x1 = x0), Xg(?) + Q1) (x2 — x0) = Q()x1x2 = Q()w.
Let some tensor 7 transform geometrical vectors to geometrical ones. Then in the
initial frame of reference we have:

w1 = Twa,

where w; and w, are two trial geometrical vectors. Q is an orthogonal tensor, so

Q)" Q1) =1 and
wi = Qw1 = Q)T Q1) Q(t)wz = T*w3,

where T* = Q(1)TO(1)".

Based on this, a vector-valued function w(¢, x) of time and space is called frame-
indifferent if under the change of frame (1.3.15) — (1.3.16) its coordinates are trans-
formed as follows:

w*(*, x*) = 0(H)w(t, x); (1.3.17)

a tensor-valued function 7 (¢, x) is called frame-indifferent if under the similar change
one has:

T*(*, x*) = Q)T (t,x)0() . (1.3.18)

The stress tensor T is an example of a frame-indifferent function [63].
Moreover, a scalar function A(¢, x) is called frame-indifferent if under the same
change of frame:
AR (%, x*) = A1, x). (1.3.19)

The density p(z, x) is an example of such a function.
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1.3.5 The Zaremba—Zorawski theorem

For checking frame-indifference of constitutive relations we are going to use the fol-
lowing statement on the transformation of the strain velocity and vorticity tensors
under a change of observer; it is called the Zaremba—Zo6rawski theorem.

Theorem 1.3.1. Under the frame change (1.3.15) — (1.3.16), the following trans-
formations occur:

g (t*.x*) = Q(1)8(t.x)Q(1) ", (1.3.20)
i.e. the strain velocity tensor is frame-indifferent;
W x*) = QW00 + Q' ()00 (1.3.21)

i.e. the vorticity tensor is not frame-indifferent.

Proof. By definition, z(¢, 7, x), for fixed arguments, is a point in the space. Therefore,
(1.3.16) gives:

2@, T xT) = x5 (1) + Q@) (z(t, T, x) — X0). (1.3.22)
This yields
Az*(t*,t*,x*)  dxg(t) + Q()(z(t, T, x) — Xo)]
ot* N Nt +a)

- xO ([) + Q ) (z(t,t,x) — x9) + Q([)az(t T,X)

82(t T, x)

= x5'() + Q') Q)T (" (t*, 7%, x*) — x5 (1)) + Q(1) ———=
Substituting t = t,t™ = t* into this equality and using (1.3.4) and (1.3.5), we obtain:
0zt Tt xT)

v (", x™) A
— (1.3.23)
= x5'(1) + Q'O T (x* — x5 (1)) + Q(D)v(t, x).
Therefore
vy = 2D
_ 90’0 + Q'O (x* —x5(1)) + O()v(t, x))
ox*
= 0o + MEONEDLIX
X 0x
Tk %
= Q00T + 0V 1 LU LX)

ox*

=0' )00 + ) (Vv)O(@1)".
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Thus,
(Vv)* = (1) (Vv)o()T + Q' ()01 ". (1.3.24)

Transpose this equality:
[(V0)*]T = 0@} (Vo) T Q)T + () Q') . (13.25)
Differentiating the identity Q (t)Q(¢) " = I, we get
Q') + 010" 1) =o. (1.3.26)

Taking into account (1.3.26), calculate the half-sum of equalities (1.3.24) and (1.3.25):
1
&% = S(V0)" +[(V0)"T")

= %[Q(t)(Vv)Q(t)T +0'00M +2W(VY) 01 + 00" ("]
=080

Now consider the half-difference of (1.3.24) and (1.3.25):
1
W = 5((Vv)* —[(Vo)*1)

1
= J[0OTOM T + ' 2N - 2OV 2N - 21" (")]
= 0OWom ' +0'H0M. .

1.3.6 Objective derivatives

According to the principle of material frame-indifference, a constitutive equation, as
an expression of physical properties of a medium, should not change its form with a
change of frame. Let us check whether this statement is valid for constitutive relations
(1.3.1) and (1.3.12).

As we have already mentioned, the stress tensor T is frame-indifferent. Let us show
that the deviatoric stress tensor is also frame-indifferent. We have:

o* =T* - %TrT*I =0NTO(1)" — :—lTr(Q(t)TQ(t)T)I

1 n
=Q0)TO(N)" — . > 4iiTjkgix!
ijk=1
= 0TOW T~ 3 (00 O] Tl

Jk=1
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= 00TOOT ~ 1 3 1Tyl

jk=1
T 1 T
=Q0®)TOt)' — ;TrTI =Q0(@t)oQ()"'. (1.3.27)
This yields, in particular,
o=0@) c*0); (1.3.28)
and (1.3.20) implies:
8=0@0)"8%00). (1.3.29)
Substitute these representations into (1.3.1):
9 T _* 9 T8*
000" 0 + 1, 2T LY _ oy 0yTer o + 2,720,

Having applied Q(¢) from the left, and Q(z) T from the right, we arrive at

o +A1% —+ 11000 (1) 0 MO + 2101 0¥ Q' (O "

= 29(E" + 200 + 2200000 € Q0T
+2:00)00) 80" MM ).

Now, use (1.3.26) and (1.3.15):

10(t* —a)Q'(t* —a) o* —X0*Q(t* —a)Q'(t* —a)"

. o
o —|—)L18

_ 277(8* + 1228: F A0  —a)0'(t* —a)T8* — M8*0(t* —a)0'(t* —a)T).

Thus, after a change of observer additional terms appear in the constitutive relation

(1.3.1). Similarly one shows that the same additional terms emerge in (1.3.12).

Remark 1.3.3. If a change of variables of the form (1.3.15) — (1.3.16) transforms
inertial frames to inertial ones (see Remark 1.3.2), then Q’(¢) is identically zero, so
(1.3.1) and (1.3.12) do not change their form.

Nevertheless, the appearing terms add up to null function provided the object which
we substitute for the time derivative denoted by a point becomes more complicated.

Definition 1.3.1. An operator of the form

DT (t,x) _ dT(1,x)
Dt dt

+ G(Vu(t,x), T (t,x)), (1.3.30)
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where G is a symmetric tensor-valued function of two tensor arguments, 7 (¢, x) is a
symmetric tensor-valued function, is called an objective derivative, if, for any change
of frame (1.3.15) — (1.3.16), the equality

D*T*
Dr*

DT T
= Q@) — QO 1.3.31
0()—=-000) (1331)
holds for all frame-indifferent symmetric tensor-valued functions 7 (¢, x).

Remark 1.3.4. The symbol DD—; denotes the representation of the operator % in the

new frame, i.e. the expression of the form

V X gk — * V * gk .
T H GV T = o +;vl ey + G((V)*, T)

The choice of the function G is realized according to various mechanical and ex-
perimental reasons.

Given an objective derivative %, we can pass from (1.2.17) to the constitutive
relation (see Remark 1.3.5)

D
0+ A =29(8 + Ay —). (1.3.32)

This constitutive relation satisfies the principle of material frame-indifference. Re-
ally, substituting representations (1.3.28) and (1.3.29) into (1.3.32) and using property
(1.3.31) of objective derivatives, we obtain:

D*o* D*g*

070" Q(+11 01T - 0(1) = 2020 +2:0() T ——-0() ).
whence . DHg*
o* + A = 27 (8* + Ay Do ) . (1.3.33)

For various objective derivatives it can turn out to be very hard or impossible to
express the tensor o in terms of the strain characteristics explicitly from (1.3.32).
Therefore, for description of motion, for example, of a homogeneous incompressible
viscoelastic medium, it is necessary to consider system (1.1.10), (1.1.12), (1.3.32)
with a large number of unknown functions.

1.3.7 Examples of objective derivatives

The simplest example of an objective derivative of a tensor is Jaumann’s derivative:

DoT (t,x) _ dT(t,x)
Dt dt

+ T, x)W(t,x)—W(t,x)T (t,x), (1.3.34)
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which is also called corotational. Let us show that it satisfies condition (1.3.31). We
have, using (1.3.10), (1.3.21) and (1.3.26):

DgT* 0
Dt*  9t*

= %[Q(t)’f(uZ(r,t,x))Q(r)T])rzt +2(OT oM (QOWO®) '
+0'000) ") = (QOWeN " + ' 1)1 T)oNT M) T

=0'OToM" + Q(z)‘Z—fQ(z)T +0MTO'M" +0OTWOWM"
+00TOT MO MO —QWT oM — 0" 0T (1)

TH=t*

T*(*, 2% (%, ", x"))

D T
= 0000 + QT O + 0T QW)
—0MTO'M0WOMT - ' MM eMT oM = Q(t)Dl;; OIS

Below we show (see Remark 1.4.2) that every objective derivative may be repre-

sented as
DT (t,x)  DoT(t,x)

Dt Dt
where G is a symmetric tensor-valued function of two symmetric tensor arguments.
The sense of this representation is that every objective derivative is the sum of Jau-
mann’s derivative and some expression which is independent of the vorticity tensor
W. One can also give some information on the structure of G (Corollary 1.4.2).
An elementary generalization of Jaumann’s derivative is Oldroyd’s derivative:
DaT DoT
Dt Dt
This construction depends on a parameter a € [—1,1]. For a = 0 it becomes
Jaumann’s derivative.
For a = 1, (1.3.36) is called the upper-convected Maxwell derivative (UCM), and,
for a = —1, the lower-convected Maxwell derivative (LCM).
A more general variant of objective derivative is due to Spriggs [7] and depends on
three parameters a, b, c:
D abcT D aT

B = HDTHTE)] +eTH(T)E. (1.3.37)

where [ is the unit tensor.

+ G1(8(t, x), T (¢, x)), (1.3.35)

—a(87 + T8). (1.3.36)

Remark 1.3.5. For generalizations of Jaumann’s derivative, (1.3.32) may contradict
(1.1.5) for the latter implies Tro = 0. In this case, in (1.3.32), o should not be
understood as the deviatoric stress tensor but as a certain extra-stress tensor, which
still satisfies (1.1.11) with some other p.
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1.4 Nonlinear effects in viscous media

1.4.1 Nonlinear viscosity and viscoelasticity

The conception of viscoelastic medium is not unique for explanation and description
of non-Newtonian behaviour of real fluids and the media close to fluids. There is
another class of models: nonlinear-viscous media. Here it is supposed that the stress
tensor at a moment ¢ at a point x is a function of other characteristics of a medium,
taken at the same point and at the same moment:

T(t, x) = g1(t,x,v(t, x), Vo(t, x), p(t, x)). (1.4.1)
Then (1.1.5) implies that o is also a function of these characteristics:
o(t,x) = ga(t,x,v(t, x), Vo(t, x), p(t, x)). (1.4.2)

Remark 1.4.1. Obviously, constitutive relations (1.3.2), (1.3.13) and, all the more,
(1.3.32) cannot be reduced to (1.4.2). The deviatoric stress tensor o (¢, x) in these
equations turns out to depend on characteristics of a medium at other points and at
other moments. This property is a feature of viscoelastic models. In this sense, vis-
coelastic media and the models reducible to (1.4.2) may be considered as two opposite
classes of models. On the other hand, nonlinear viscosity and viscoelasticity can be
combined in one model (see Section 1.5).

1.4.2 Noll’s theorem and the Stokes conjecture.

Relation (1.4.2) is the constitutive relation for the nonlinear-viscous medium. Accord-
ing to the principle of material frame-indifference, its structure should not depend on
observer. This gives opportunity to simplify and specify the form of the constitutive
relation (1.4.2). The first step in this direction is Noll’s theorem.

Theorem 1.4.1. Ifrelation (1.4.2) satisfies the principle of material frame-indifference,
then g5 depends only on € and p:

g2(t,x,v, Vv, p) = g3(&, p). (1.4.3)

Proof. By virtue of the principle of material frame-indifference, for any change of
observer (1.3.15) — (1.3.16) the form of the constitutive relation (1.4.2) remains con-
stant. Note that the density p is frame-indifferent. Then, in view of representations
(1.3.20), (1.3.21), (1.3.23) and (1.3.28), we get

g2(6,x,v. Vv, p) = Q' g2(t* . x* v*. (Vv)*. p")Q
=0 gt +a.xt +0(x—xo).xt' + 00T (x*—x3) (1.44)
+ 00,0807 + QWO +0'07.p)0.
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Let x; and #; be a fixed spatial point and a moment of time. Consider the tensor-

valued function
Q(r) = e1=DWltnxn), (1.4.5)

where W(t1, x1) is the vorticity tensor at (¢1, x1).
Let us show that Q(¢) are orthogonal tensors. By a property of the exponential
function, Q’(t) = —Q(¢t)W(t1, x1). We have:

Q)0 =1,
QOO =0' 1) +01)0'(1)"
—0WOMN T - oW o) =0

since W is skew-symmetric.
This yields
0WeM' =1.
Observe that Q(t1) = 1, Q'(t1) = —W(t1, x1).
Putin (1.4.4): t = t;,x = x1, Q asin (1.4.5), and

xo =0, (1.4.6)
xo (1) = —x1 — (t — 1) ((t1. x1) — W(t1, x1)x1), (1.4.7)
a=—1y. (1.4.8)

We obtain:

ga(r1. x1. v(t1.x1), Vo(rr, x1). p(11. x1))
=g2(—a+a,—x1 +x1.—(v(t1, x1) — W(t1, x1)x1) — W(t1. x1)x1
+v(t1,x1), 8(t1, x1) + W(t1, x1) — W(t1, x1), p(t1. x1))
= £2(0,0,0,8(t1, x1), p(f1, X1)).

Since 71 and x1 have been chosen arbitrarily, this continued equality implies the state-
ment of the theorem. O

Remark 1.4.2. Let % be an arbitrary objective derivative. Then, by (1.3.31), % is
frame-indifferent for any frame-indifferent tensor 7 (¢, x). Since Jaumann’s derivative
is objective, % — Dl());i' is also frame-indifferent. But by (1.3.30) and (1.3.34) this
expression is equal to G(Vv,T7) — TW + WT. Denote it by G1(Vv,T). Take
arbitrary ¢#; and x;, and define Q by formula (1.4.5). Since G;(Vv,T) is frame-

indifferent, just as in the proof of Noll’s theorem we obtain:

G1(Vu,T) = Q"G ((Vv)*,T*)Q

_ T T T AT AT (1.4.9)
Q ' Gi1(QEQ +0WQ +0'07,070)0.
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At the moment #; and at the point x; one has:
G1(Vo(ry, x1). T (11.x1)) = G1(8(11,x1), T (11, x1)).
This implies representation (1.3.35).

Now, by Noll’s theorem, relation (1.4.2) can be rewritten as:

o(t,x) = g3(8(t,x), p(t,x)).

In the case when the deviatoric stress tensor does not depend on density (for exam-
ple, the density is constant), we simply have:

o(t.x) = g3(8(1,x)). (1.4.10)

This relation is called the Stokes conjecture.

1.4.3 The Wang and Rivlin—Ericksen theorems

The presence of frame-indifference gives an opportunity to get some information on
the function g3 from (1.4.10) as well as on the function G from (1.3.35). The main
tool here is the following theorem, which is a particular case of Wang’s theorem ([80],
p. 215, see also [79], p. 197).

Theorem 1.4.2. Let n = 3 and let a symmetric tensor-valued function ¢(T1,T2) of
two symmetric tensor arguments satisfy the condition

((T1.7) = Q0 TLQT0T, 07010, (1.4.11)

for each orthogonal tensor Q and all symmetric tensors T1, T2. Then ¢ can be repre-
sented as follows:

t(T1.T2) = aol + a1 Ti + T + a3Ts + s T3
+as(TiT2 + T271) + a6(T7T2 + T277) (14.12)
+a7(T1 T2 + T2 + as(T2T2 + T2T12)
where each o is a scalar function of ten scalar arguments:
oj = a; (Tr 71, Tr(T2). Tr(T73). Tr(T2). Te(T52). Te(T5). Tr(T1 T2),
Te(T2T2). Te(TLT2). Tr(T2T7)).

Remark 1.4.3. This particular case of Wang’s theorem has no concern with the con-
troversy related to the proof of his representation theorems (see [57], [81]).
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The following statement is a special case of the well-known Rivlin—Ericksen theo-
rem.

Corollary 1.4.1. For n = 3, the function g3 from (1.4.10) may be represented as
follows:

93(8) = go(I1, I, I3)I + @111, 12, 13)8 + @2(I1, I2, 13)82, (1.4.13)
where

n
I{ =Tr8 =divv, I, = Tr&? = Z &7, I3 = det,
i,j=1

and @, @1, 2 are scalar functions of three scalar arguments.
Proof. Observe that (1.4.3) and (1.4.4) yield:

g3(8) = 0Tg3(8%)0Q,

and (1.3.20) implies
g3(8) = 07g3(080 M0, (1.4.14)

for any orthogonal tensor Q.

Without loss of generality we may assume that g3(77) is defined for all symmetric
tensors 77 (for example, put g3(77) = 0 for all 77 which cannot be represented as
0e0™).

It is easy to check that

1 3
Tr(73) = —E(Tr’fl)3 + 3T T Tr(7;%) + 3det 77. (1.4.15)
It remains to apply Theorem 1.4.2 with {(77, 72) = g3(77) and to use representation
(1.4.12) with 7, = 1. O

For a homogeneous incompressible medium one has /; = divv = 0. Therefore, in
this case, (1.4.13) has a simpler form:

£3(8) = go(I2, I3)] + ¢1(12, I3)€ + ¢2(I2, 13)€>. (1.4.16)
It yields
Div o = Div(gol 4+ ¢18 + ¢282) = Vo + Div(¢18 + ¢282).
To obtain the equation of motion, substitute it into (1.1.12):

v z v .
e + Uig — Vo — Div (918 + ¢282) + gradp = f. (1.4.17)
i—1 i

1=
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Let p(t,x) = p(t,x) — po(I2(t, x), I5(t, x)). We have obtained the general equa-
tion of motion for a homogeneous incompressible nonlinear-viscous medium:

v " v . -
S Y g —DiVei (2, [3)8 + @212 )N + VF = £ (1418)
i=1 !

Remark 1.4.4. This shows that 7 has the same “essence” as the hydrostatic pressure
P, so without loss of generality of the model one can assume that g = 0. However,
it can be applied to the equation of motion, which does not contain o, and it cannot
be done directly for (1.4.13), because it may violate the assertion Tro = 0, which
follows from (1.1.5).

Due to representation (1.4.9), Theorem 1.4.2 is applicable to the function G from
(1.3.35). Thus, we have
Corollary 1.4.2. For n = 3, every objective derivative may be represented as
DT (t,x)  DoT(t,x)
Dt Dt
+a6(82T 4+ T82) 4+ a7(872 + 728) + ag (82T 2 + 728?) (1.4.19)

where each «; is a scalar function of ten scalar arguments:

+ ool + 018 + a28% + 3T + asT? + a5(8T +T8)

aj = a;(Tr8, Tr(8%), Tr(8%), Tr(T), Tr(T %), Tr(T3),

(1.4.20)
Tr(87), Tr(827), Tr(8T %), Tr(82T2)).

Remark 1.4.5. The results of this subsection are also true for n = 2. Their derivation
from the given three-dimensional results is a good exercise in matrix theory.

1.4.4 Oldroyd’s method. Models of Prandtl and Eyring

The functions ¢, @1, @2 in (1.4.13) are to be determined experimentally. In order to
simplify the construction of these functions, one may apply some reduction to a one-
dimensional model (as in the case of the method of mechanical models). For example,
Oldroyd [44] suggested the following procedure. Using simple flows, one finds a
one-dimensional connection between the stress 0y = o7 and the strain velocity
&1 = 87 in a certain direction 77 (for example, in the longitudinal direction, for the
pipe flow):

o1 = W(Sl) (1421)

It is assumed that v (0 ))
8

Let 1 (81) = L& _(8 # 0). We have:

o1 =¥1(81)81 (81 #0). (1.4.22)
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But since ¥ (0) = 0,
o1 =0 (8 =0). (1.4.23)

In order to pass to the n-dimensional situation, one substitutes o for o1, and & for &;.
However, since ¥/ is a function of scalar argument, one has to substitute some scalar
describing the strain velocity for this argument. The simplest variant is the Euclidean
n
norm of the strain velocity tensor: > 81.21. = /I (for simplicity, here we
i,j=1
assume incompressibility).
We obtain the following constitutive relation:

o =v1(V )8 (8 #0); (1.4.24)
c=0 (8=0). (1.4.25)

In order to get a constitutive law of the same form as (1.4.13), put

w=02=0, ¢1(l2,13) = y1(vIo) (12 #0), (1.4.26)
¢1(I2,13) =0 (I2 =0).

Let us consider the application of this method to the models of Prandtl and Eyring.
In this subsection A, B, C mean positive constants, which may be measured for
real fluids. The one-dimensional Prandtl’s model [83] looks like

01 = Aarcsin (%) , (1.4.27)

where 0 and 8, are the stress and the strain velocity. “Extracting viscosity”, we get

A arcsin (%)
op=——"78,. (1.4.28)
81
Passing to the n-dimensional model, we have:
A arcsin (*/C—I_Z)
oc0=—"—-6Z-——"28§8, (1.4.29)
Vi
together with (1.4.25).
Eyring’s model [83] has (in the one-dimensional situation) the form:
&
01 = — + Csin (G—Al) . (1.4.30)

We have : o
&, = Boy — BC sin <Zl> (1.4.31)
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Consider the case C < A. Then the function in the right-hand side of (1.4.31) is in-
vertible on a neighborhood of the origin. Denote the inverse function by ¢. Evidently,
¢(0) = 0. Then

o1 = ¢(81) (1.4.32)

for small strain velocities.
This implies the n-dimensional constitutive law:

Nai
_svh) 8. (1.4.33)
Vi
together with (1.4.25).
L Awssin(S2) () -
Remark 1.4.6. The functions 75 and J5 are even (as functions of I5),

so they are in fact smooth functions of /5.

1.5 Combined models of nonlinear viscoelastic media

1.5.1 Nonlinear differential constitutive relations

In this section we assume that n = 2 or 3.
Rewrite the Jeffreys relation (1.3.32) using (1.3.35):

D()O’ D()8

0+ Ai(—— + Gi(8,0)) = 2n(8 + Aa(—— + G1(8.8))). (1.5.1)
Dt Dt
Ao N
Denote 11 = nk—, N =n—p1, T =0 —2u18. Then (1.5.1) implies
1
D()‘L’
T+ AID—Z‘ 4+ 11G1(8, 7 + 2118) — 27712(;1(8, &) =2n8. (1.5.2)

Denote B(7,8) = A1G1 (8,7 +218) — 2nA2G1 (8, E).
We have:

D
z+A1D—"; + B(1,8) = 2118, (1.5.3)

As in the case with Corollary 1.4.2, Theorem 1.4.2 is applicable to 8. Hence,
B(z, &) may be represented as

a0l + 18 + 282 + w37 + agt? + 5(87 + 18) 154)
+ a6(8%7 + 168%) + a7(87% + 128) + ag(8%12 + 1262) o
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where each «; is a scalar function of ten scalar arguments:

aj = a;(Tr8, Tr(8%), Tr(83), Tr(z), Tr(¢?),
Tr(z?), Tr(87), Tr(8%7), Tr(872), Tr(8%7?)).
Relation (1.5.3) is a widespread form of constitutive equations for viscoelastic

medium. Here are some examples of the function 8(z, 8) (see [21, 22]).
The Giesekus model has

B(z,8) = —A1 (18 + 87) + at?. (1.5.5)
The Phan-Thien and Tanner model corresponds to
B(7,8) = —A1(z8 + 81) + at Tr 7. (1.5.6)

In both cases « is a constant.
Larson’s generalization of these two models has

B(t.8) = —A1(t€ + 87) + a1 7% + ayt, (1.5.7)

where a1 and a5 are scalar functions of Tr t and det z, and a»(0,0) = 0.
The Larson model (another one) corresponds to

B(r,8) = —A1(t&8 4+ 81) + 203 Tr(z&)(zr + 1) (1.5.8)

where o3 is a scalar function of Tr 7.
The Oldroyd “8 constants” model has

B(z.8) = —aA (18 + 87) + b Tr(x8)] + ¢ Tr(7)8 + 182 + 2 LI,  (1.5.9)

where a, b, ¢, c1, c; are constants. For ¢; = ¢ = 0 it is equivalent to Jeffreys’ model
with Spriggs’ derivative (1.3.37).

Remark 1.5.1. Using the notation t = 0 —2u1 8 and (1.1.13), one rewrites the equa-
tion of motion (1.1.12) as

n

a—v—l— via—v—ulAv—Divr—i—gradp:f. (1.5.10)

ot i=1 ox;
Remark 1.5.2. There is an interesting generalization of Jeffreys’ model. It is as-
sumed that the relaxation time A, and the viscosity (more precisely, the viscosity of
Maxwell’s constituent (1 — A, /A1)n) depend on the Euclidean norm I, of the strain
velocity tensor (compare with (1.4.26)). Such models are called the models of the
White—Metzner type [22]. Mathematical investigation of the boundary value prob-

lems for equations of motion of these media was carried out by Hakim (see [26]).
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1.5.2 Combined models

In order to get wider and more realistic classes of constitutive relations one can use the
following simple heuristic argument inspired by the method of mechanical models.

Assume that we have m various models, each one with its own constitutive rela-
tion, which gives a connection between the deviatoric stress tensor o and deformation
characteristics. Let M;, j = 1,...,m, be the “symbolical representations” (com-
pare with Section 1.2.1) for each of these models. Consider the combined model
M| M53|...|My,. Roughly speaking, this combined model describes the mixture of
given m mediums. Since in the case of parallel connection the stresses perceived by
the elements are summarized, and the deformation is common, we have the following
constitutive law for the combined model:

m
o= oum. (15.11)
k=1

Let us apply this method to the general models that we have: nonlinear-viscous
fluid satisfying the Stokes conjecture (1.4.10) and the Jeffreys model (1.3.32). Ob-
serve that combining of several relations like (1.4.10) cannot produce something es-
sentially new. Thus, we combine several Jeffreys” models (1.3.32), each one with its
own parameters, with one nonlinear-viscous model (1.4.10), and obtain the constitu-
tive law:

.
o= o (1.5.12)
k=0
00 = go(I1, Iz, I3)I + ¢1(I1, I, 13)8 + ¢2(I1, I2, 13)82, (1.5.13)
D()Ok
ok + Ak ( YR Gr(8.01))

1.5.14
Dot ( )

= 2vk(8 + Az,k( D1

+ Gk(8,8))), k=1,...,r

Here vy are viscosities, Ax are relaxation times, and A, x are retardation times.
Assume that the medium is homogeneous and incompressible. Then the argument

I disappears in (1.5.13), as in (1.4.16).

A
Introduce the notations: pr = v j’k, e = Vi — Mk, * = O — 28,
k

Br(t,8) = Ak G (8, % + 21u48) — 205 Ay 4 Gi(8,8), k = 1,....7.
Then, as in the previous subsection, we can rewrite (1.5.14) as

D()‘Ek

Dt

o+ A + Br(z*.8) = 2m8 (1.5.15)
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where

Br(z.8) = kI + 018 + k8% + okt + ok + of (81 + 18)

+ ok (821 + 18%) + ok (812 + 128) + ok (8212 + £282).

Each a}‘ is a scalar function of nine scalar arguments:

of = ok (Tr(8%), Tr(8%), Tr(z). Tr(?),
Tr(z?), Tr(87), Tr(8%7), Tr(872), Tr(827?)).

.
Let? = p—¢@o(l2,13), 91 = o1 +2 ) pg and
=1

0 = W(B(w)) = G112, 13)8 + ¢2(12, 13)8%.

Then (1.1.11) and (1.5.12) yield:

P
T=-pI + Z .
k=0

(1.5.16)

(1.5.17)

(1.5.18)

(1.5.19)

The system (1.5.15) — (1.5.19) is the general combined constitutive law for homo-
geneous incompressible nonlinear viscoelastic medium. For description of motion, it

must be considered together with (1.1.9) and (1.1.10).



Chapter 2

Basic function spaces. Embedding and
compactness theorems

2.1 Function spaces and embeddings

2.1.1 Lebesgue and Sobolev spaces

Let n € N and R” be the arithmetical n-dimensional space. In this book open sets in
R” are often called domains.

Let @ C R” be a domain. Denote by L,(2), p € R, 1 < p < oo, the space
of all Lebesgue measurable functions u : 2 — R for which the function |u(x)|? is
Lebesgue integrable. Of course, if two measurable or integrable functions coincide
almost everywhere in €2, they are considered to be equal. The norm in the space
Lp(2), 1 < p < 00, is defined as

||u||Lp(Q) = (/Q |u(x)|l’ dx)%'

In the case p = oo the space L, (£2) is defined as the space of all Lebesgue mea-
surable functions u : & — R which are bounded by a constant almost everywhere on
2. The norm in this space is given by the formula

4|2 o (2) = e85 sup [u(x)].
x€Q
A well-known property of L,-norms is Holder’s inequality: for

1 1 1
V2 2 U %)
one has that the pointwise product ¥y, € L,(2), and

IV1v2le,@ = V1, @ V2L, - (2.1.1)

Here it is supposed % =0.
For u,v € L1(R2) such that uv € L(R2), introduce the bilinear form

(u,v) =/Qu(x)v(x)dx.
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Hereafter we write simply [u|| for |[u||z,(q). This norm becomes Euclidean if we
define the scalar product in L, (2) by the formula

(uv v)Lz(Q) = (M, 'U).
Denote by C(£2) the set of continuous functions u : & — R (here S is the closure

of Q). If  is bounded, C () is a Banach space with the norm

llll ¢ ey = max [u(x)].
c@ xeQ

Foru € C(Q),
lullcy = IMllLo@)-
Denote by C!(Q) the set of continuously differentiable functions u : @ — R

(more precisely, they must be defined in a neighbourhood of €2 in order to deal with
the derivatives on the boundary). If €2 is bounded, it is a Banach space with the norm

n
ou
||u||C1(§) = ||u||c(§) + Z ||8_xi||c(§)-
i=1

If o is a multi-index, i.e. o = (a1,a2,...,0), where k, oy, a2, ..., € NU{0},
and if u € L,(2), then D%u stands for the generalized (Sobolev) partial derivative
of the function u(x), x € Q:

alely

D% = )
o1 (0%) o)
dx;'ox,” ... Bxk

k
Here 0| = ) «oj.
j=1

Denote by WP’(Q), 1 < p <oo,r € Norr = 0, the Sobolev space of such
functions u € L,(2) that D*u € L,(2) for || < r. The norm in this space is

1
lullwy @) = ID*ull? o))" P <00
p(S2)

lee]<r

lullwy @) = max [D%ullL @) P = o0.

The norm in W (R2) is Euclidean, and the corresponding scalar product can be
defined as
(. V)wy @) = Z (D%u, D%v).

lee]<r

Hereafter we often write (1, v), for (u, v)Wzr(Q) and ||u||, for ||u||W2r(Q). Note that
(1, v)o = (u.v) and [Julo = [|u].
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Denote by C5°(£2) the set of smooth scalar functions with compact support in 2.
Denote by I/Io/ »(§2) the subspace of W7 (€2) which is the closure of CP ().

Now we can define W,"(2), 1 < p < oo,r € N, as the dual space of W (£2)
where % + é =1

Remark 2.1.1. We recall that the dual space X * of a real normed space X consists of
all continuous linear functionals ¢ : X — R. In this book we denote the value of a
functional ¢ € X™* on an element w € X by

(. w)x*xx

or simply by
(o, w)

(it is called the “bra—ket” notation). The norm in the space X * is defined as

lelx = sup [{¢, w)].

lwlx=1

The *-weak topology on X* may be set as follows: ¢, — @o *-weakly if
{om,w) — {(@o,w) for all w € X. If X is separable, any bounded set in X* is
relatively compact in this *-weak topology.

We recall also that X is called reflexive if every linear continuous functional on X *
may be represented in the form

{w),

where w is some element of X. Every bounded set in a reflexive space X is relatively
compact in the weak topology of X.

The spaces W, (2) and WO/E(Q) are also denoted H" (£2) and H (£2), respectively.
We shall use the generalization of H” (£2), the Sobolev—Slobodetskii space H*(£2)
(or W3 (R2)), where s € R\N, s > 0. Let the brackets [-] and {-} denote the integer
part and the fractional part of a number, respectively. Then H®(2) consists of the
functions u € H1(Q) for which the norm

(2 Du(x) = DUu(y)> . \1/2
sy = (el + 30 /Q /Q T dxdy)

|or|=([s]

is finite.

Remark 2.1.2. Another approach to the definition of H*(2) in the case 2 = R” will
be described in Section 5.2.2.
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Denote by Hy (2) the subspace of H*(£2) which is the closure of C§°(£2).

The Sobolev and Sobolev—Slobodetskii spaces are Banach spaces. They are reflex-
ive for 1 < p < oo and separable for p # oo.

Following L. Schwartz, denote by £ (£2) the set C5°(£2) equipped with the follow-
ing topology: a sequence ¥ € D(L2) converges to Yo € D(RQ) if

i) there exists a compact set w C €2 such that ¥ (x) = o (x) for every natural k
and any x € Q\w,

ii) for every multi-index o

sup | D¥ (Y (x) — Yo (x)| — 0.

Let D’(2) be the set of continuous linear functionals on the space D(£2). The el-
ements of the space D'(Q) are called generalized functions, scalar distributions or
simply distributions. The value of a functional ¢ € D’(2) on an element ¥ € D(Q)
is denoted as (¢, V) (the “bra—ket” notation).

The topology on D’(£2) can be set as follows: a sequence u; € D’(2) converges
to ug € D' (Q) if for any ¥ € D () one has

(up. ) = (uo. ¥).
We recall the following chain of inclusions:
D(Q) C W () C Lp(R) C W, (Q) C D'(Q) (2.1.2)
where 1 < p < oo,r € N, and the corresponding embeddings are continuous.

Remark 2.1.3. An embedding of two topological vector spaces A C B is called
continuous if the topology of B induces on A a topology which is weaker than the
topology of A, i.e. the intersections of the open sets of B with A are open in A. If
A and B are normed spaces, then the embedding A C B is continuous if and only if
there exists a constant C > 0 such that for any w € A one has ||w|p < C|w|4. We
recall also that the embedding A C B is called compact if any bounded in A set is
relatively compact in B.

Remark 2.1.4. The third embedding in (2.1.2) is understood in a special sense. For

any u € Lp(£2) one can consider the linear functional p(u) € W, (2) =I/IO/(rI (Q)*,
% + é = 1, determined by the formula

(o). ¥) = /Q YU dx, ¥ €W Q).
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The functional ¢(u) and the function u are usually identified. Thus, the forth embed-
ding in (2.1.2) and the third one (for p = 2) imply, in particular,

<M, 1/f) = (M, 1/f)7 uec LZ(Q)’ 1/f € °(D(Q)

More information concerning interrelations of the Sobolev and Sobolev—Slobode-
tskii spaces for various parameters p, r and s is given by the Sobolev embedding
theorems and Rellich—Kondrashov compactness theorems (see e.g. [1, 11, 43, 59]).
Here we recall the embeddings which will be used in this book.

Theorem 2.1.1. a) Let Q be an arbitrary domain in R", and let 1 < py < py < 00,
rr e NU{0}, rp € Z. If

n n
— —r < — =1y, (2.1.3)
D1 D2

then 3
Wl,rll (RQ) C Wprzz(Q), (2.1.4)

and the embedding is continuous. If Q is sufficiently regular (see Remark 2.1.5),
then (2.1.3) implies
WyH(Q) C W,2(R2) (2.1.5)

1 2

with continuous embedding.
b) Letse R,reZ,s>r>0,2<p<oo.lIf

n n
——5s < ——r, (2.1.6)
2 P
then
Hé (RQ) C Wp' (), 2.1.7)

and the embedding is continuous. If, in addition, <2 is sufficiently regular, then
H*(Q) C Wpr(Q) (2.1.8)

with continuous embedding.

Remark 2.1.5. We call a domain Q C R” sufficiently regular if its boundary 0S2 is
a Ck-smooth manifold for some k € N and if Q is locally located on one side of
0Q2. In particular, the domain = R” with empty boundary is considered to be
sufficiently regular. Of course, embeddings (2.1.5) and (2.1.8) are valid for wider
classes of domains (see the references above), but we shall not use such embeddings
in this book. Moreover, most of the results will be based on the embeddings like
(2.1.4) which do not require any regularity of 2.

Theorem 2.1.2. Assume that under the conditions of Theorem 2.1.1 the domain 2
is bounded and inequalities (2.1.3) and (2.1.6) are strict. Then embeddings (2.1.4),
(2.1.5), (2.1.7) and (2.1.8) are compact.
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Theorem 2.1.3. Let Q2 be an arbitrary domain in R".

a) Let | < p<oo,reN.If

n <r, (2.1.9)
p
then
Wpr(Q) C Lo(R2), (2.1.10)

o
and any function from W, (2) is almost everywhere equal to a continuous on 2
Sfunction. If Q2 is sufficiently regular, then

W] (Q) C Loo(S). 2.1.11)

and any function from Wp’ (R2) is almost everywhere equal to a continuous on <2
function.

b) If
seR, n<2s, (2.1.12)

then
H§(Q2) C Loo(R), (2.1.13)

and any function from H(2) is almost everywhere equal to a continuous on S
function. If Q2 is sufficiently regular, then

H5(Q) C Loo(), (2.1.14)

and any function from H"(Q2) is almost everywhere equal to a continuous on 2
Junction.

c) Embeddings (2.1.10), (2.1.11), (2.1.13), (2.1.14) are continuous. If, in addition, Q2
is bounded, then they are also compact.

In particular, for n = 2, 3 one has
Hy () C La(RQ), (2.1.15)
H3(Q) C Loo(R), s> ; (2.1.16)
and for sufficiently regular €2:
HY(Q) C L4(Q), (2.1.17)
H*(Q) C Loo(R), s> ; (2.1.18)

If ©2 is bounded, embeddings (2.1.15) — (2.1.18) are compact.
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Corollary 2.1.1. If Q is sufficiently regular, n = 2,3, then the following inequalities
are valid:

luv] < Cllul2llvl,  u e W3 (RQ), ve LxyR), (2.1.19)
luvl < Cllulilvlli,  w.v € W), (2.1.20)
luvlli < Cllulillvllz,  u € W (Q), ve W (Q), (2.1.21)
vl < Cllull2llvll2.  u.v e WF(Q). (2.1.22)

Remark 2.1.6. Hereafter in this section C stands for various constants independent
of u,v.

Proof. To obtain (2.1.19), we apply Holder’s inequality (2.1.1) with p = p; = 2,
p1 = oo and use (2.1.18) with s = 2:

luv] < lullo@llvll = Clluli2v]].

To get (2.1.20), we use (2.1.1) with p; = pp = 4, p = 2 and embedding (2.1.17):

luvll < ulzs@vlizae = Cllulilvl.

Now, we have

o(uv
Juvlls = ( |uv||2+2||( J2)Y2 < (ol + 3 ( Il + 1))

i=1 i=1
Due to (2.1.19) and (2.1.20), this does not exceed

C(||u||1||v||1 + 2 (5 lvlla + lulli 1) ) < Clluflfv]2.
i=1 ! !

Finally, applying (2.1.19) — (2.1.21), we have

02
uv]> = (||MU||1 + Z “3 (gz) )
j

a./_
du Jdv ou Jv 9% o\ 1/2
2 _

= (Il +,,Z_1| i a1 o))
= (I + 3 (1 el o+ ol il

i,j=1

9%v o\ 1/2

I ||1|| o+ el 5= )?)

=< Cllullzllvllz,

and (2.1.22) is proven. O
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Let Z denote any of the classes introduced above (L, H® etc.) We shall use the
notations Z(2)" and Z(£2,R") for the Cartesian product of n spaces Z(£2). The
norm in this space is defined as

n
Il zeay = (3 il Z )2,

i=1
where
U= (U, Uz, ..., up);
the scalar product (if applicable) may be given as

n
V) z@r = Wi v)z@):
i=1
the “bra—ket” product (for Z =JW'" (), D) is

n

(u, U)Z*(Q)”XZ(Q)" = Z(Mi, i )z*(sz)xz(gz)-
i=1

A useful (but simple) inequality is

n
ez <D luillz-

i=1

We recall Ladyzhenskaya’s inequalities:

Il < 24l 2 llgradul) Gy 1 =2. (2.123)
3/4
lulizacy < 22 ulllgradu} gy, 7 =3, (2.1.24)
for any domain 2 C R” and u € HO1 (€2). Here
ou
(gradu); = —.
0x;

See e.g. [61], Lemmas II1.3.3 and II1.3.5, for the proofs of these inequalities. Note
that (2.1.23) and (2.1.24) imply

3/4
Il < 22l ull, n=2.3. (2.1.25)
Let us mention also Friedrichs’ inequality. For any bounded domain €2:
vl < Ko()llgrad vz, @y, v € Hg (), (2.1.26)

where the constant Ky is independent of v (see e.g. [20]).
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2.1.2 The spaces used in hydrodynamics

In this subsection we are going to introduce the function spaces suitable for descrip-
tion of velocities and stress tensors.
Let

V = {u € C&(Q.R"), divu = 0}.

The symbols H = H(Q) , V = V(Q), Vs = Vs(R) (8 € (0,1]) denote the
closures of V in Lo (2, R"), H'(Q2,R"), H (2, R"), respectively.

The space V' is especially important in hydrodynamics since the assertion v € V
expresses conditions (1.1.10) and (1.1.15).

As a rule, using the Riesz representation theorem, one identifies H with H*, and,
hence, has (see Section 2.2.8)

VCH=H*CV* (2.1.27)

Denote by R"*" the space of matrices of the order n x n with the following scalar
product: for A = (4;;), B = (Bij)

n
(A, B)gn<n = Z Ajj Bij
ij=1

and by R&*" its subspace of symmetric matrices.
Denote by R"*"*" the space of ordered collections of n matrices of the order n x n
with the following scalar product: for A = (Ay,...,A,), B = (B1,..., By)

n
(A, B)gnxnxn =Y (A;, Bi)gmen.
i=1

The symbol Vu stands for the Jacobi matrix of a vector functionu : Q2 C R” — R”
(cf. (1.1.2)). The symbol Vt denotes the ordered collection of the Jacobi matrices of
the columns of a matrix function 7 : @ C R” — R"*".

In this book the Euclidean norms in R”, R?*" R’gxn are denoted as | - |.

Let Z denote any of the classes introduced in the previous subsection. By analogy
with the case described in the end of that subsection, we use the notations Z (2, R"*"),
Z(2,RgM), Z(S2, R™"*™) for the Cartesian product of the corresponding number
of spaces Z(£2). The norms, the scalar and "bra-ket” products in these spaces may be
defined analogously. The space H* (2, R'¢*") will also be denoted as Hj, (2).

As in the case of scalar functions, we shall write [[u| for [[u|z,@,F). (4, V), for
(., V)wy@,F) and |Jull; for |ullwy @ F). (u.v) for [ou(x),v(x))F dx. Here F
stands for any of the spaces R”, R"*", R’gxn, RAxnxI

Sometimes (mostly in Chapter 6) we shall write simply Lp, H®, W etc. instead of
Lp(2, F), H* (2, F), W, (2, F) when it is clear from the context which domain 2
and space F are used.
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It is clear that for these Cartesian product spaces one has embedding theorems
similar to the ones described in Section 2.1.1.
Denote by Y (€2) the completion of U with respect to the Euclidean norm
lully@) = IVull,

which corresponds to the scalar product

(u,v)y@) = (Vu, Vv).

If Q is bounded, (2.1.26) implies
lellt < (1 + KGE@)[IVul*.u € V. (2.1.28)

so Y(£2) coincides with V' (up to equivalent norm).

2.2 Spaces of vector functions

2.2.1 Preliminaries

Let £ be a Banach space and let / = («, 8) be an interval of the real axis R, —oco <
a < f <+oo.

A function u : J — E is called simple if there exist a finite number of mutually
disjoint Lebesgue measurable subsets B; C J, i = 1,2,...,m, such that the function

m
u is identically a constant x; in each B; and vanishes in J\ | J B;.

The Bochner integral of a simple function u is defined by the formula

ﬂ m
/ u(t)dt = Zmes(B,')xl-.

i=1
A function u : J — E is called Bochner measurable if there exists a sequence of

simple functions {uy } such that for almost all ¢z € J :

up(t) —— u(t) in E.
k—o00

If the condition

B
lim / lu(t) — ue ()] g di = 0
k a

—00

holds for this sequence, then the function u is called Bochner integrable. The Bochner
integral of such a function is

’ dt = li ’ d
/a u(t) t—klm/a ug(t)de.

—00



2.2 Spaces of vector functions 41

As well as in the case of scalar functions, if two (Bochner) measurable functions
differ on a null set, they are considered to be equal.

Denote by L,(a, B E), 1 < p < oo, the sets of such measurable functions u :
J — E that

1

B »
Iz, @.p:E) = (/ lu (@)1 % dt) <+oo (1 =p<o0);
o

or
lullz, (@p;E) = ess Sup lu@)llz <400 (p = o0).
te

They are Banach spaces with the indicated norms. They are separable provided
p < oo and E is separable, and are reflexive for | < p < oo and reflexive E. We
recall also that

Ly(a, B E)* = L (a,B:E*), 1< p<oo,

I/p

Li(e,B: E)" = Loo(ar, B: E™).

It is easy to see that a measurable function u(¢) belongs to the space L, («, f; E) if
and only if the scalar function ||u(¢)|| g belongs to L,(a, B) = Lp(c, B;R), whereas

lullz,@p:6) = u@OIENL,@8)-
A function u : J — E is Bochner integrable if and only if u € L («, 8; E).
Remark 2.2.1. In this chapter, when dealing with bounded intervals J, for conve-

nience we use the interval J = (0,7), 0 < T < oco. However, each definition or
statement using J = (0, T') is good for any J with «, 8 # 00 as well.

Lemma 2.2.1. a) Letl < p < g <oo,andu € Ly(0,T;E). Thenu € L,(0,T; E),
and O
lullz,0.r:6) < T7? “llullL,.7:E)-
b) Let
1 1 1 1 1
_|_

1
P o op2d a1 @
v € Lp,(a, B5 Lg, (€2)).

D, P1.D2.4.91.42 > 1,

ue LPl (057 ,8; Lq1 (Q))7

Then the pointwise product uv,
uv(r)(x) = u@)(xX)v(r)(x),
belongs to the space Ly(a, B; Ly (2)), and

luvllL, @.8:Lq@) = L, @B8:Ly @D IVIL,, @.B:L,, @) (2.2.1)
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Proof. a) Holder’s inequality (2.1.1) with Q = (0, 7), v1 = 1, ¥» = |ulg. % =
1

1 . . .
>~ 7 P2=4 implies

Hullzllz, o) < 1Tz, oo llulElL,©.7)

SO

lullz,©.7:6) = ML, ©.r)lulL,07;E)

It remains to observe that
T 1 L 1_1
ey = ([ de)™ =17 =737,

b) It suffices to apply Holder’s inequality (2.1.1) twice:

luvlL,@p;L @) = HuvlL, @)L, @p)
< Mullz,, @iz, @z, @8
= Mule,, @z, @slllviL,, @ lL,,@s)

= lullL,, @8;Ls @) VL, @.B;:L,, (@) O

Lemma 2.2.1, a), implies that for 1 < p < g < oo the space Ly(0,7T; E) is
continuously embedded into L,(0,7; E).

Denote by L joc(at, B; E) the set of measurable functions u : J — E which belong
to Lpy(t1,t2; E) forany 1,1 e Ria < t] <tz < B.

Denote by Cy, (J; E) the set of the functions u : J — E which are weakly contin-
uous, i.e. for each g € E* the function (g,u(-)) : J — R is continuous. Here J is
the closure of J.

Denote by C(J; E) the set of continuous functions u : J — E.

Note that C ([0, T']; E) is a Banach space for the norm

u = max |u(’ i
ulleqom.e = max lu(@)lz

It is easy to see that the space C([0, T']; E) is continuously embedded into L, (0, T'; E).
At 1 < p < oo the embedding is dense; at p = oo for any u € C([0, T']; E) one has

lullcqo,1:E) = UllLoo(0,T;E)-

Remark 2.2.2. Let i), stand for the natural embedding operator from C([0, T]; E)
into L,(0,7T; E). Besides, Cy,([0,T]: E) C Lp(0,T; E) (see [20], Theorem 1.9).
Let j, be the natural embedding. Hereafter we shall often identity C ([0, T']; £) and
ip(C([0,T]; E)), as well as Cy, ([0. T]; E) and j,(Cy ([0, T]; E)).
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Note also that C ([0, +00); E) is a Fréchet space for the pre-norm

Iollcoeone = 3. 27 Aleae
0,400); - ,
* = 1+ lvlcqoie

and C((—o0, +00); E) is a Fréchet space for the pre-norm

vl . _*Z“’z_,. lvllcq-r.i:e)
—00,+00);E) = :
(CoobeiB) = L% 14 ol cqorine)

For more details on Bochner integrable and measurable functions see, for example,
[84].

Denote by D'(0, T; E) the set of linear continuous maps from the space D (0, T')
= D((0,T)) into the space E considered with the weak topology. The topology
on D'(0,T; E) can be set as follows: a sequence u; € D’(0,T: E) converges to

ug € D’(0,T; E) if for any ¢ € D(0, T) and any linear continuous functional ¢ on
E one has

pur (V) = ¢uo(¥)).

The elements of D’(0, T'; E) are called distributions on (0, T') with values in E.

Definition 2.2.1. The generalized (distributional) derivative of a distribution u €
D’(0,T; E) is the distribution determined by the formula

u'(Y) = —u@’), VyeDO.T).

The operator of differentiation is a linear continuous operator on O’(0, T'; E).

As in the scalar case (Remark 2.1.4), it turns out that every element u € L1 1oc(0, T;
E) can be identified with a distribution from D’(0, T; E) (i.e. with a weakly contin-
uous linear map from D (0, T) into E) according to the following formula:

T
un = [ youwar v e D0.7)
In this sense it is possible to consider Lj 1oc(0, T; E) C D'(0,T; E).

Lemma 2.2.2. Let u € D'(0,T; E) and u' = 0. Then there exists an element b € E
such thatu = b, i.e. for any € D(0,T) :

T
u(y) = b/O V(o) dr.
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Proof. Fix a function ¢ € (0, T) such that fOT p)dt = 1. Let b = u(p). Take
an arbitrary function ¥ € D(0,T). The function g(s) = ¥ (s) — ¢(s) fOT v(t)dt

belongs to D(0, T'). Then the function n(§) = fog g(s)ds also belongs to D(0, 7).
Really, it is smooth and vanishes at small &. For & close to 7', we have:

13 £ T
1) = /0 ¥ (s)ds — /0 o(s) /0 V(o) di ds

- /OTw(s)ds—/()Tso(s)/OTw(r)dtds

_ /()Tw(s)ds—/OTl//(t)dt —o.

Now we have
W) b/T () dt = u(p) ()/T (t) di
un =t [ vwar=u—uip) [y

T
=u<w—¢/0 V@) dD) = uGl) = —'() =0. O

Lemma 2.2.3. Letu € D'(0,T;E) and u' € L,(0,T;E), 1 < p < oo. Then
u € C([0, T]; E), and the following representation takes place:

t
u(t) = u(0) + / u'(s)ds. (2.2.2)

0
Proof. Note first that u’ € L,(0,T;E) C L1(0,T;E). Since C([0,T]; E) is dense

in L1(0,T; E), there exists a sequence g, € C([0,T]; E) such that g, — u in
L1(0,T; E). By the Newton — Leibnitz formula we have for an arbitrary ¢ € D(0,7) :

T t ’ P .
/(; (/0 gn(S)ds-W(l)) dt:([o gn(S)dS-W(t)) ‘0:0_

( / gn(s)ds~w(r)) = v+ [ @)ds V0.
0 0

Therefore

But

T T t
/Ogn(t)W(t)dtJr/O /Ogn(s)ds-W(t)dtzo.

Passing to the limit as n — oo, we obtain

T T t
[()u(z)w(t)dz+/0 /Ou(s)ds.w(z)dt=o.
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Using the definition of generalized derivative, we rewrite this as

t !
W) — ( /0 u'(s) ds) W) =0,

Since the function ¥ € D (0, T') was taken arbitrary, this yields

(u—/olu'(s)ds) = 0.

By Lemma 2.2.2 there exists b such that u — fot u'(s)ds = b. Thus,

¢
u =b—|—/ u'(s)ds.
0

Hence, u € C([0,T]; E). It remains to observe that at ¢ = 0 the left-hand side
of the obtained equality is #(0), and the right-hand one is b, therefore this equality
implies the statement of the lemma. O

In conclusion, let us define some other spaces of vector functions.
Denote by C"(0,T; E),r € N, the space of the functions u € C(0,T; E)) which
have r continuous derivatives with respect to ¢. The norm in this space is

;
lullcrorey = Y W™ ®llcor:E)-

m=0
Denote by Wpr(O, T;E), 1 < p <oo,r € Norr = 0, the Sobolev space of the
functions u € L,(0, T'; E) for which the norm

,
hellwg o, = D 1™ O, 0.7:8)

m=0
is finite. These spaces are Banach spaces. They are separable provided p < oo and
E is separable, and are reflexive for 1 < p < oo and reflexive E.

Corollary 2.2.1. One has
W0, T; E) C C([0,T); E),

and the embedding is continuous.

Proof. The inclusion follows immediately from Lemma 2.2.3. The continuity is due
to the inequality

max |lu(t)| g
t€[0,T]

IA

1 T
7/ [u()|g ds + max Jlu(t) —u(s)lle
0 t,s€[0,T]

A

1 T T
g [ e ds+ [ woe ds
0 0

IA

Cllullw o,7:£)- -
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Denote by C5°(0,T'; E) the set of smooth functions with values in £ which have

a compact support in (0, 7). Denote by I/Io/p’ (0, T E) the subspace of W;(0,T; E)
which is the closure of C§°(0,T'; E).

Denote by Wp_r (0, T'; E) the dual space for the space I/Io/qr(O, T.E™), % + é =1.
Here it is assumed that E is reflexive and ¢ < oo (we do not need here a definition
for the general case, which becomes more complicated).

Every elementu € W,7(0,T;E) = (W, (0,T; E*))* can be identified with a
distribution from D’(0, T'; E) according to the following formula:

(. u(¥))ExxE = (u.§Y) Yy € DO,T), EeckE™

W (0.T:E)x W, (0.T:E*)’

2.2.2 Classical criteria of compactness

A subset K of a Banach space E is called compact if one can select a finite subcov-
ering from every open covering of this set; K C E is called relatively compact if its
closure K is compact.

Let us recall the well-known Hausdorff and Arzela—Ascoli criteria of relative com-
pactness.

Theorem 2.2.1. A set K C E is relatively compact if and only if for every & > O there
exists a finite sete; C K, i = 1,..., J, such that for every x € K there is an element
e; such that |le; — x||g < e. This set{e;,i = 1,...,j} is called e-net of the set K.

Corollary 2.2.2. If K is a uniform limit of relatively compact sets (i.e. for any ¢ > 0
there exists a relatively compact set K¢ such that for every x € K thereis y € K,
such that || x — y||g < ), then K is relatively compact.

Proof. Fix ¢ > 0. Choose a relatively compact set K 5. By Theorem 2.2.1 it possesses
an %—net {ei, i = 1,...,je}. Then{e;, i = 1,..., Jo} is an e-net for K. Really, for
any x € K there is y € Kz such that lx — ylle < %, and for this y there exists ¢;
such that ||y —e; || < £. By the triangle inequality ||x —e;||g < . Since ¢ has been
arbitrary, by Theorem 2.2.1 K is a relatively compact set. O

Theorem 2.2.2. A set F C C([0, T']; E) is relatively compact if and only if

F(t) ={f@)|f € F} is relatively compact in E Vt € [0, T], (2.2.3)

and F is equicontinuous. (2.2.4)

The second condition means that for any ¢ > 0 there is § > 0 such that for all
t1,tp €[0,T],| t1 —t2 |< 8, and every f € F one has || f(t2) — f(t1)||g < e.
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2.2.3 Compactnessin L,(0,7; E)

For a function f : [0,T] — E and a number & > 0 put (t f)(t) = f(t + h). Then
we have a function t;, f : [-h, T —h] — E.

Theorem 2.2.3 ([54]). Let E be a Banach space. Aset F C L,(0,T;E), 1<p <
00, is relatively compact if and only if

15
the set { f@)yde| f € F} is relatively compact in E (2.2.5)
151

for every ti,tp € (0,T), t; < tp, and
ltn f — fllL,0,7-h:E) h—> 0 uniformly with respectto f € F, (2.2.6)
—0
i.e. for any € > 0 there is § > 0 such that for every f € F and h < § one has
ltnf = flL,0.7-n;E) < e

Proof. The first stage. Let F be a relatively compact subset of L,(0,T; E).
Let us show that the linear map [ : f + f,’lzf(t) dt, t1,t2 € (0,T), 11 < to, from
Ly(0,T; E)into E, is bounded. Really, using Lemma 2.2.1, a), we get

2 2 _1
| [ roar, = [1roled <1 1n0rm < T e 0mis)
1 15}

Therefore the map / is continuous, so it transforms relatively compact sets to relatively
compact ones. Thus, (2.2.5) is fulfilled.

Fix ¢ > 0. By Theorem 2.2.1 there is a finite £-net { f;,i = 1,...,j} in the space
L,(0,T; E) for the set F. Since C([0,T]: E) is dense in L,(0,T'; E), there exist
e; € C(0,T];E), llei—fillL,(o0.7:E) < . i = 1,..., j. For continuous functions e;
we have |tpei —eillc(jo,7-n1;E) Py 0. Therefore |[tpe; —eillL,0,7—h;E) Py 0,

and for § small enough:
€
lthei —eillL,0.7-nE) < 3 for h <3.

For any element f € F there is an element f; from the £-net such that || f —
fillL,0,1:E) < % By the triangle inequality:

ltnf = flL,0,7—h;:E)
< lwtn(f — flL,0.17-n;E) + |Ta(fi —€i)llL,0,7-1;E)

+ lwhei —eillL,0.7—n;E) + lei — fillL,o.7-n:Ey + | fi = flL,0.7-1:E)
= |f — fillL,.1:E) + | fi —€illL,n,1:E) + llTnei —eillL,©0,7-n:E)

+ llei = fillL, 0. 7-n;E) + I1fi = fllL,0.7-h:E)

&

<5.-—-==
5
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We have proved that condition (2.2.6) also holds.
The second stage. Assume, on the contrary, that conditions (2.2.5) and (2.2.6)
hold. Putfor f € Fand0 <a < T :

1 t+a
(Mg f)(2) = " f(s)ds. (2.2.7)
t
We have for ty,t, € [0, T —a], t; <tz :

Hmafxuy—mannszHé([h+5ﬂwds—zﬁ+fﬂn¢QHE

2 1

B 1 t1+a d _ 1

—gjh (e f = N ds| = = [ttt f = Fuyo.1—ar-rim)
Tl—l/p

=T [7t2—f = 71 07- -0

Condition (2.2.6) yields that the right-hand side tends to zero uniformly with re-
spectto f as |t —t1| — 0. Hence, the set My F = {M, f|f € F} is contained in
C([0, T — a]; E) and is equicontinuous on [0, T — a.

The condition (2.2.5) with ¢ty = ¢, t, =t +a, t € (0,T — a) gives that the
set (MgF)(t) = {01—1 ftt+a f(s)ds|f € F} is relatively compact in E for all ¢ €
(0,T — a). The set (M, F)(0) is the uniform limit of the relatively compact sets
(Mg F)(e) as ¢ — 0. In fact, equicontinuity of M, F implies that for any & > 0 there
is 8(¢) > O such that for any f € F one has ||M, f(5) — M, f(0)| < e.

Therefore the set (M, F)(0) is also relatively compact. Similarly, (M, F)(T — a)
is relatively compact as the uniform limit of the sets (Mg F)(T — a — §) as§ — O.

We have shown that on the segment [0, T — a] the set M, F satisfies conditions
(2.2.3) and (2.2.4) of Theorem 2.2.2. Hence, M, F is relatively compact in C([0, T —
a), E) and therefore in L, (0,7 —a; E) forany a € (0, 7).

We have fort € [0,T —a] :

1 t+a
Muf =10 = [ r@ds— 10
1 a 1 a 1 a
— [ sasman—o [ roan=1 [wr - pwan
0 0 0 (2.2.8)
Hence,

IMaf — fllL,0.7-a;6) < sup |tnf — fllL,0.7-a:E)- (2.2.9)

hel0,a]

Let us show that a set of restrictions F|jo,7,] = 1./ [0, 7y] | f € F} is the uniform
limit of the sets My F in L,(0,T1; E) for every 71 € (0,7) as a — 0O (here and
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below we omit the symbol of restriction). Really, fix e > 0. Fora < T — Ty, (2.2.9)
yields:

IMaf — fllL,0.1:6) < sup lwnf — fllL,0.7-n:E)- (2.2.10)

hel0,a]

By condition (2.2.6) there is a such that the right-hand side and, consequently, the
left-hand side of (2.2.10) does not exceed ¢ for any f € F. Thus, F is relatively
compact in L, (0, T7; E) as the uniform limit of the relatively compact sets M, F.

Let us show that F is relatively compactin L,(T — 71, T; E). Consider the set

F={ft)=f(T-0lf €F}.
For F condition (2 2.5) holds. Let us show that condition (2.2.6) also holds for it.
Wehaveforf eF thatf(t) = f(T —1t), f € F.Then

o T—h, _ o
o4 T = F e 0.7 = ( | Fern-Fol; dr)

T—h b \7?
:[0 Hf(T—t—h)—f(T—t)HEdt>

S =

T—h »
- _/0 Hf(T—t—h)—f(T—t)HEd(T—t—h))

N =

T—h »
- /0 Hf(s) — f(s+h) HE dS> =If —wflL,0,r-nE)

The last expression tends to zero as 4 — 0 uniformly with respect to f € F by
condition (2.2.6) for F.

Thus, for F conditions (2.2.5) and (2.2.6) are fulfilled. Therefore, just as it was
shown above for F, F is relatively compact in L, (0, T7; E). It implies that F is
relatively compact in L,(T — T1,T; E). Taking 71 > T e conclude that F is

2
relatively compact in L, (0, T'; E). The theorem is completely proved. O

Remark 2.2.3. For p = oo, the statement of Theorem 2.2.3 as it is formulated above
is incorrect. Really, consider the set F consisting of only one function f(f) =
sign(t — %)u, whereu € E, u # 0.

Obviously, it is compact in Lo (0, T; E). We have: tj f(t) — f(t) = u[sign(t —
% + h) — sign(t — %)] Hence, 15 f — f is identically equal to 2u in the interval
(% —h, L) Therefore ||, f — Sl o 0,7—h: E) does not converge to zero as & — 0,
i.e. condition (2.2.6) is not fulfilled.
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Remark 2.2.4. However conditions (2.2.5) and (2.2.6) for p = oo are close to the
conditions of Theorem 2.2.2 on compactness in C([0, T']; E). Condition (2.2.6), as
we shall see, is equivalent to the equicontinuity (2.2.4), and condition (2.2.5) re-
sembles condition (2.2.3). As the following theorem shows, it is not an accidental
coincidence.

Theorem 2.2.4 ([54]). Aset F C Lxo(0, T; E) satisfies conditions (2.2.5) and (2.2.6)
with p = oo if and only if F is contained in C([0, T]; E) and is relatively compact in
this space.

Proof. The first stage. Let F be a relatively compact subset of C([0, T']; E). Then
F is relatively compact in L, (0, T'; E), and by Theorem 2.2.3 F satisfies condition
(2.2.5). By Theorem 2.2.2 F satisfies condition (2.2.4). It remains to observe that
(2.2.4) yields (2.2.6) with p = oco. In fact,for f € F C C([0,T]; E) :

lenf = flLec.r-msEy = ltnf = fllcqor-miey = _max | f(x+h)—f()|E.

t€[0,T—h)

(2.2.11)
which in view of the equicontinuity (2.2.4) tends to zero uniformly with respect to f
ash — 0.

The second stage. Assume, on the contrary, that conditions (2.2.5) and (2.2.6)
with p = oo hold. As in the second stage of the proof of Theorem 2.2.3, it is possible
to consider the set M, F and to verify that it is relatively compact in C([0, T —a]; E)
for every a € (0,T). Then (2.2.8) yields (2.2.9) and (2.2.10) for p = oo. As
in the proof of Theorem 2.2.3, condition (2.2.6) implies that M, f — f in

Loo(0,T1; E), Ty € (0, T), uniformly with respectto f € F. Then for any sequence
anp — 0 the sequence My, f is fundamental:

”Manf - Mamf”Loo(O,Tl;E) = ||Manf - Mamf||C([0,T1];E) —— 0.

max(n,m)—00

Since the space C([0, T1]; E) is complete, M, f — f in C([0,T1]; E) uni-
a—

formly with respectto f € F,i.e. F is the uniform limit of the relatively compact sets
My F in C([0,T1]; E). Therefore F is relatively compact in C([0, T1]; E). As well
as in the proof of Theorem 2.2.3, having considered the set F = {f(T —0t)|f € F},
which satisfies conditions (2.2.5) and (2.2.6) and therefore is relatively compact in
C([0, T1]; E), we conclude that F is relatively compact in C([T — Ty, T]; E). Taking
T, > % we get that F is relatively compact in C([0, T']; E). O

Remark 2.2.5. At the first stage of the proof of Theorem 2.2.4 we have shown that
for F C Loo(0,T; E) the condition of equicontinuity (2.2.4) implies (2.2.6) with
p = oo; at the second stage we have got that condition (2.2.6) with p = oo yields
that, for any f € F, My f — f in C([0,T1]; E). Hence, f € C([0,T1]; E) for

f € F. Butif F satisfies (2.2.6), then F satisfies (2.2.6), so for ? € F one has
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M, f — 7 in C([0, T1]; E), which gives f € C(IT — T1,T];E) forall f € F.
a—

Taking 77 > %, we get I C C([0,T]; E). Then (2.2.6) and (2.2.11) yield (2.2.4).
Thus, for F C Ls(0, T; E) conditions (2.2.4) and (2.2.6) are equivalent.

2.2.4 Compactness of sets of vector functions with values in an
“intermediate” space

Let X C E C Y be Banach spaces where the embedding X C E is compact, and
E C Y continuously.

Lemma 2.2.4 ([37]). For any n > 0 there exists a natural number N such that for all
ueX:
lulle < nllulx + Nllully- (2.2.12)

Proof. For every natural n, denote by V;, the set {u € E|||u||E —n—nlully <0}
Since E is embedded into Y continuously, the function ||u||g —n—n|ully : E - R
is continuous. Therefore the sets 1}, are open. As n increases, the sequence of sets
Vy extends and their unit covers the whole space E. Since the embedding X C E is
compact, the unit sphere S of the space X is compact in E. Therefore from the open
covering {V} of the set S one can select a finite subcovering {Vy,;, Vayo ..o\ Vi, }
Let N = max(ni,na2,...,n;). Then S C Vy,ie. foranyu € S:

lulle —n— Nlully <0. (2.2.13)
Now, if u # 0, the element W € § satisfies estimate (2.2.13), i.e.

I

| i
lullx I E

leellx H Y

1|

Multiplying by ||u||x, we obtain estimate (2.2.12). If u = 0, estimate (2.2.12) is
obvious. O

On application of the compactness theorems obtained in this section, difficulties
usually arise at the check of condition (2.2.6). The use of the space triples X C
E C Y gives opportunity to weaken this condition in exchange for a strengthening of
condition (2.2.5).

Theorem 2.2.5 ([54]). Let X C E C Y be Banach spaces where the embedding
X C E is compact, and E C Y continuously. Let F C L,(0,T;X), 1 < p <oo. If

F is bounded in L,(0.T; X), (2.2.14)
ltnf — flL,©0,7—h;Y) h—> 0 uniformly with respectto f € F, (2.2.15)
—0

then F is relatively compact in L,(0,T; E) (at p = oo the set F is contained in
C([0, T]; E) and is relatively compact in this space).
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Proof. 1t suffices to check that conditions (2.2.5) and (2.2.6) hold: in this case the
statement of the theorem follows from Theorem 2.2.3 (or Theorem 2.2.4, for p = 00).

As we have already observed, the linear map f f tllz f@)de, t1,tp € (0,T),
t1 < tz, is continuous from L,(0,7;X) into X. Therefore, since I is bounded
in L,(0,7;X), the set {f:lz f(@t)dt|f € F} is bounded in X. Hence, this set is
relatively compact in E, i.e. the condition (2.2.5) holds.

Let us show now that the condition (2.2.6) is fulfilled. Fix ¢ > 0. Since F is
bounded in L, (0, T'; X), there is a number R > 0 such that || f|lL,0,7;x) < R, f €
F. Applying Lemma 2.2.4 with n = &, we get that for some N and almost all
te0,7T):

lzn f () = fFOllE = &”Thf(f) —fOlx + Nlwa f@) = fOlly.

Therefore

ltnf — flL,0.7-n;E) < &Ilfhf — flL,0.7-n:x) + Nt f — fllL,0,7-h;¥)-

(2.2.16)

By condition (2.2.15) the second term in the right-hand side of (2.2.16) uniformly

with respect to f tends to zero as & — 0 and for /& small enough does not exceed %
On the other hand,

& &
ﬁ”fhf = flL,0,1-n;x) < iR (ltn f Iz, 0,7—m:x) + 1.f L, 0,7—h: %))

& &
Iz, 73 + 1 f L, 0.0-mx)) < —(R+R) = =.

_i(
4R ~ 4R 2

Now (2.2.16) implies
ltn S = fllL, 0. 7-n;E) < &

for all f € F. Thus, condition (2.2.6) also holds. O

2.2.5 The Aubin—-Simon theorem

The compactness theorems are frequently applied to establish relative compactness
of sets of solutions for differential equations. Here it often happens that it is known
that the set of solutions is bounded in a comparatively narrow space L, (0, 7; X ), and
the set of their derivatives with respect to ¢ is bounded in some “weak sense”, for
example, in the metric of a space L,(0,T;Y) wide enough. In this case one may
often apply the following theorem.

Theorem 2.2.6. Let X C E C Y be Banach spaces where the embedding X C E
is compact, and E C Y continuously. Let F C L,(0,T;X), 1 < p < oo. Assume
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that for any f € F its generalized derivative f’ in the space D'(0,T;Y) belongs to
L,(0,T;Y), 1 <r <oo0. Let

F be bounded in L,(0,T;X), (2.2.17)
{f'|f € F} be bounded in L,(0,T:;Y). (2.2.18)
Then for p < oo F is relatively compactin L,(0,T; E); for p =occandr > 1, F
is relatively compact in C([0,T]; E).

Remark 2.2.6. The first proof of this statement was given by Aubin [8] for the case
whenr > 1, 1 < p < oo, and the spaces X and Y are reflexive. Aubin’s result was
generalized by several authors (for example, Dubinskii [19] gave a proof for the case
p =2,r =1, X, E, Y are Hilbert spaces). In the general case the theorem was
formulated and proved by Simon [54].

Remark 2.2.7. In the case p = oo, r = 1 the statement of Theorem 2.2.6 is incorrect.
Really, fix an arbitrary nonzero element b € X and an arbitrary smooth function
¢ R — R, ¢ # 0, vanishing outside of the interval (0, 7). Consider the set

G = {gn(t) = bp(nt)|n € N}.
‘We have:

ess sup |g(nt)| = ess sup |@(s)|
t€(0,T) s€(0,nT)

lp)Lo0.7)

= lelzow.n) = 0L 0,1)

T 1 nT
oDl = [ letnlae = [ anidan

1 1
= ;”‘P”Ll(o,nT) = ;||§0||L1(0,T)s
1
I@®mt)) Iz, 0.1r) = Ine' )L, 0,1y =n- ;||§0,||L1(0,T) = ¢'llz,0,7)-
Therefore

o= 1o
lsnlwo.rin = |Ibpun)lix|,
= 161 le@ D) ILost0,) = 181 I L.ost0,7):

i.e. the set G is bounded in Lo (0, 7T; X);

lgnllL,o.r:E) = H Ibe(nt)ll e Hm,n

1
= bllelle@mDllL, o) = —IPlElelLi 1)
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i.e.
gn—>01in L1(0,T;E); (2.2.19)
n—>o0

’ _ ’
Ighlioran = [IGea)ir|,
= 16y DY lzy07) = 16Ny ¢ lzs0.,

i.e. the set {g;,} is bounded in L1(0,7;Y).

Thus, the set G satisfies conditions of Theorem 2.2.6 with p = oo and r = 1.
However the set G is not relatively compact either in C([0, T]; E) orin Lo (0, T; E).
Assume the contrary. Then there is a subsequence {g,,,} C G and an element g €
Loo(0,T; E) such that g,,, —— g in Loo(0,7; E). It yields g,,, —— g in

m-—00 m-—00
L1(0,T; E), and (2.2.19) gives that g = 0. So
8n, —— 0 in Lo(0,T;E).
m—00

On the other hand,

IgnmlILec.7:8) = IDIE N9 Loo0.7) = DI ENPILo(0.7)-

Passing to the limit as m — oo, we get

0=[12llEN®llLo00,1)
which contradicts the assumptions b # 0 and ¢ # 0.

For the proof of Theorem 2.2.6 we need the following

Lemma 2.2.5. Letu € L,(0,T;Y), r > 1, h € (0, T). Then for the function

t+h h
Jpu(t) = / u(s)ds = /(; u(t +s)ds
the following estimates take placle
lntlL,o.r—myy < T PP lull, 0y, 1S p<oo,  (2220)
1L o.7—ny) < B 7 fullL,o1p), P = o0, (2221)

Proof. Letk be a natural number such that k4 > T'. Define the functionu : [0, kh] —
Y by the rule: %(¢) = u(¢) fort € [0,T], u(t) = 0fortz > T. We have:

Ihullz,0,7=n;v) < IR L, 0.kh—h;Y)

kh—h h P 7
([ ([ e eonas) )
0 0 (2.2.22)

k=2 .p h p P
= Z/ / [(t + jh+ )|y ds| dt
j=070 0
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Using the simple scalar inequality

p
m

m
E ajpf aj ’ aOm--,asz pzlv
J=0 J=0

we conclude that the right-hand side of (2.2.22) does not exceed

h[k—2 r

h
/ Z/ [(t + jh+ )|y ds | dt
0 \j=0”0

kh—h p 3
/ [u(t + )|y ds) dt)

0
h kh—h+t P 3

/t ||'z7<s)||yds) dr)

kh p % T p %
/ ||'ﬁ<s>||yds) dr) =(h(/ ||u<s>||yds))
0 0

T
L L
=hr / lu()lly ds = hllullz,©,7:v),
0

I I
s~ O\}‘

IA
S~
=

which does not exceed 77 T1=+ lullL,(0,T;y) in view of Lemma 2.2.1, a). Estimate
(2.2.20) is proved. We have then:

h
[JnttllLoo0,7—n1y) = esssup [[Jpu(?)|y < esssup / u(@ + )|y ds.
t€(0,T—h) te(0,T—h)J0O

Lemma 2.2.1, a), gives that the right-hand side does not exceed

1 1
h r T r
ess sup Rl-7 (/ flu(z —l—s)II;) Shl_'l_' (/ [ ()]l ds)
te(0,T—h) 0 0

1—-1
=h "7 ulL,,1;7) O

Proof of Theorem 2.2.6. 1t suffices to check the conditions of Theorem 2.2.5. The
condition (2.2.14) coincides with (2.2.17).
For f € F we have f' € L,(0,T;Y). Then by formula (2.2.2):

(tnf =N = fa+h)— fQ)
t+h t+h

t
= f(0) + f'(s)ds — f(0) —/ f'(s)ds = f(s)ds.
0 0

t
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So by Lemma 2.2.5:

1,1
Itnf = flle 00-hyy < T 7R | fllL,0,157). 1< p < o0,
1
ltnf = flliL,©0-ny) <0 71 L, 0.157). P = oo
The right-hand sides tend to zero as & — 0 uniformly with respect to f € F,
therefore (2.2.15) holds. O
2.2.6 Theorem on ‘“partial” compactness

Using the same technique as has been just described, Simon [54] proved the following
interesting result.

Theorem 2.2.7. Let X C E C Y be Banach spaces where the embedding X C E is
compact, and E C 'Y continuously. Let F C L11oc(0,T; X)NL,(0,T;E), 1 <p <
00. Assume that for any f € F its generalized derivative f' in the space D'(0,T;Y)
belongs to L1,oc(0,T;Y). Let

F be bounded in L,(0,T; E). (2.2.23)
Assume that for any t1,tp € (0,T), t; < tp, the set
U 10| f € F}is bounded in Ly(t1,12: X), (2.2.24)

while the set
{f ity f € F}is bounded in Ly(t1,12:Y). (2.2.25)

Then for any q < p F is relatively compact in L4(0,T; E).

2.2.7 Lemma on weak continuity of essentially bounded functions

The following lemma by J.-L. Lions and E. Magenes illustrates the subtle connection
between boundedness and continuity.

Lemma 2.2.6. Let E and Ey be Banach spaces, E C Eq continuously. Let the space
E be reflexive. Then

Cy([0,T]; Eo) N Leo(0,T; E) C Cy ([0, T]; E).

Remark 2.2.8. See the proof in [61], Chapter III, Lemma 1.4, as well as [55], p. 232
where it is also shown that without the condition of reflexivity of E there may be no
such embedding.

Remark 2.2.9. Lemma 2.2.6 shows that the values of functions from Cy, ([0, T']; Eg)N
Loo(0,T; E) belong to E atevery t € [0,T].
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2.2.8 Lemma on differentiability of the quadrate of the norm of a
vector function

Assume that we have two Hilbert spaces, X C Y with continuous embedding operator
i : X — Y,and i(X) is dense in Y. The adjoint operator i* : Y* — X* is
continuous and, since i (X) is dense in Y, one-to-one. Since i is one-to-one, i * (Y *)
is dense in X™*, and one may identify Y * with a dense subspace of X*. Due to the
Riesz representation theorem, one may also identify ¥ with Y *. We arrive at the chain
of inclusions:

Xcy=vY*cXx* (2.2.26)

Both embeddings here are dense and continuous. Observe that in this situation, for
f € Y,u € X, their scalar product in Y coincides with the value of the functional f
from X ™ on the element u € X:

(frw)y = (fiu). (2.2.27)

The following lemma is a particular case of a general interpolation theorem by
Lions and Magenes.

Lemma 2.2.7. If a function u belongs to L»(0, T; X) and its derivative u’ belongs to
L>(0,T;X*), thenu € C([0,T];Y), and

d
Ellulli =20, u) (2.2.28)

in the sense of scalar distributions on (0, T).

An elementary proof may be found in [61], Lemma 1.2 of Chapter 3.
The spaces V and H from Section 2.1.2 are a typical example of the spaces X and Y.
Lemma 2.2.7 and Corollary 2.2.1 (with £ = R) imply

Corollary 2.2.3. If some set F is bounded in L,(0,T; X), and the set { f'|f € F} is
bounded in L(0,T; X*), then F is bounded in C([0,T];Y).

2.2.9 Two lemmas on absolutely continuous vector functions

We finish this chapter with two technical lemmas. The first one is close to Lemma
3.1.1 from [61].

Lemma 2.2.8. Let X be a Banach space, and let u,g € L1(0,T;X). Let Z be
an everywhere dense set in the *-weak topology of X*. Then, the following four
conditions are equivalent:
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i) For eachv € Z,
d

a“’“) = (v,8) (2.2.29)
in the sense of scalar distributions on (0, T);

ii) for each v € X*, the distributional derivative %(v, u(t)) is integrable on (0, T)
and almost everywhere equal to (v, g(1));

iii) g = u’ in the sense of Definition 2.2.1;

iv) u € C([0,T]; X), and

u(t) = u(0) + /Ot g(s)ds, te]0,T]. (2.2.30)

Proof. 1) — ii). Letv € X* and v, € Z, vyyy =V x-weakly. Then %(vm,u) =
m o
(vm, g). Passing to the limit in the sense of scalar distributions on (0, 7°), we conclude
that % (v,u) = (v, g). Since the right-hand side is integrable, the left-hand one is also
integrable, so the equality holds almost everywhere on (0, 7°).
ii) — iii). Take ¢ € D(0,T) and v € X*. Then

T
) ! = —\V, ! = —\U, ' d
(o) = ~(wy) = ~{o. [ v i
T T
=—[0 <v,u(r)>1//(r)dz=/0 )i

~ Mg ={o. [ sovwar) = 0.

Since ¥ € D(0,T) and v € X* are arbitrary, u’ = g.
iii) — iv) follows from Lemma 2.2.3.
iv) — ii). We have:

t

d d
S0) = Son0 + [ g)ds) = 0.

ii) — 1) is clear. O

Lemma 2.2.9. Let E be a reflexive Banach space, u,v € C([0,T]; E), and v' €
Ly(0,T;E), 1 < p < oo. If there is a constant C such that for all t,s € [0, T] one
has

lu() —u(s)|le < Clv() —v©)|E, (2.2.31)
thenu' € Lp(0,T;E).
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Proof. We shall use the notations 7 and M, from Section 2.2.3. Denote by uj,
h > 0, the function %(rhu — u). Fix a number 7} € (%, T).Let0 <t < Tj. Then

t 1 t+h 1 h
/0 up(s)ds = Z/; u(s)ds—z/(; u(s)dsmu(t)—u(O)
(2.2.32)
in E.
The set {v’} is compact in L,(0,7; E). As in the proof of Theorem 2.2.3 one
shows that Mv’ Y v in L,(0,71; E). Let hy P 0. Then the sequence

vp, = My v = i(rhkv —v) is bounded in L, (0, 77; E). But due to (2.2.31):

lun |z, 0.71:8) < Cllvn L, 0.11:E)

SO {uhk} is also bounded. Since E is reflexive, L, (0, T1; E) is also reflexive. There-
fore without loss of generality we may assume that there is g € L, (0, T1; E) such
that up, — g weakly in Lp(0,7y; E). The linear operator [ : w fé w(s)ds,
0 <t < T, from Ly(0,T1;E) to E, is bounded (cf. the proof of Theorem 2.2.3).

Hence, ) )
/ Up, (s)ds —— / g(s)ds
0 k—o0 Jo

weakly in E. But (2.2.32) gives

t

u(t) = u(0) +/(; g(s)ds,

i.e.
u' =g e L,0,T1;E).
Repeating these arguments for the functions u(¢) = u(7T —t) and v(¢) = v(T —

t), we conclude that W' € L,(0,T1;E), ie. u' € L,(T —T,T;E). Thus, u’ €






Chapter 3

Operator equations in Banach spaces

This chapter contains miscellaneous facts on linear and nonlinear non-evolutionary
and evolutionary operator equations in Banach spaces, which are used later during the
investigation of equations of hydrodynamics.

3.1 Linear equations

3.1.1 The Lax-Milgram theorem

The following projection theorem (see [61], Theorem 2.2 of Chapter 1) is a good
tool to prove existence of solutions for linear equations (of weak solutions for elliptic
equations, especially).

Theorem 3.1.1. Let W be a separable real Hilbert space and letb : W x W — R be
a continuous bilinear form. Let b be coercive, i.e. there is a > 0 such that

b(u,u) > oz||u||%,V, Yu e W. (3.1.1)
Then, for each g € W*, there exists unique u € W such that

b(u,v) ={g,v), YveW (3.1.2)

3.1.2 Characterization of the gradient of a distribution

The following profound result is due to de Rham and J.-L. Lions ([37], p. 67, see also
[52], [61], [82], [56]).

Lemma 3.1.1. Let Q be an arbitrary domain in R", n € N, and let g € D'(Q)".
Then,
(g,v) = 0 forany v € C§°(Q)" with divy =0 (3.1.3)

if and only if there exists ¢ € D'(QL) such that

The basic regularity result for equation (3.1.4) is
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Lemma 3.1.2 (see [41], p. 320). Let Q2 be a sufficiently regular bounded domain in
R™. Ifqg € D' (Q) and gradq € H™1(Q)", then g € L,(R).

Corollary 3.1.1. Assume that 2 is the union of a finite number of sufficiently regular
bounded domains in R". If ¢ € D'(Q) and gradg € H™2(Q)", m € N, then
g € H"1(Q).

Proof. Let Q2 = Ui:l Qp where Qp, k = 1,...,[, are sufficiently regular bounded
domains. Let ¢ € D'(RQ), and g = gradg € H™2(Q)", m € N. In particular, g
belongs to H~1(Q)", and its restriction g|q, € H!(Q)" can be defined as

(glaw @) -1 @<l @ = <g’%H—1(Q)”xH(} Q)"

where ¢ € H(} (Qp)", and ¢ € H(} (2)" coincides with ¢ almost everywhere on Q2
and is identically zero outside Q2;. Observe that g|q, = grad(g|q, ) where

(dloe D) D @0xD@0) = (4 D) D/@)xD©@)-

Here ¢ € D(L), and 5 € D() coincides with ¢ on 2 and is identically zero
outside Q. By Lemma 3.1.2, q|q, € L2(R2x) (for each k). Therefore g € L»(2).
Since gradg € H™2(Q2)", we conclude that g € H™~1(Q). O

Corollary 3.1.2. Let 2 be as in Corollary 3.1.1. Denote the connected components of
Qby QK k =1,2,.... Fixafunction 9 € L(S2) with Jor 0(x) dx # 0 for each
k. Denote by Eyg.q the subspace of H™~1(Q) which is the intersection of the kernels
of the functionals (-, 9)p , k). Denote by H’G"_2 ()" the subspace of H™ 2 ()"
which consists of the functions satisfying condition (3.1.3). Then the operator grad is
an isomorphism of Ey o onto Hé”_z ()",

Proof. The operator grad : Egq C H™ 1(Q) — HE2(Q)" C H™2(Q)" is
continuous. Given g € H &”_2 (22)"", by Lemma 3.1.1 and Corollary 3.1.1, there exists
g € H™ 1(Q) satisfying (3.1.4). Then the function ¢+ defined as

(4, D)1, @k
Jor O(x) dx’

belongs to Ey o, and grad g« = g. Thus, the operator grad : Ey o — H’G"_Z(Q)" is
surjective. It remains to show that its kernel is trivial. Let g belong to the kernel. For
each k one has grad ¢(x) = 0 at almost all x € ¥, s0 ¢(x) does not depend on x €
QF (due to connectedness of Q¥). Hence, 0 = (4. D),k = q|Qk Jor O(x) dx
foreach k,sog = 0. O

gx(x) = q(x) — x € QF,

Corollary 3.1.3. Under the conditions of Corollary 3.1.2, the operator grad is an
isomorphism of Z(0,T; Ey ) onto Z(0,T; H 6”_2 (2)") where the symbol Z stands
for C,C" (r e Nyor Wy (r € Z,1 < p < 00).
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The corollary follows straightforwardly from Corollary 3.1.2.

Now, let Z stand for C, C”, Ly or W, (r € N,1 < p < 00). For any domain
Q C R”, let the symbol Z(0, T; Hl’(:’c_l (2)) (m € N) denote the set of functions u
which

i) are defined almost everywhere on (0, 7'),
il) possess values in the set of Lebesgue measurable functions on €2,

iii) for every open ball B such that the closure of B is contained in €2, the restric-
tions u|p (defined as u|p(t) = u(t)|p for almost all # € (0,7T)) belong to
Z(0,T; H™1(B)).

Corollary 3.1.4. Let Q be a connected domain in R". Let a function ¥ € L,(2) have
a compact support, and [o, 0(x) dx # 0. Then for any g € Z(0,T; Hg_z(Q)”)
there exists a unique function g € Z(0, T ; Hl’(’;:_l (2)) such that g(t) = gradq(t) and
(q(t), ), (@) = 0 foralmostallt € (0,T).

Proof. Let B be the collection of all domains satisfying the properties

i) it may be represented as union of a finite number of sufficiently regular bounded
domains;

i) it is contained in £2;
iii) it contains the support of ¥;

iv) it is connected.

Let us show that for any open ball B such that its closure B is contained in 2,
there is a set from B which contains B. Really, for any point x € B U supp ¢ there
is a ball B(x) C Q. Since B U supp ¥ is a compact set, its covering { B(x)} has a
finite subcovering B(x1), ..., B(xg). Since 2 is an open connected set, any two balls
from this subcovering can be connected with a broken line within 2. The union of
small regular neighbourhoods of these broken lines and of the balls B(x1), ..., B(xx)
belongs to B and contains B.

Let g € Z(0,T; H’G"_Z(Q)”). By Corollary 3.1.3, for any domain @ from B,
there is a unique function g, € Z(0, T; H™ ! (w)) such that g(t) = grad ¢, () and
(9w (1), )L, (w) = 0 for almost all 7 € (0, 7). Then one can define the required func-
tion g by the formula ¢ ()(x) = ¢« (¢)(x) where w is a domain from $ containing x.
This definition is consistent, i.e. ¢(¢)(x) does not depend on the choice of w. In fact,
for any two domains w1, w2 € B containing x, one has w1 U wy € B, and q,, =
Qw1Uw2|wlv oy = CIwIUw2|w2- Thus, ge, (1)(X) = Gew;Uw, (1)(X) = qu, (£)(x). Note
thatg|g € Z(0,T; H™1(B)) for any open ball B such that its closure B is contained
in Q,s0q € Z(0,T; H™ 1(R)). Uniqueness of each g,, implies the uniqueness of

loc

q. O
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Corollary 3.1.5. Let Q2 be an arbitrary domain in R". Denote the connected com-
ponents of 2 by Q¥, k = 1,2,.... Let a function 9 € L»(Q) have a compact
support, and [qx 9(x) dx # 0 for each k. Then for any g € Z(0,T; HY~2(Q)")
there exists a unique function g € Z(0, T; H™1(Q)) such that g(t) = grad ¢(t) and

loc

(q@), P, k) = 0for each k and almost all t € (0,T).

It results from application of Corollary 3.1.4 to each connected component of €2.

3.1.3 An existence lemma

Assume that there are two Hilbert spaces, X C Y with continuous embedding op-
eratori : X — Y, and i(X) is dense in Y. Then, as in Subsection 2.2.8, we have
(2.2.26) and (2.2.27).

The following lemma is a particular case of Theorem 1.1 from [20], Chapter VI.

Lemma 3.1.3. Let X be separable and let A : X — X™ be a continuous linear
operator. Assume that there is o > 0 such that

(Au,u) > oz||u||)2(, Yu € X. (3.1.5)
Then, givena € Y and | € L,(0,T; X™), the Cauchy problem

W' () + Au(t) = f(t), te(,T), (3.1.6)
u(0) = a (3.1.7)

possesses a unique solution in the class
uely0,T;:X), u e€lLy0,T;X"). (3.1.8)

Remark 3.1.1. Due to Lemma 2.2.7, the solution u belongs to C([0,T];Y), so the
initial condition (3.1.7) holds in the usual sense.

3.1.4 Strongly positive operators and parabolic equations

In this subsection we discuss some properties of abstract parabolic equations.

Let E be a Banach space. In the remainder of the chapter, we write || - || for the
norm in E and for the norm of a bounded linear operator in E.

We consider the autonomous equation of the form:

dv
— + A =0 3.1.9
T (v (3.1.9)

Here v : [0,T] — E is an unknown function; A(t) : D(A) C E — E is a linear
unbounded operator for each ¢ € [0, T'].
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We also consider the non-autonomous equation

fl—'; + A = f(1) (3.1.10)

where f : [0, T] — E is a given function.

Remark 3.1.2. The space E may be both complex and real. In the latter case, how-
ever, for issues concerning eigenvalues, complex numbers etc. one has to consider the
complexification of the space E and the corresponding extension of the operator .

Definition 3.1.1 ([33]). A linear unbounded operator 8 with a dense domain in E
is called strongly positive if for any complex number A with Re A > 0 the operator
B + Al has a bounded inverse operator and

K,

B+AD7 < ,
Il( ) ”_1+|A|

(3.1.11)

where the constant K does not depend on A.
A strongly positive operator B generates an analytical semigroup e Bt 1 >0,
and it is possible to define its fractional powers (see [33, 58]):

1
I'(—a)

o

o0
/ e By (a < 0), (3.1.12)
0

where I" is Euler’s gamma-function;
B*=(8"*" (x>0 (3.1.13)

it is also assumed that B% = [ (the identity operator). At a > 0 the operators B¢
are not bounded. Their domains D(8%) are dense in E, and D(B%) C D(J)’B ) for
a > B.

Theorem 3.1.2 (see [33], Theorem 14.8). Let B1, B, be two strongly positive oper-
ators in E. Assume that

D(81) O D(B2), (3.1.14)
[Biull < K>||Boull, u € D(B2). (3.1.15)
where K is independent of u. Then for any 0 < &1 <& < 1,
D(87') D D(B5) (3.1.16)
|85 u|| < Ks(e1,2)|| B52ull, u € D(BL), (3.1.17)

where K3(g1,¢&3) is independent of u, 81, By but depends on K, (the notation
K3(e1, &2) certainly means that K3 depends on g1 and &3).
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Definition 3.1.2. If an operator 4(¢) has a dense in £ domain D which is independent
of ¢, if it is strongly positive for every ¢, and if K; in (3.1.11) does not depend on ¢,
we call #A(?) uniformly strongly positive (with respect to ).

The following four results are due to Sobolevskii (see [58]).

Theorem 3.1.3. Let an operator A(t) be uniformly strongly positive. Assume that for
some ¢ > 0 and everyt,t,s € [0, T] one has:

(A1) — A)A ()] < Clt — | (3.1.18)

(hereafter in this subsection C stands for various constants which do not depend on
t,s, 7).

Then there exists a function U(t, T) (the "resolving operator” for A) with values in
the space of linear bounded operators in E, which is defined and is strongly continu-
ous on the triangle 0 < t <t < T. This operator function is uniformly differentiable
with respect to t fort > t, and

aU(t, 1)
ot

The following identities hold for 0 <t <s <t <T:

+ A@)U(t, T) = 0. (3.1.19)

U(t,t) = U(t,s)U(s, 1), (3.1.20)
Ut,t) = 1. (3.1.21)

For any vg € E, the formula
v(t) = U(t,0)vg (3.1.22)

determines a solution of equation (3.1.9) which is continuous on [0, T| and continu-
ously differentiable for t > 0. If vy € D, thenv € C1([0,T]; E).

Theorem 3.1.4. Under the conditions of Theorem 3.1.3, the following estimates are
valid:
|A@UG. DA @) < Clr — P72, (3.1.23)

where0 <t <t <T,0<B<a<l+e¢
| A%(0)(U(t + At,0) — U(t,0)) AP (0)|| < CAP, (3.1.24)
where)0 <t <t+ At <T,0<a<p<1.

Theorem 3.1.5. Let A(t) satisfy the conditions of Theorem 3.1.3. Let f € C([0,T]; E)
and let § > 0 be such that

1) — f@l <Clt —|° (3.1.25)
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forallt,t €0, T].
Given vg € E, the function

v(t) = U(t,0)vg + /l U(t,s) f(s)ds (3.1.26)
0

is continuous on [0, T'| and continuously differentiable for t > 0 solution of equation
(3.1.10). The function A(t)v(t) is continuous att > 0.
Ifvg € D, then

veCY[0,T); E), (3.1.27)
A()v € C([0,T]; E). (3.1.28)

Ifvg € D(A'T%(0)) where a < min(§, €), and A%(0) f € C([0,T]; E), then
A*(0)A()v(r) € C([0,T]; E). (3.1.29)

Theorem 3.1.6. Under the conditions of the Theorem 3.1.5, one has the following
inequalities

t+At t
A%(0) |:/ U(t—l—At,s)f(s)ds—/ U(t,s)f(s)dsi|

. (3.1.30)
< K@) At (| In At| + D fllcqes+an: E)-
where 0 <1t <t <t+At<T,0<a<l,
8 t
[ e s < ka0 G131
T

where 0 <t <t < T and C is the constant from (3.1.25).

Remark 3.1.3. The conditions of Theorem 3.1.3 may be replaced by the following
one: the operator +(0) is strongly positive and for all 7, T € [0, T']

(A1) = A)NATO) < Clt —7/° (3.1.32)

provided
(1+ K)CT? <1, (3.1.33)

where C and K are the constants from (3.1.32) and estimate (3.1.11) for #4(0). Let
us show this. Take any complex A with Re A > 0 and s € [0, T']. We have:

[([A(s) 4+ AT] = [A0) + AT])(A©) + A1) 7|
< [|(A(s) — A0) A (0)[|[|A0) (A0) + A1)~
< [[(A(s) — A AT O[] — A(A©) + A1)

|A|K1
1+ A

<Cs*(1+ ) < (14 K1)CT®,
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whence
I[AG) + AT](AQ) + AN =T < (1 + K)CTE < 1.

As is well known, this yields that the operator [#(s) +AT](A(0)+ A7)~ ! is invertible
(and, hence, #A(s) + Al is also invertible), and we have the following bound for the
norm of the inverse operator:

1

AT (3.1.34)

I[AQ) + ATNA) + 2D 7H = —
Thus, by estimate (3.1.11) for +4(0),

[(AGs) + AD) 7Y < [[AQ©) + AL H[[[[A©) + AT](AGs) + A1) 7Y

Kyi/(1 4 [AD
“1-(1+Ky)CT*®’

s0 #A(s) is uniformly strongly positive.
Using (3.1.32) and (3.1.34) for A = 0, we obtain

I(A@) = A@)AT )] < [(AX) = A@)ATO)[[[|AO) A (5)]

A

6 —z|°

=< t
T 1-(1+K)CT?

This estimate is similar to (3.1.18).

Remark 3.1.4. Let us show that (3.1.28) may be rewritten as
A0y € C([0,T]; E). (3.1.35)
Really, for 0 < ¢,# + At < T, one has

IAO)(v(r + A) —v@)] < [AO)AT @ [A@) (0 + A1) —v(@)]|
< [ AOAT O ([(AQ) — AC + Ao + A1)
+ [|AE + At)v(t + At) — A()v(@)])
< C(||(A(t) — A + A))A N + AD)||AE + At)v(t + Ab)]|
+ [|AE + At)v(t + At) — A()v(@)])
< C|At|® + ||AE + AD)v(t + Ar) — A()v(1)]| —2 0.
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Remark 3.1.5. Inequality (3.1.31) immediately implies
t
|4(0) /0 U(t.5) f(5)ds]

t
< [AO)A ()] HM)/0 U(t.s) f(s)ds|| (3.1.36)

0 t
= [ AO)A )] Hg/o Ut,s) f(s)ds — f(1) |
= CKy-(ILfOI + ) +ILFOD-

3.2 Nonlinear equations

3.2.1 An existence theorem

We will need the following existence theorem for nonlinear equations of parabolic
type.

Theorem 3.2.1. a) Let B : D(B) — E be a strongly positive operator in a Banach
space E. Let a and R be some numbers, 0 < a < 1, R > 0. Assume that for
every v € D(8BY) such that ||B*v| < R there is a linear operator A(v)(-) :
D(B) — E, and

I(A@) = AW)B| < Ks[|B* (v —w)], (3.2.1)

where K5 does not depend on v,w € D(B%) such that | B%v||, || B*w| < R.

Assume that for every vgy such that
vo € D(B), ||B%voll < R, (3.2.2)

the linear operator Ay = A(vo) is strongly positive and the constant K in
(3.1.11) does not depend on vy. Assume also that for all v € D(B):

Ke|Aov] < [|Bv] < K7[lAov], (3.2.3)

where K¢, K7 do not depend on v, vyg.
Let f1 :10,T] x D(BY) — E and

I f1(t.v) = fils. w)ll = Ks(|B* (v —w)|l + [l = s]). (324

where Kg does not depend ont,s and v, w € D(B%) such that || B*v||, ||B*w]|
< R.
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Then, for any vq satisfying (3.2.2), there exists a solution v of the problem

% + A()v = f1(t,v) (3.2.5)
v(0) = vo (3.2.6)

in the class
v e CY(0,5]; E), Bv e C([0,10]; E). (3.2.7)

where ty = to(vg) is some positive number.

b) One can take tg = T provided it is a priori known that the solution v is bounded
in the following sense:

18P v(0)] < Ko,

[B*v(@)] < K,

where B is some fixed number, @ < B < 1, K9 does not depend on to and on
t €[0,10], and K§ < R.

(3.2.8)

Remark 3.2.1. As a matter of fact, this theorem is very close to a particular case of
Theorem 7 from [58]. However, we give here the proof.

Proof. Take vg satisfying (3.2.2), and consider the set 0 = Q(%9, n) which consists
of the functions v € C([0, tp]; E) with

v(0) = B8%vo (3.2.9)
such that for any z, t € [0, #o]
[v@) —v(@)| < |t —|" (3.2.10)

(the parameters ty, 7 > 0 will be defined later). The set Q is closed in C ([0, #]; E).
Since
Ol = [|B%voll < R,

(3.2.10) implies
lv@®| < R (3.2.11)

forallz € [0,%9],v € Q, provided
1ty < R—[|B%vo].
Hence, for v € Q there is the operator function
Ay (1) = AB %v(1)) (3.2.12)
defined on D(8B) for all ¢ € [0, ty]. Now, (3.2.1), (3.2.3) and (3.2.10) yield

[(Av (1) = Au (D) A || < (A (1) — Ay () B | BoAG ' | < KsK7lt —|".
(3.2.13)
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By (3.2.9)
Ay (0) = A(vo) = Ao, (3.2.14)

and #Ay is strongly positive, so (3.2.13) implies (see Remark 3.1.3) that, for #¢ suffi-
ciently small and ¢ € [0, 9], the operator +,(?) is uniformly strongly positive. Fur-
thermore,

(Ao (2) = Ay ()AL ()] < Krolr — 7" (3.2.15)

forallz,7,s € [0, tp]. By Theorem 3.1.3 there is a resolving operator Uy (t, T) for .
Then (3.1.24) gives

[ AG" (Uy(t + At,0) — Uv(t,O))eA)O_ﬁ1 | < Ky ArPi—o (3.2.16)

forO<t<t+At<1,0<a; <p1 <L
Let fy(¢) = fi(¢t, B7%v(t)). Then (3.2.4) and (3.2.10) imply:

Ifo(®) = (@Il < Krzllt —z||". (3.2.17)
Furthermore, by (3.2.4) and (3.2.11),

AN =1/ B v(@) = f1(0,0)[l + [ /10, 0)||

(3.2.18)
< Kg(R+T)+ || f1(0,0) = K13.

Since K5, Kg, K19 do not depend on s,7, 7,v and vg, the constants K11, K12, K13
are also independent of these variables.
By (3.1.30) we have the inequality:

t+At !
Agl |:[0 Uy(t + At,s) fu(s)ds —/(; Uv(t7s)fv(s)ds:|

(3.2.19)
< Kus A" (| In At + D follcqos)e). 0 <o1 < L.
Introduce the operator w : Q — C([0, tp]; E) by the formula:
t
w@) () = B*Uy(t,0)vg + i)’“/(; Uy(t,s) fu(s)ds. (3.2.20)

Let @y, 81,701, 7 be numbers suchthate < o3 < o1 +n <1+ 11 < 1 < B.
By (3.2.3) and Theorem 3.1.2 we have:

A ull < Kis(yi. 7)1 B ull, (3.2.21)
1B” ull < Kis(yr, y) | Apull (3.2.22)

forO<y; <y <1
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Using (3.2.16), (3.2.18) — (3.2.22) we get:
o) + A1) —w@)@)]|

< [ 8%A; | (no«zl Uyt + AL.0) — Uy (1,0) AP 145 B | B vo |

t+At t
+ |Mgl(/ Uv(t+At,s)fv(s)ds—/ Uv(t,s)fv(s)ds) ||)
0 0
< K17(AtP171 4 A7 ([In Ar| + 1)) < Kig At T,

where K13 depends only on || B2 vg||.
For ¢y small enough,

lw@)( + At) —w@) ()| < At". (3.2.23)

But
w(©)(0) = B8%vy. (3.2.24)

Therefore w transforms Q into itself.
Let us show that the map w is contracting. Let v;,v, € Q, and put z; =
B w(v1),z2 = B *w(vy). Itis easy to see that

21(0) = 22(0) = vo. (3.2.25)

Theorem 3.1.5 gives that, for # > 0, z1, z5 are continuously differentiable and

dzc}'t([) + Ay (D)zi (1) = fo, (1) (=1,2). (3.2.26)
Hence,
d _
(Zld[ 22) + vy, (1) (21 — 22) = (A, () — Ay, ()22 + fo, (1) — fo,(1). (3.2.27)
Let us show that
|Aoz2(t)]| < K1otP171, (3.2.28)
We have:
t
| A0z2(t)|| < || AoUy, (£, 0)vo | + ||A0[0 Uy, (1.5) fo, (s) ds||. (3.2.29)

Due to Remark 3.1.5 the second term in the right-hand side of (3.2.29) is simply
bounded by a constant K73 < K24tﬂ1_1. Putting in (3.2.15) s = 7, v = vy, we get

[, (1) AL (D < [lAv, (1)) (O + Koty < Kao. (3.2.30)
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Hence, by Theorem 3.1.2,
||AZ; ([)A;zyz(‘c)” < Kz, y2>71. (3.2.31)

With the help of (3.1.23), we can estimate now the first term in the right-hand side of
(3.2.29):

A0 U, (2,0)v0 | < [[ Ao, (1)~ [[[Avs (1)U, (1, 0)AG P | AE B[ BB vo |
< KopptP171,

Using (3.2.27) and (3.2.28) one can show (cf. [58], p. 341) that
t

z1(1) — 22(t) = /0 Uy, (2. 9)[(Av, (5) — vy ())22(5) + (fo, (5) — foa(5))] ds.

(3.2.32)
Applying to both sides the operator 8¢ and taking into account (3.2.22), (3.1.23),
(3.2.1), (3.2.28) and (3.2.4), we obtain:

lw(v)(@) —w@2)@)]|
< [1B% A, | /0 1AG" Uy (1, $) [ (Avy (5) = Ay () B [[[|BAG || Aoz2(5) |
+ 1 (o1 () = foa (D)1 ds

< Kzs/O 1 =57 ([v1(s) = va(@)lIsP =" + [|vi(s) = va(s)])) ds

t
< Kast' ™ o = valeqoaoiey [ 11 =517 (s 4 1) ds,

whence
[w@1) — w©)llcqor:E) < Kasty' “*vi — v2llc(o.s):E)- (3.2.33)
For o small enough, 1(26t(’;3 I7¥ < 1, and w is a contraction. Thus, by the Banach

principle, the map w has a fixed point v« € Q. Then the function
V(1) = B %vx(1)

is a solution of the equation:

¢
v(t) = Ugay(t,0)vg —|—/ Ugay(t,s) fgay(s)ds. (3.2.34)
0

By Theorem 3.1.5, v(¢) is a solution of (3.2.5) — (3.2.6). The linear operator 1'3,/%31
is bounded, so (3.1.27) and (3.1.35) imply (3.2.7).

It remains to observe that the constants in the proof of the theorem, including ¢,
are either independent of vg or depend on || B2 vg| and on R — || B%vg|. Therefore, a
priori bound (3.2.8) gives an opportunity to construct a solution, step by step, on the
whole segment [0, T']. O
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3.2.2 The Leray-Schauder degree

Here we recall some elementary facts from the Leray—Schauder degree theory [40,
32].

Let E be a normed space and B be the class of open bounded subsets of E. Denote
by E the set of triples (I — k, D, p) where I is the identity operator in E, p € E,
D € B,k : D — E is a compact operator (i.e. k is continuous and its image is a
relatively compact set), p ¢ (I — k)(0D). Here dD denotes the boundary of D.

Theorem 3.2.2. There exists a unique map dps : & — Z satisfying the following
Sfour conditions (axioms).

1) (Normalization). For any D € B such that 0 € D, one has
drs(1,D,0) = 1.

2) (Additi\ity), Forany (I —k, D, p) € E and all open sets Dy, Dy C D such that
p ¢ f(D\(D1 D2)) one has

ds((I = K)|p, . D1.p) +ds((I = K)|p,. D2, p) = dis(I —k.D. p).

3) (Homotopic invariance). Let D € B, D # @, and leth : [0,1] x D — E be
a compact operator. Assume that p # x — h(t,x) fort € [0,T],x € dD. Such
h is called a homotopy. Then dyps(I — hy, D, p) does not depend ont € [0, T]
where hy : D — E, hy(x) = h(t, x).

4) (Homogeneity). For any (I — k, D, p) € & such that D # &, one has
drs(f.D,p) =drs(f — p,D.0).

Remark 3.2.2. Note that the fact that / is continuous and /() : D — E is compact
for all ¢+ € [0, T'] does not imply that / is compact (see [32], p. 129). However, if
ho.h1 : D — E are compact, then the linear homotopy h(t,x) = (1 — t)ho(x) +
thi(x) : [0,T] x D — E is compact.

The map dy s is called the Leray—Schauder topological degree. The most important
property of the degree is

Theorem 3.2.3. Let (I —k, D, p) € E and dps(I —k, D, p) # 0. Then the equation
x—k(x)=p (3.2.35)
has a solution xg € D.

A well-known consequence of this theorem is the Schauder fixed point principle.
We shall use it in the following form:
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Theorem 3.2.4. Let A be a non-empty compact convex set in a normed space E. Then
for any continuous map ¢ : A — A there is a point x« € A such that x« = @(xx).

Axioms 1) — 4) imply
Corollary 3.2.1. For all D € B and p € D,

drs(I,D,p) =1.






Chapter 4

Attractors of evolutionary equations
in Banach spaces

4.1 Attractors of autonomous equations:
classical approach
4.1.1 Attractor of a semigroup

Let E be an arbitrary set.

Definition 4.1.1. A family of mappings §; : E — E,t > 0, is called a semigroup if
& is the identity map / and
08 =84+ “4.1.1)

forany z,7 > 0.
Hereafter we assume that E is a Banach space.

Definition 4.1.2. A semigroup &; is called bounded in E if, for any bounded set
B C E,theset | J 8;B is also bounded in E.

>0
Let F be a topological space such that £ N F # @.

Definition 4.1.3. A set P C F is called (E, F)-attracting (for the semigroup &;) if
for any bounded set B C E and any open neighborhood W of P in F' there exists
h > O suchthat §;B C W forallt > h.

Definition 4.1.4. A set P C E is called absorbing (for the semigroup &;) if for any
bounded set B C E there is & > 0 such that for all t > & one has §; B C P.

Definition 4.1.5. A set A C E is called invariant (for the semigroup §;) if
/StA - A
for any # > 0.

Definition 4.1.6. A set A C E N F is called an (E, F)-attractor (of the semigroup
8;) if
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i) A is compact in F and bounded in F;
ii) A is invariant for the semigroup §;;

iii) # is (E, F)-attracting for the semigroup §;.

Various criteria for the existence of such an attractor may be found, for instance,
in [27, 28, 9]. They are mainly based on the assumption that there is some (E, F)-
attracting or absorbing set P, and the attractor (under some assumptions on the semi-
group &;) can be found by the formula

A=) [U3:P] (4.1.2)

s>s0 t>s

where s9 is large enough and [] stands for the closure in F.

Lemma 4.1.1. Let 8; : E — E be a semigroup. Let F be a T\ space (i.e. the one-
point sets in F are closed), and ENF # &. Let A C E be bounded and an invariant
set for the semigroup §;, and let P C F be an (E, F)-attracting set for the semigroup
8:. Then A C P.

Proof. For any open neighborhood W of P in F,thereish > Osuchthat A = 8,4 C
W for allt > h. Hence, A C F. If there is a point x € A such that x ¢ P, then
Wy = F\{x} is an open neighborhood of P in F. Therefore A C Wy, and we arrive
at a contradiction. O

Corollary 4.1.1. Let 8; : E — E be a semigroup. Let F be a Ty space, ENF # &.
If there exists an (E, F)-attractor of the semigroup 8y, it is unique.

Proof. If there are two (E, F)-attractors #; and +,, then, by Lemma 4.1.1, A; C
Ao and Ay C Aq. O

4.1.2 Global (E, Ey)-attractors of evolutionary equations

Let E and Eq be Banach spaces, E C Ey. Consider an abstract differential equation

u'(t) = Au(1)). 4.1.3)
u(t) € E, A: D(A) C E — R(A).

The symbol “=" may be understood in any appropriate sense (e.g. in the sense
of some topological space containing both £ and R(A)). The derivative “” may
also be considered in any generalized sense. The nonlinear operator A is arbitrary
(it may even be multi-valued, but in this case the symbol “=" must be replaced by
“C”), but here we consider A to be independent of ¢ (this means that the equation is
“autonomous’).
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We shall investigate attractors of solutions of this equation which belong to the
space C ([0, +00); Eo) N Loo(0, +00; E).

Hereafter it is supposed that the space E is reflexive. Then, by Lemma 2.2.6,
C([0, 400); Eg) N Loo(0,+00; E) C Cy ([0, 4+00); E). Hence, the values of func-
tions from C([0, +00); E¢) N Leo(0, +00; E) belong to E at every ¢ > 0.

Consider the translation (shift) operators 7'(h),

T(h)w)(t) = u(r + h),

h > 0foru € C([0,400); Eg), Loo(0,+00; E), or h € R for C((—o0, +00); Eyp),
Loo(—00, +00; E).

For any fixed 7 > 0 the operators 7' (/) are continuous bounded mappings of the
spaces C([0, +00); Eo) and Lo (0, +00; E) into themselves.

Assume that for any b € E equation (4.1.3) possesses a unique solution uy in a
certain class ¥ C C([0, +00); E¢) N Lso(0, +00; E), satisfying the initial condition

up(0) = b. (4.1.4)

Define the mapping S; : E — E,t > 0, by the formula

S:(b) = up(t). (4.1.5)
If
Th¥ C ¥ (4.1.6)
for all & > 0, then
T(hyup = ug, p)- “4.1.7)

This implies that S; is a semigroup.

Definition 4.1.7. The (E, Ey)-attractor of the semigroup S is called the global (E, Eg)-
attractor of the evolutionary equation (4.1.3).

4.2 Attractors of autonomous problems without
uniqueness of the solution

In this section we describe a more general approach to attractors of equation (4.1.3),
which does not require uniqueness of the solution to the Cauchy problem (4.1.3) —
(4.1.4) and existence of the semigroup S;.
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4.2.1 Basic definitions

Let some set
®+ C C(10.+00): Eg) N Loo(0, +00: E)

of solutions (strong, weak, etc.) for equation (4.1.3) on the positive axis be fixed. The
set ¥ will be called the trajectory space and its elements will be called trajectories.

Remark 4.2.1. We do not assume that T(h)®X T C K for & > 0 (see also Remarks
4.2.5,4.2.6).

Remark 4.2.2. Usually an appropriate trajectory space must be such that for every
a € E there exists (but is not necessarily unique) a trajectory u satisfying the initial
condition #(0) = a.

Remark 4.2.3. Below the concrete form of equation (4.1.3) is not significant but only
presence of a trajectory space ¥ is important and everything will depend only on
the properties of this set. Generally speaking, the nature of ¥ may be different from
the one described above.

Definition 4.2.1. A set P C C([0,+00); Eg) N Loo(0, +00; E) is called attract-
ing (for the trajectory space ¥ ) if for any set B C T which is bounded in
Loo(0, +00; E), one has

sup inf ||T(h)u —v . — 0.
ueg Inf T (h) lc(10,+00); E0) W

Definition 4.2.2. A set P C C([0,+00); Eg) N Lso(0,400; E) is called absorb-
ing (for the trajectory space ®) if for any set B C T which is bounded in
Loo(0, +00; E), there is an & > 0 such that for all # > h:

T@)B C P.
It is easy to see that any absorbing set is attracting.

Definition 4.2.3. A set P C C([0, +00); Eg) N Lso(0, +00; E) is called a trajectory
semiattractor (for the trajectory space ¥ 1) if

i) P is compact in C ([0, +00); E¢) and bounded in L (0, +00; E);

ii) T(t)P C P foranyt > 0;
iii) P is attracting in the sense of Definition 4.2.1.
Definition 4.2.4. A set P C C([0, 4+00); Eg) N Loo(0, +00; E) is called a trajec-

tory quasiattractor (for the trajectory space 1) if it satisfies conditions i), iii) of
Definition 4.2.3 and
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ii’) T(t)P D P foranyt > 0.

Definition 4.2.5. A set P C C([0, 4+00); Eg) N Loo(0, +00; E) is called a trajectory
attractor (for the trajectory space ¥ ) if it is a trajectory semiattractor and a trajectory
quasiattractor (for the trajectory space ¥ ). A trajectory attractor is called minimal if
it is contained in any other trajectory attractor.

Definition 4.2.6. A set A C E is called a global attractor (in Eg) for the trajectory
space X1 of equation (4.1.3) if

i) # is compact in Eg and bounded in E;

ii) forany set B C ¥+ which is bounded in L (0, 4+00; E), the attraction property
is fulfilled:

sup inf ||u(z) —v — 0.
sup. inf ()~ vllgy

iii) «# is the minimal set satisfying conditions i) and ii) (that is # is contained in
every set satisfying conditions i) and ii)).

Remark 4.2.4. It is obvious that if there exists a minimal trajectory attractor or a
global attractor, then it is unique.

Remark 4.2.5. If a trajectory attractor for the trajectory space ¥ is contained in
KT, then it is minimal. It follows from Lemma 4.2.10 (see below). In [66] (at the
additional restriction that T(h)X* C K™ for all 1 > 0) there were considered only
trajectory attractors (in the sense of Definition 4.2.5) contained in ¥*. Neverthe-
less, the (more general) concept of minimal trajectory attractor used by us has many
usual properties of trajectory attractors. In particular, a minimal trajectory attractor
always generates a global attractor (see below, Theorem 4.2.2). Furthermore, under
some conditions on the trajectory space ¥ a minimal trajectory attractor (provided
it exists) is always contained in ¥ (see below, Remarks 4.2.11, 4.2.12).

Remark 4.2.6. A natural way to define a trajectory space is ¥ is to take all the
solutions (in a certain sense: strong, weak, etc.) for equation (4.1.3), which belong to
some class & C C([0, +00); Eg) N Loo(0, 400; E). Usually, if u is a solution, then
T(h)u, h > 0, is also a solution, so the condition 7'(h)®*T C K™ for all 4 > 0 may
be violated only if (4.1.6) is violated. This may appear, for example, in the following
situations:

a) F consists of the solutions satisfying some inequality which is not invariant with
respect to the shifts 7'(%). In particular, this may be an inequality containing inte-
grals or other non-local functions, e.g. an inequality of the form

e lu@)ll < max|lu(s)ll, >0,
5s=>0
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Such issues appear at the study of the equations of motion for viscoelastic medium
with Jeffreys’ constitutive law (see Chapter 6).

b) F consists of the ”surviving” solutions, i.e. the solutions u satisfying the property
u(r) € M(u(0)), t<][0,T],

where M : E —o E is a fixed multi-valued map and 7" > 0 is a fixed number.

¢) ¥ consists of the solutions which have some property at least at one point ¢ or on
some fixed subset of the positive axis, e.g. the solutions u for which there exists
t > 0 such that u(¢) = u(0).

d) F consists of the solutions which do not have some property globally, e.g. all
solutions except the ones satisfying the property

ut)e A, t=>0,
where A C E is a fixed set.
Let us introduce one more useful notion.

Definition 4.2.7. The kernel X.(P) of a set P C C(]0, +00); E¢) N Loo(0, +00; E)
is the set
{u € Loo(—00,+00; E)|Vt e R: 14T (¢t)u € P}.

Here I is the operator of restriction on the semi-axis [0, +00).

Obviously, TT4X(P) C P.

4.2.2 Simple properties of attracting sets and auxiliary statements
Lemma 4.2.1. Let a set P C C([0, +00); Eg) N Loo(0, +00; E) satisfy conditions i),
iii) of Definition 4.2.3. Then T1L.X.(X*) C P.

Proof. Letu € TILX(®™T), thatis u = IT4uq, where u; € X(¥ ™). Consider the set

By = {1+ T()u|t € R}.

It suffices to show that B,, C P. The set B, is contained in ¥ and is bounded in
Loo(0,+00; E). Besides, T'(h)B, D By, forall h > 0. Really, if v € By, then for
somet € Ronehasv = 14T (t)uy = T(h)[14+T(t — h)uy € T(h)B,,. Since P is
an attracting set, for any ¢ > 0 there is an 4 > 0 such that

sup inf ||T(h)w — U||C([0,+oo);Eo) <e.
weB, VEP
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Since T'(h)By, D By,

sup inf ||lw — U||C([0,+oo);Eo) <e.
weBy, veP

The number ¢ > 0 was arbitrary, so
inf — Ep) =0
nf Jw —vllc(o,+00):E0)
for all w € By,. Since P is compact in C([0, +00); Ep), w € P. O

Roughly speaking, the kernel X (¥ 1) is the set of solutions for equation (4.1.3)
defined on the whole real axis, which are uniformly bounded in £ and continuous
with values in Ey. The following statement on properties of this set takes place.

Lemma 4.2.2. Under the conditions of Lemma 4.2.1 the kernel X.(® ) is relatively
compact in C((—oo, +00); Eg) and bounded in L (—00, +00; E).

Proof. During the proof of the previous lemma it has been shown that the set
U={:T@uilt eR,u; € XX}

is contained in P. Hence, U is contained in C ([0, +00); E¢) and is bounded in
Loo(0, 4+00; E). Therefore (¥ ™) is contained in C((—o0, +00); Eg) and is bounded
in Loo(—00, +00; E).

For v € X(¥ ™) and a natural number m we put

vm(t) = v(t), t=-m,

U (1) = v(=m), t <—m.

Denote by ¥, the set {v,,|v € K (®T)}. Since [T+ K (X T) C P is relatively compact
in C([0, +00); Ep), Ko is relatively compact in C((—oo, +00); Ep). It is easy to see
that 7(m)X (X 1) = X(X ™). Therefore K,, = T(m)¥ and it is relatively compact
in C((—o00, +00); Ep). But for any ¢ > 0

sup inf [[w = vlc((—oo,400):E0) = SUP  [[Um — V]l C((—00,400): Eo)
vek(®+) WEKm vek(®+)

1
<—<e¢
om

for m large enough. Therefore 1(¥ ) is relatively compact in C((—oo, +00); Eg) as
a uniform limit of relatively compact sets ¥, as m — oo (Theorem 2.2.1 and Corol-
lary 2.2.2 remain valid in Fréchet spaces: just replace norms with pre-
norms). O

Trajectory attractors possess the following interesting property.
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Lemma 4.2.3. If there exists a trajectory attractor P for the trajectory space ¥,
then P = T11X(P).

Proof. As it was mentioned above, P D I14X(P). We shall show now the in-
verse inclusion. Let ug € P. Since T(1)P = P, there exists u_; € P such that
T(Du—; = up. Similarly, there is u_» € P such that T(D)u—p = u_j;u_3 € P
such that 7(1)u—_3 = u_5 and so on. Define u € Lo (—00, +00; E) as follows:

u(t) =uo(). 1= 0: u(t) = T(t})ug)(0). 1 <0.

Here the brackets [-] and {-} denote the integer part and the fractional part of a number,
respectively. We shall show now that u € K(P). Really, for t > 0, T[4 T(*)u =
T(t)up € T(t)P = P,and, fort <0, 14T ()u = T({tHujg C TP = P. It
remains to observe that ug = IMyu € TILX(P). a

Lemma 4.2.4. a) Let sets Py, P, C C([0,+00); Eg)N Loo(0, +00; E) satisfy condi-
tions i) or ii) of Definition 4.2.3. Then P1 N P, also satisfies a corresponding condi-
tion. b) If Py, Py are compact in C([0, +00); Eo) and satisfy condition iii) of Defini-
tion 4.2.3, then Py N Py also satisfies condition iii).

Proof. Statement a) is clear. Let us show b). Let Py, P, be compactin C ([0, +00); Eg)
and satisfy condition iii). We have to show that Py N P; is an attracting set. If it is not

so, then for some § > 0 and some set B C ¥+ which is bounded in Lo (0, +-00; E),

there is a sequence h,, — 0o such that

sup mf ||T(hm)u = Vlc(o,400):Eo) > §-
ueB VEPLIN

Then there are elements u,, € B such that

inf ”T(hm)um - U||C([(),+oo);E0) > 4. (4.2.1)

veP1NP,

On the other hand, since Py and P, are attracting sets, for any natural number k there
exist a number my and elements v li e Py, v]% € P, such that

1
1T (o Yty = gellc(f0,+00): o) < o
1

IT i Yty — VNl C(0,4-00):Eo) < 0

Since P is compact in C(]0, +00); Ep), without loss of generality we may assume
that the sequence v]i converges to an element vg as k — oo. Then sequences
T (hmy )um,; and v,% also converge to vo. Thus, vo € P1 N P2 and || T (hmy )um, —
Vo[l ¢ ([0,400): Eo) k—_>>oo 0, which contradicts (4.2.1). O
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Lemma 4.2.5. Let a set P C C([0, +00); Eg) N Loo(0, +00; E) satisfy one of con-
ditions i), ii), ii’) or iii) of Definitions 4.2.3, 4.2.4. Then T (h) P also satisfies a corre-
sponding condition for all h > 0.

Proof. The statement of the lemma concerning conditions 1), ii), ii’) is obvious. Let
P satisfy condition iii), that is it is attracting. Since the map 7'(h) is bounded in
C([0, +00); Ep), one has

IT(h)ullcqo,+00):E0) = C llullc((0,400);E0)
for some constant C and all u € C([0, +00); Eg). Then for any set B C ¥ which
is bounded in Lo (0, +00; E), one has

su inf T u—v .
ueg el o 17() ([0, +00): Eo)

= sup inf [|T(h)(T(t —h)u —v)llc((0,+00):E0)

ueB V€

<C inf ||7(t —h)u — ; 0,
< 31611; inf IT(t —h)u —vlcqo,+o00);Eo) o

that is 7'(h) P is also attracting. O

We will need also the following statement.

Lemma 4.2.6. Let (X, p) be a metric space and {Ky}qez be a system of non-empty
compact sets in X. Assume that for any o1,0p € & there is a3 € E such that
Ky, N Ky, = Kos. Then Ko = (| Ko # 9 and for any € > 0 there is o € E such

oEE

that for any y € Kg,:
inf p(x,y) <e.
x€Kp
Proof. By induction one easily proves that an intersection of any finite number of sets
from the system { K} belongs to this system.
Consider the set

K. ={y e X| inf p(x,y) <e} if Ko# &;
xeKo

K=o if Ko=0.

It is clear that K is open and K¢y C K. Note thatif K, # @, then Ko # &. Thus,
to prove the lemma, it suffices to find a set Ky, C K, in the system {Kg }.

Let «p € E. Then Kgy,\K, is compact and {X\Kq}oez is an open cover for
Koy \Ke. One can choose its finite subcover X\ Ky, X\Kq,, ..., X\Kg,,. Thus,

m m
Kuo\Ks C X\ [ Kq,;. Therefore (| Ko, C X\(Kg,\Ks). It implies that the set
i=1 i=1
m
(N Kg, is contained in K, so it can be taken as the required set K, . O
i=0
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By analogy to the concept of minimal trajectory attractor for the trajectory space
KT it is possible to introduce the concept of minimal trajectory semiattractor as a
trajectory semiattractor contained in any other trajectory semiattractor.

Lemma 4.2.7. A minimal trajectory semiattractor is always a minimal trajectory at-
tractor.

Remark 4.2.7. We will prove below the inverse statement (Lemma 4.2.8).

Proof. Let U be a minimal trajectory semiattractor, that is it is a trajectory semiattrac-
tor and it is contained in any other trajectory semiattractor. By Lemma 4.2.5 T'(h)"W
is a trajectory semiattractor for all # > 0, therefore W C 7'(h)W. Thus, W is a tra-
jectory semiattractor and a trajectory quasiattractor, that is it is a (minimal) trajectory
attractor. O

4.2.3 Existence of a minimal trajectory attractor

Theorem 4.2.1 (see [75, 76]). Assume that there exists a trajectory semiattractor P
for the trajectory space ¥ . Then there exists a minimal trajectory attractor . for
the trajectory space ¥ . Here one has

MoK cUW=T,XW) CcII X(P)C P

and the kernel X.(R) is relatively compact in C((—oo, +00); Eq) and bounded in
Loo(—00, +00; E).

Proof. Take in Lemma 4.2.6 X = C([0, +00); Ep) and let { Ky }oc 5 be the system of
all trajectory semiattractors for the trajectory space ¥ . Denote by ‘U the intersection
of all trajectory semiattractors. By Lemma 4.2.4 the intersection of any two sets from
the system { K } belongs to this system. Thus, for the system of semiattractors { Ky}
the conditions of Lemma 4.2.6 hold.

Let us show that WU is a trajectory semiattractor. Clearly, W satisfies conditions 1)
and ii) of Definition 4.2.3. We shall show now that ‘W satisfies condition iii), that is it
is attracting. Fix ¢ > O and aset B C KT which is bounded in Lo (0, +00; E). By
Lemma 4.2.6 there is a semiattractor P, such that for any v € P;:

&
inf |lw—v . < —.
Jnf | (10, +00); Eo) 7

Since P, is an attracting set, there exists 4 > 0 such that for t > h:
. 3

sup inf [|[T(2)u — v|lc([0,4+00);E0) < 7

ucB VEP: 2

Therefore for every u € B there exists v(u) € Pg such that

&
IT@u —v)licoto)iEn < 5-
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‘We have:

sup inf [ T(1)u — w|c(fo,+00);Eo)
ucB WeW

< sup([|T(")u —v(u) | c(10,400):Ee) + Inf () — wllc(f0,+00): Eo))
ueB weW

¢ n €
—+-=e
-2 2
Thus, U is a trajectory semiattractor. It is clear that it is minimal. By Lemma 4.2.7
W is a minimal trajectory attractor. It remains to use Lemmas 4.2.1 — 4.2.3. O

Corollary 4.2.1. Assume that there exists an absorbing set P for the trajectory space
KT which is compact in C([0, +00); Eg) and bounded in Lso(0, +00; E). Then
there exists a minimal trajectory attractor U for the trajectory space X+ . Here one
has TILK(RT) € W = T X (W) € TTLK(P) and the kernel X(R ™) is relatively
compact in C((—oo, +0); Eg) and bounded in L (—00, +00; E).

Proof. Due to Theorem 4.2.1, it suffices to find a trajectory semiattractor P; C P.

By Definition 4.2.2, for any set B C KT which is bounded in Lo (0, +00; E),
there is a number 4(B) > 0 such that for all 1 > h(B) one has T'(t)B C P. Denote
by P; the closure in C([0, +00); E¢) of the set

=) U T0)B

BeB t>h(B)

where B is the set of all sets contained in ¥ which are bounded in Lo (0, +00; E).
The set P is contained in P, so it is compact in C([0, +0o0); E¢) and bounded in
Loo(0, +00; E). Tt is clear that it is absorbing. Moreover, T'(h) Py C Py for h > 0.
This implies (cf. below, Lemma 4.2.9) that T'(h) Py C P;. Thus, P; is a semiattrac-
tor. O

Lemma 4.2.8. A minimal trajectory attractor is always a minimal trajectory semiat-
tractor.

Proof. Let WU be a minimal trajectory attractor and let P be a trajectory semiattrac-
tor. Since the minimal trajectory attractor is unique, by Theorem 4.2.1 W C P.
Thus, W is contained in any trajectory semiattractor, so it is a minimal trajectory
semiattractor. a

4.2.4 Existence of a global attractor

Consider the sections of a trajectory attractor and the kernel at fixed r > 0:

W) ={v()|v e U
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K(P)(®) = {v(@®)[v € X(P)}.

It is easy to see that these sets are contained in E (see Section 4.1.2).

Theorem 4.2.2 (see [75, 76)). If there exists a minimal trajectory attractor L for the
trajectory space X, then there is a global attractor A for the trajectory space X
of equation (4.1.3) and for all t > 0 one has

KRT)() C A= U() = K(W)(@).

Proof. Observe first that since 7(1) W = W, ¢t > 0, the set A = U(¢) does not
depend on ¢. From Lemmas 4.2.1 and 4.2.3 it follows that X (X 1)(r) C W(t) =
K(W)(¢). The set W is compact in C([0, +00); Ep), so its section A = U(0) is
compact in Eg. Moreover, W is bounded in L (0, +00; E), so for u € W and
almost all # > 0 (except those ¢ which belong to some set O,, of zero measure)

”u([)”E = sup ”u”Loo(O,—l-oo;E)-
uel

Since u € Cy ([0, T]; E), one has u(t) — u(0) weakly in £ as ¢ — 0. Thus,

[uO)|g = liminf [u()llg < sup |[ullL(0,400;E)
—0,1¢0y ueW
so A = W(0) is bounded in E.
Letaset B C ¥ be bounded in Lo (0, +00; E). Since W is an attracting set,

S inf |7 (h)u — . — 0.
MIEJI; Jnf 17 (h)u — vl c(0,400): Eo) T

It yields the pointwise convergence:

sup inf |(T'(h)u —v)(t)|g, — 0, t>0.
ucB VEW h—o0
Att = 0 we get

su inf u(h) —v — 0.
uell)i veEA=U(0) ” (h) ”Eo oo

It remains to show that # is contained in every set 4 which is compact in Ep,
bounded in E and possesses the attraction property

sup inf [lu(?) — vk, S 0 (4.2.2)

ueB VEAO
for every set B C KT which is bounded in Loo(0, +00; E). Let Uy = {u €
Wlu(t) € Ap Vt > 0}. It suffices to show that W C Wo. By Lemma 4.2.8 U

is contained in every trajectory semiattractor. Hence, it is enough to show that Wq
is a semiattractor. Since Wy C W, Uy is relatively compact in C([0, +00); Ep)
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and is bounded in L (0, +00; E). For any sequence {u,,} C Ug converging in
C([0, 400); Ep) the limit ug belongs to the (closed in C ([0, +00); Ep)) set W. The
convergence in C([0, +00); Ep) yields the pointwise convergence: u,(t) — uo(t)
in Eg ,t > 0. Since ¢ is compact in Eq, ug(t) € #p, ¢t > 0. Thus, Uy is closed
and compact in C([0, +00); Eg). Since T'(t) W C W, one has T'(t) Wy C Wo, t > 0.
It remains to show that W is an attracting set. If not, for some § > 0 and some set
B C ®7T which is bounded in Lo (0, +00; E), there exists a sequence h, — 00
such that

sup inf ([ T(hm)u — v c(fo,+00);E0) > §-
ueB v€Wo

Then there are elements u,, € B such that
inf (|7 (hm)um — v||C([0,+oo);E0) > 4. (4.2.3)
UE(U,()

On the other hand, since W is an attracting set, for every natural k there exist a number
my and an element v € W such that

1
”T(hmk)umk - Uk”C([O,-i—oo);Eo) < z

Since W is compact in C ([0, +00); Eg), without loss of generality the sequence vy
converges to an element vg € W as k — oco. Then

”T(hmk)umk_UO||C([0,+oo);E0) — 0. 4.2.4)
k—o00

Now (4.2.4) together with (4.2.3) yield vg & Wy, that is vo(ty) & ¢ for some z9 > 0.
But from (4.2.2) it follows that

inf [T (hmy)um, (to) —vllg, — 0.
vEAQ k—o00
Then there is a sequence {v; } C sy such that
”T(hmk)umk (to) - UZ ”Eo — 0.
k—o00

Since g is compact, without loss of generality v;c‘ converges to some element v*.
But (4.2.4) gives:

T (hmy ) uimy (t0) — vo(t0)l|lE, — O.
k—o00
Therefore vg(tg) = v* € A¢, and we have a contradiction. O

Theorems 4.2.1 and 4.2.2 give existence of a global attractor under the conditions
of Theorem 4.2.1. It appears that existence of a global attractor may be proved also
under weaker assumptions.
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Definition 4.2.8. A trajectory quasiattractor W for the trajectory space ¥ is called
homogeneous if the set WU (¢) does not depend on ¢ > 0.

Theorem 4.2.3. Assume that there exists a attracting set P for the trajectory space
W which is compact in C([0, +00); Eg) and bounded in Lo (0, +00; E). Then there
exists a homogeneous trajectory quasiattractor \l. C P for the trajectory space ¥+
such that the set A = U.(t) is a global attractor for the trajectory space ¥ of
equation (4.1.3).

Proof. Take in Lemma4.2.6 X = C([0, +00); Eo) and let { K, }oeg be the system of
all attracting sets for the trajectory space ¥+ which are compact in C ([0, +00); Eg)
and bounded in L (0, 400; E). Denote by WU the intersection of all such sets. By
Lemma 4.2.4 the intersection of any two sets from the system { Ky} belongs to this
system. Thus, for system { K} the conditions of Lemma 4.2.6 hold.

Clearly, W satisfies condition i) of Definition 4.2.3. As in the proof of Theorem
4.2.1 one shows that W is an attracting set. By Lemma 4.2.5 for all # > 0, the set
T (h)W is attracting, compact in C([0, +00); Eg) and bounded in L (0, +00; E),
therefore W C T'(h)W. Thus, W is a trajectory quasiattractor.

As in the proof of Theorem 4.2.2 one shows that U (0) satisfies conditions i), ii) of
Definition 4.2.6. Since W C T'() W, W(0) C W(¢) for all £ > 0. It remains to show
that W (¢) is contained in any set 4 which satisfies conditions 1), ii) of Definition
4.2.6 (in particular, in W (0)). Denote Wy = {u € W|u(t) € A¢ V¢ > 0}. It
suffices to show that W C Wp. Since W is contained in every set from the system
{Ky}, it is enough to show that W belongs to this system, that is it is an attracting
set for the trajectory space ¥+ which is compact in C ([0, +00); E¢) and bounded in
Loo(0, +00; E). It may be realized in the same way as the check of the corresponding
statements in the proof of Theorem 4.2.2. O

Remark 4.2.8. For facilitation of check of conditions of Theorems 4.2.1 and 4.2.3,
and of Corollary 4.2.1, the following simple statement may be used.

Lemma 4.2.9. Let P be an attracting (or absorbing) set for the trajectory space ¥+
which is relatively compact in C ([0, +00); Eq) and bounded in Lo (0, +00; E). Then
its closure P in C([0, +00); Eg) is an attracting (resp. absorbing) set for the trajec-
tory space ¥ which is compact in C ([0, +00); Eg) and bounded in Lo (0, +00; E).
If in addition T(t)P C P for anyt > 0, then P is a semiattractor.

Proof. Since P is bounded in L (0, +00; E) and its elements are weakly continuous
functions, there is a constant C such that for any function u € P one has ||u(¢)||g <
C fort > 0. Letug € P. Thenin P there is a sequence U, — ug in C([0, +00); Ep).
Hence, uzm, (t) — uo(t) in Eq for all ¢+ > 0. Since ||u,(¢)||g < C and the space E
is reflexive, u,, (1) — uo(t) weakly in E and |uo(¢)|g < C. Thus, P is bounded
in Loo(0, +00; E). It is easy to see that P is a compact attracting (absorbing) set in
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C([0, +00); Eg). Let T(h)P C P for any t > 0. We shall show now that 7 (h)P C
P. Letu € T(h)P. Then there are ug € P and a sequence U, € P such that
U — ug, u = T(h)ug. Then T(h)u, — T(h)ug = u, thatisu € T(h)P C P.
Thus, P is a semiattractor. O

4.2.5 The case when a trajectory attractor is contained
in the trajectory space

Trajectory attractors which are contained in ¥ have additional properties.

Lemma 4.2.10. Let U C ™ be a trajectory quasiattractor for the trajectory space
K. Then

a) W is contained in any compact attracting set P C C([0, +00); Ey);
b) in K there are no trajectory quasiattractors different from U.;

¢) if in addition it is known that T (h)\L C ¥t for all h > 0, then X is a minimal
trajectory attractor.

Proof. a) Since U C K™ is bounded in L (0, +-00; E), for any neighborhood
Pe = {y € C([0. +00): Eo)| inf |lx = yllc(o,+o0):E0) < €}

of the attracting set P in C([0, +00); Eg) one has W C T'(h)W C P ath > 0
large enough. Since P is compact in C([0, +00); Ep), it yields W C P.

b) If Wy C KT is another trajectory quasiattractor, then by point a) one has U; C
U, W C WUy

¢) By Lemma 4.2.5 T'(h)W is a trajectory quasiattractor for all # > 0. If T'(h)W C
¥, then by point b) T'(h)W = W and W is a trajectory attractor. By point a) it
is minimal. 0

Theorems 4.2.1 — 4.2.3 and Lemma 4.2.10 imply

Theorem 4.2.4. Assume that there exists an attracting set P for the trajectory space
W which is compact in C([0, +00); Eq) and bounded in Lo (0, +00; E). Let T (h) P
C R forall h > 0. Then there exist a minimal trajectory attractor U. = TILX(KT)
for the trajectory space X' and a global attractor 4 = U(t) = X(®1)(), t > 0
for the trajectory space ¥ of equation (4.1.3).

Remark 4.2.9. Under conditions of Theorem 4.2.4 U = T1.X (X ™), so the kernel
(¥ T) is non-empty.
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Remark 4.2.10. In [66] (Theorem 1.1) this theorem was proved under the additional
assumption T'(h)®+ C R for all A > 0. In this case the trajectory attractor can be
constructed using an expression resembling formula (4.1.2):

u=[Jror] (4.2.5)

s>0 t=>s

where [-] stands for the closure in C ([0, +00); Eg).

4.2.6 Structure of the minimal trajectory attractor and of the
homogeneous trajectory quasiattractor

The following theorem gives some characterization for the structure of a minimal tra-
jectory attractor and helps to specify the connection of this concept with the trajectory
attractor from [66].

Let us define a topology on the set C ([0, +00); E¢) N Lso(0, +00; E) as follows:
aset V C C(]0,400); Eg) N Loo(0, +00; E) is closed if any sequence of elements
from V' which is bounded in L (0, 400; E) and converges in C([0, +00); Eg) has a
limit that belongs to V. Hereafter the square brackets [-] denote the closure of a set in
this topology.

Lemma 4.2.11. For every fixed h > 0, the map
T'(h) : C([0,+00); Eo) N Loo(0, +00; E) — C([0, +00): E9) N Loo(0, +00; E)

is continuous. As a corollary, for any V. C C([0,400); Eg) N Loo(0, +00; E) one
has
TW[V] C[TH)V].

Proof. Let W C C([0,+00); Eg) N Loo(0,+00; E), [W] = W. Take a sequence
{um} C T(h)~Y(W) which is bounded in L« (0, +00; E) and converges to a limit 1,
in C([0, +00); Eg). Then the sequence {7 (h)u,, } C W isbounded in L (0, +00; E)
and converges to T'(h)ug € W in C([0, +00); Eg). Therefore ug € T(h)~ (W).
Thus, the set T'(h) =1 (W) is closed, so T (h) is continuous.

Let V C C([0, +00); Eg) N Loo(0, +00; E). Then V C T(h)~Y([T(h)V]). Since
the set in the right-hand side is closed, [V] € T(h)~'([T(h)V]). Hence, T (h)[V] C
[Th)V]. |

Theorem 4.2.5 (see [76]). Assume that there exists a minimal trajectory attractor L
for the trajectory space ¥ . Then

myxoet) cwcnex( | roxt)). (4.2.6)

t>0
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Proof. The first inclusion is already proved (see Lemma 4.2.1). By Lemma 4.2.3
W = I+ X(W). Therefore it suffices to prove that W C [|J T(t)¥*]. By Lemma

t>0
4.2.8 W is contained in every trajectory semiattractor, so it suffices to show that W N

[U T(t)®T] is a semiattractor.
>0

Observe first that W N [|J T(r)® ] is closed in C([0, +-00); Eg). But W is com-
>0

pact in C([0, +-00); Eg) and bounded in Lo (0, +00; E), so W N[ J T(r)¥ "] satis-
t>0
fies condition i) of Definition 4.2.3.

We have for any & > 0:

T Jrort]c[ry | Jrort]=[Jrort]c[JTO®T].

>0 >0 t>h >0

By Lemma 4.2.4 W N [|J T(t)X ] satisfies condition ii) of Definition 4.2.3.

>0
It remains to show that WN[ | J T(#)¥ ] satisfies condition iii) of Definition 4.2.3,
>0
that is it is attracting. If not, for some 6 > 0 and some set B C ¥+ which is bounded
in Lo (0, +00; E), there exists a sequence h,, — oo such that

sup inf 1T (hm)u — vl c(o,+00);E0) > 6-
ueB yeUN[U TEOR+]

>0

Then there are elements u,, € B such that

inf IT (hm)um — vllc(o,+00):Eo) > 6- (4.2.7)
veun[U T@O®R+]
=0

On the other hand, since W is an attracting set, for any natural k there are a number
my, and elements v, € W such that

1
IT e umye = vielleqo.+o0)E) < -

Since W is compact in C ([0, +00); E¢), without loss of generality the sequence vy

converges to an element vg as k — oo. Then the sequence T (/i )um, also con-

verges to vg. This sequence is bounded in L (0, +00; E) (since B is bounded in

Loo(0,4+00; E)) and it is contained in | J T(t)X . Thus, vo € W N[ T()KT]
t>0 t>0

and || 7 (hm )um;. — vollc((0,400); Eo) k—> 0, which contradicts (4.2.7). O
—>00
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Remark 4.2.11. Let T(h))®T C ¥t atall h > 0 and [KT] = K. If there exists
a minimal trajectory attractor W for the trajectory space ¥, then by Theorem 4.2.5
W =T4+X(XT) C R, that is W is a trajectory attractor in the sense of [66]. Using
Theorem 4.2.2 or Theorem 4.2.4 we conclude that A = U.(t) = X(XT)(z) (¢ > 0)
is a global attractor for the trajectory space ¥+ of equation (4.1.3).

Remark 4.2.12. In [66] there was investigated existence of attractors for the Navier—
Stokes problem. The set of weak solutions of the Navier—Stokes problem satisfying
an energy estimate of differential type was taken as a trajectory space ¥ ™. In this situ-
ation it appears that T(h)®+ C ¥ forall > 0 and [ 1] = ¥ ([66], Proposition
3.3).

Some similar information can be obtained under the conditions of Theorem 4.2.3
for the homogeneous trajectory quasiattractor.

Theorem 4.2.6. Under the conditions of Theorem 4.2.3, the homogeneous trajectory

quasiattractor L is contained in the set [\ ) T(1)XT].
>0

Proof. Since W is contained in every attracting set for the trajectory space ¥+ which
is compact in C([0, +00); Ep) and bounded in Lo (0, +00; E), it suffices to show
that W N [|J T(t)X 1] is an attracting set which is compact in C([0, +0o0); Eg) and

t>0
bounded in Lo (0, +00; E). It may be realized in the same way as the check of the
corresponding statements in the proof of Theorem 4.2.5. O

Corollary 4.2.2. Under the conditions of Theorem 4.2.3, let T(W)XT C KT at all
h > 0and [RT] = RT. Then the homogeneous trajectory quasiattractor X is a
minimal trajectory attractor for the trajectory space X, and

W =TL XK, (4.2.8)
whereas for the global attractor one has the expression
A=KHK)(@) (4.2.9)
foranyt > 0.
Proof. By Theorem 4.2.6, W C ®t. Moreover, T(h)W C T(h)®t c KT for all

h > 0. By Lemma 4.2.10, ¢), W is a minimal trajectory attractor, so (4.2.6) implies
(4.2.8). Since A = WU(¢), t > 0, one has (4.2.9). O
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4.2.7 Correspondence between two concepts of global attractor

The results of the current subsection give some description of the connection between
Definitions 4.1.7 and 4.2.6.

Let the assumptions of Section 4.1.2 hold true. Then we have the semigroup S;. In
this situation we can define the trajectory space as

R = {up € C([0, +00); Eg) N Loo(0, +00; E)|up(t) = Sib,b € E}. (4.2.10)

Then (4.1.7) implies that
T(hXs Cc vy 4.2.11)

forall 4 > 0.

Lemma 4.2.12. Any (E, Eg)-attracting set for the semigroup Sy has the attraction
property from Definition 4.2.6, ii). If the semigroup S; is bounded, then any set P C
E which is compact in Eg and possesses the attraction property from Definition 4.2.6,
ii), is (E, Eg)-attracting for the semigroup S;.

Proof. Let P be an (E, Eg)-attracting set for the semigroup S;. Take a set B C ’rﬁ(')'r
which is bounded in Lo (0, +00; E) . Due to (4.2.10), there is a bounded set V C E
such that

B = {up € C([0, +00); Eo) N Loo(0, +00; E)|up(t) = Sib,b € VY.  (4.2.12)

We have
sup inf ||u(?) —v||g, = sup inf ||S:b — V|| E,. (4.2.13)
ueB VEP bey VEP

But P is (E, Eg)-attracting, so, for any ¢ > 0, S; V' is contained in the open neigh-
borhood of P in E¢ of the form

{y € Eol inf [ly —vllg, < ¢} (42.14)
veP

for sufficiently large . Therefore the right-hand side of (4.2.13) tends to zero as
t — oo. Hence, P has the attraction property from Definition 4.2.6, ii).

Conversely, let P C E possess the attraction property from Definition 4.2.6, ii).
Take any bounded set V' C E. If the semigroup S; is bounded, the set B given by
formula (4.2.12) is bounded in L (0, +00; E), and (4.2.10) yields B C ?’C(—)". Now
the attraction property from Definition 4.2.6, ii), implies that the left-hand side of
(4.2.13) tends to zero as t — oo. Take an open neighborhood W of P in Ey. Since P
is compact in Eg, W contains a neighborhood of P of form (4.2.14) for some ¢ > 0.
But the right-hand side of (4.2.13) tends to zero as t — o0, so the set S; V' is contained
in this neighborhood for sufficiently large ¢. Hence, P is (E, E¢)-attracting for the
semigroup S;. O
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Lemmas 4.2.12 and 4.1.1 yield

Corollary 4.2.3. If the semigroup S is bounded, then any set P C E which is com-
pact in Ey and possesses the attraction property from Definition 4.2.6, ii), contains
all invariant sets of the semigroup S; that are bounded in E. In particular, a global
attractor for the trajectory space %(')F of equation (4.1.3) (in the sense of Definition
4.2.6) contains all invariant sets of the semigroup Sy that are bounded in E.

Corollary 4.2.4. Let the semigroup Sy be bounded. If there exists a global (E, Eg)-
attractor A of equation (4.1.3), then it is a global attractor for the trajectory space
%(')F of equation (4.1.3).

Proof. Property i) of Definition 4.2.6 is fulfilled for +, and property ii) follows from
Lemma 4.2.12. Observe that property iii) also holds. Really, for any set P C E
satisfying properties i) and ii) of Definition 4.2.6, one has A C P by Corollary
4.2.3. O

The reciprocal connection between Definitions 4.1.7 and 4.2.6 is more delicate.

Corollary 4.2.5 (cf. [66], Corollary 2.1). Let the conditions of Theorem 4.2.2 hold for
the trajectory space }Cg' . Let the semigroup Sy be bounded. If the minimal trajectory
attractor I is contained in %(')F , then the global attractor A = U(t), t > 0, is a
global (E, Ey)-attractor of equation (4.1.3).

Proof. In view of Lemma 4.2.12 it suffices to prove that +4 is invariant for the semi-
group S;.
The inclusion W C %(')F and formula (4.2.10) involve the representation:

W = {up € C([0,+00); Eg) N Loo(0, +00; E)|up(t) = Sib, b € U(0)}. (4.2.15)
Hence, for all 7 > 0, S, W (0) = W(h), i.e. SpA = A. O
Corollaries 4.2.5 and 4.2.2 imply

Corollary 4.2.6. Let the conditions of Theorem 4.2.3 hold for the trajectory space
%(')F . Let the semigroup S; be bounded. If X = [Rg' |, then the global attractor A
(existing by Theorem 4.2.3) is a global (E, Eg)-attractor of equation (4.1.3).

Definition 4.2.9. We say that the semigroup S; is closed if for any ¢ > 0 and any
sequence {b,, } bounded in E such that

i) by — bg € E in the topology of Ey,

ii) S;by, converges in Eg, one has lim S;b,, = S;by.
m—00
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Corollary 4.2.7. Let the conditions of Theorem 4.2.3 hold for the trajectory space
R(T . Let the semigroup Sy be bounded and closed. Then the global attractor 4 is a
global (E, Ey)-attractor of equation (4.1.3).

Proof. In view of Corollary 4.2.6 it is enough to show that [R(')" ] = R(')" . Take any
sequence of trajectories v, € %(J{, Um — vo in C([0, +00); Eo) which is bounded in
Loo(0,+00; E). Then vy, (t) = Stbm, by € E,m € N, t > 0. But v, (t) — vo(t)
in Eg. Let bg = vg(0). Then b,, = v,,(0) — bg, Sthbyy — vo(t) in Ey, so
v()(l) = S;by, i.e. vg € RE;— O

Remark 4.2.13. If the semigroup S; is not closed (but still bounded), the global
(E, Ep)-attractor may not exist even if there exist a minimal trajectory attractor and a
global attractor for the trajectory space }C("f . Such a situation appears in the following
example. In the space E = Ey = R, consider the following combined differential
equation:

W) = —u@) =12 u@)>1,
uW'(t) = —u@), 0<u(@) <1, (4.2.16)
u'(t) = u@t), u(t)<Do.

The semigroup S; here acts as follows:
St (0) =0,

S’b_(H'le) +1, b>1,

1

1 (4.2.17)
S,b:(t-i-g) . 0<b <=1,

Sib=—(1 — %)‘1, b <0.

The minimal trajectory attractor is the set {uo(f) = 0,u;1(t) = 1}. Hence, the
global attractor is the set {0, 1}. However, there is no global (R, R)-attractor, since
the only bounded invariant set is {0}, but it is not (R, R)-attracting for the semigroup
St.

4.3 Attractors of non-autonomous equations

Let E and E( be Banach spaces, E C Ey, E is reflexive. Following [14, 15], we
write an abstract non-autonomous evolution differential equation in the form

u'(t) = Ag(r(u(1)), u(t) € E. 4.3.1)
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Here o is a functional parameter, which is called the time symbol of equation
(4.3.1). Assume that o belongs to some fixed parameter set £, which is called the
symbol space and is usually a subset of some space of time-dependent functions. In
applications, a function o () consists of all time-dependent coefficients, terms and
right-hand sides of a considered equation.

We investigate attractors of solutions of equation (4.3.1) which belong to the space
C([0, +00); Eg) N Loo(0, +00; E).

Assume that for every o0 € ¥ we have a fixed set

®F C C([0, +00); Eg) N Loo(0, +00; E)

of solutions (strong, weak, etc.) for equation (4.3.1), defined on the positive axis ¢ >
0. The sets ¥ are called trajectory spaces and their elements are called trajectories.
Consider the united trajectory space ¥ = | J rr.
oEY

Definition 4.3.1. A set P C C([0, +00); E¢) N Loo(0, +00; E) is called uniformly
(with respect to o € X) attracting (for equation (4.3.1)) if for any set B C ’rﬁ; which
is bounded in Lo (0, +00; E), one has

sup inf |T(h)u —vlco,400);E0) . —~ O-
ueB VEP h=o0

Definition 4.3.2. A set P C C([0, +00); E¢) N Loo(0, +00; E) is called uniformly
absorbing if for any set B C Y, which is bounded in Loo(0, +00; E), thereish > 0
such that for all ¢+ > h:

T@)B C P.

It is easy to see that any uniformly absorbing set is uniformly attracting.
Definition 4.3.3. A set P C C([0, +00); Eg) N Loo(0, +00; E) is called a uniform
trajectory semiattractor (for equation (4.3.1)) if

i) P is compact in C(J0, +00); E¢) and bounded in L (0, +00; E);
i) T(t)P C P foranyt > 0;
iii) P is uniformly attracting in the sense of Definition 4.3.1.
Definition 4.3.4. A set P C C([0, +00); Eg) N Loo(0, +00; E) is called a uniform

trajectory quasiattractor (for equation (4.3.1)) if it satisfies conditions 1), iii) of Defi-
nition 4.3.3 and

ii’y T(t)P D P foranyt > 0.

Definition 4.3.5. A uniform trajectory quasiattractor W is called homogeneous if the
set W(¢) does not depend on ¢ > 0.
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Definition 4.3.6. A set P C C([0, +00); Eg) N Loo(0, +00; E) is called a uniform
(with respect to o € X ) trajectory attractor (for equation (4.3.1)) if it is a uniform
trajectory semiattractor and a uniform trajectory quasiattractor (i.e. 7(1) P = P).

Definition 4.3.7. A uniform trajectory attractor W is called minimal if it is contained
in any other uniform trajectory attractor.

Definition 4.3.8. A set A C E is called a uniform (with respect to o € X) global
attractor (in Eg) for equation (4.3.1) if

i) # is compact in E( and bounded in E;

ii) forany set B C R; which is bounded in L (0, +-00; E), the attraction property
is fulfilled:
sup inf ||u(r) —v — 0.
uell?? Ve ” ( ) ”Eo PR
iii) «# is the minimal set satisfying conditions i) and ii) (that is # is contained in
every set satisfying conditions i) and ii)).

Remark 4.3.1. The minimal uniform trajectory attractor and the uniform global at-
tractor depend on the symbol space X. It is easy to observe that if we have two
symbol spaces ¥; C X, then for corresponding minimal uniform trajectory attrac-
tors and uniform global attractors one has Wy, C WUg,, Ax, C Ax,. Moreover,
existence of uniform attractors may fail after an extension of the symbol space (see
Remark 4.3.3).

Remark 4.3.2. We do not assume that the semigroup 7'(¢) acts on X, i.e. that for any
t > 0themap 7(¢) : o(s) — o(s + t) (remember that the time symbols o are time-
dependent functions) transforms X into itself, and the family 7'(¢) is a semigroup on
¥ in the sense of Definition 4.1.1. We do not assume also that the family of trajectory
spaces RCJ{, o € X, is translation-coordinated, i.e. T(h)?ﬂ(}" - R_;(h)a for h > 0 (see
[15D.

Remark 4.3.3. Since the action of the semigroup 7'(¢) is not required of the sym-
bol space X, one may assume that the symbol space consists of only one element o
corresponding to the particular equation under consideration. However, in applica-
tions, in order to justify the word uniform in Definitions 4.3.1 — 4.3.8 it seems to be
preferable to assume that ¥ D X where

Yo = {T(t)o«|t = 0}.

But the uniform attractors in the case ¥ = {0} (as well as in the case of any other
possible X)) are of independent interest. Let us illustrate this with the following ex-
ample. In the space E = E¢ = R we consider the differential equation

u'(t) = @ 1w ()r?). (4.3.2)
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Here y(s) = 1fors > 2, y(s) = O0fors < 1and y(s) = —1 elsewhere. The solutions
of this equation are

u(t) =Ct, u?@)t? > 2, (4.3.3)
u(t) = g 1 <u?@)? <2, (4.3.4)
u(t)=C, u*@)?<1. (4.3.5)

Here and below in this remark, C is a real number.
Let us rewrite (4.3.2) in the form (4.3.1):

u'(t) =u)o(t) (4.3.6)
where o (t) is a scalar function of ¢ > 0. Equation (4.3.2) corresponds to the case

x(uz(t)tz)'

o(t) = o0«(t) = ;

For each function o, define the trajectory space ¥ as the subset of C([0, +-00); R)
consisting of the functions which at almost all 7 > 0 are differentiable and satisfy
(4.3.6). Note that the trajectories from ¥ are of the form

u)=0=C, t|C|<l, (4.3.7)
sign C
u(t) = 1g? . tC| = 1. (4.3.8)
Therefore, if ¥ = {04}, then the minimal uniform trajectory attractor is the set

{ug(t) = 0}, and the uniform global attractor is the set {0}. Butif ¥ O X, }C;
contains solutions of form (4.3.3), so there are no compact uniformly attracting sets.

Due to Remark 4.2.3, the analogues of all results of Section 4.2 (except the ones
from Section 4.2.7) are true in the non-autonomous case. In particular, we have the
following statements.

Theorem 4.3.1 (see [77]). Assume that there exists a uniform trajectory semiattractor
P for equation (4.3.1). Then there exists a minimal uniform trajectory attractor U
for equation (4.3.1). Here one has H.ﬁC(H’,;) C U =X (W) C TTLX(P)
and the kernel K(%;) is relatively compact in C((—o0,+00); Eg) and bounded in
Loo(—00, +00; E).

Theorem 4.3.2. Assume that there exists a uniformly absorbing set P for equation
(4.3.1) which is compact in C ([0, +00); Eg) and bounded in Loo(0, +00; E). Then
there exists a minimal uniform trajectory attractor L for equation (4.3.1). Here one
has TILX(RE) € W = M4 K(W) C Ty X(P) and the kernel X.(RY) is relatively
compact in C((—oo, +00); Eg) and bounded in L oo (—00, +00; E).
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Theorem 4.3.3 (see [77]). If there exists a minimal uniform trajectory attractor & for
equation (4.3.1), then there is a uniform global attractor A for equation (4.3.1) and
forallt > 0 one has

KRI)() C A =U(E) =K(W)(@).

Theorem 4.3.4. Assume that there exists a uniformly attracting set P for equation
(4.3.1) which is compact in C([0, +00); Eg) and bounded in Loo(0, +00; E). Then
there exists a homogeneous uniform trajectory quasiattractor I C P for equation
(4.3.1) such that the set A = U(t), t > 0, is a uniform global attractor for equation
(4.3.1).

Lemma 4.3.1. Let P be a uniformly attracting (or absorbing) set for equation (4.3.1)
which is relatively compact in C ([0, +00); Eq) and bounded in Lo (0, +00; E). Then
its closure P in C([0,4+00): Eo) is a uniformly attracting (resp. absorbing) set for
equation (4.3.1) which is compact in C ([0, +00); E¢) and bounded in L (0, +00; E).
Ifin addition T (t)P C P foranyt > 0, then P is a uniform trajectory semiattractor.

Lemma 4.3.2. Let L C ’rﬂg be a uniform trajectory quasiattractor. Then

a) W is contained in any compact uniformly attracting set P C C([0, +00); Eo);
b) in ’rﬁg there is no uniform trajectory quasiattractors different from U.;

¢) if, in addition, it is known that T (h)U C R;for all h > 0, then X is a minimal
uniform trajectory attractor.

Theorem 4.3.5. Assume that there exists a uniformly attracting set P for equation
(4.3.1) which is compact in C ([0, +00); E¢) and bounded in Lo(0,+00; E). Let
T(h)yP C %; for all h > 0. Then there exist a minimal uniform trajectory attractor
u = H.ﬁC(R;) for equation (4.3.1) and a uniform global attractor A = U(t)
= %(R;)(r), t > 0 for equation (4.3.1).

Remark 4.3.4. In [66] (Theorem 4.1, p. 210) this theorem was proved under addi-
tional assumptions that the family of trajectory spaces is translation-coordinated (see
Remark 4.3.2) and that the symbol space X is a compact metric space.

Theorem 4.3.6. Assume that there exists a minimal uniform trajectory attractor &
for equation (4.3.1). Then

myxoed) cw x| roxs)). (4.3.9)

t>0

Assume now that ¥ is a Hausdorff topological space, and the semigroup 7(¢) acts
on X.
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Definition 4.3.9 (cf. [15]). The family of trajectory spaces {¥ 1} is said to be closed
if for any sequence of symbols 0, — 0¢ and for any sequence of trajectories u,, €
R:m converging in C ([0, 400); Ep) and being bounded in L (0, +00; E), one has
/ +

i €
Corollary 4.3.1. Let the family of trajectory spaces {®}} be closed and translation-
coordinated. Let ¥ be compact. If there exists a minimal uniform trajectory attractor
W for equation (4.3.1), then

W =TI K(3eY). (4.3.10)

Proof. Since {®]} is translation-coordinated, we have T(h)?ﬂ; C }C; for all h >
0. Let us prove that [%;] = %; Take any sequence of trajectories u,, € %j{m,
Um — ug in C([0, +00); Ep) that is bounded in Lo (0, +00; E). Since X is compact,
without loss of generality there is 09 € ¥ such that o, — 0. Since the family {1}
is closed, ug € I C %; Now (4.3.9) yields (4.3.10). O

0o
Thus an analogue of Corollary 4.2.2 may be written as
Corollary 4.3.2. Under the conditions of Theorem 4.3.4, let the family of trajectory
spaces {¥}} be closed and translation-coordinated and let ¥ be compact. Then the
homogeneous uniform trajectory quasiattractor I is a minimal uniform trajectory

attractor, and
U =L K(RY), (4.3.11)

whereas for the uniform global attractor one has the expression
A =KHD(?) (4.3.12)

foranyt > 0.



Chapter 5

Strong solutions for equations of motion of
viscoelastic medium

5.1 The Guillopé—Saut theorem

This section is concerned with the initial-boundary value problem describing the dy-
namics of a homogeneous incompressible viscoelastic medium in a bounded domain
in R?, n = 2,3. The constitutive relation which we consider here is Jeffreys’ law
(1.3.32) with Oldroyd’s derivative (1.3.36). Combining it with the equation of motion
(1.1.12), the incompressibility condition (1.1.10) and the no-slip condition (1.1.15),
we get the following problem:

a z 0
_u+ u,—u—Diva+gradp=f0, (t,x) €0, T] x 2, (5.1.1)
ot im1 ox;
D,&
9 _ 2n(8(u) + Az D[(u))’ (t,x) €[0,T] x 2, (5.1.2)
divu =0, (¢,x) € [0,T] x 2, (5.1.3)
u(t,x) =0, (t,x) € [0,T] x 092. (5.1.4)

Here u is the unknown velocity vector, ¢ is the unknown extra-stress tensor, p is
the unknown scalar pressure function, fy is the given body force (all of them depend
on a point x of a sufficiently regular bounded domain 2 C R”, n = 2,3 and on a
moment of time ¢). The divergences div and Div and the gradient grad are taken with
respect to the variable x. Besides, 8(u) = (8;;(u)), &;;(u) = 2(a”z + 314,) is the

strain velocity tensor, n > 0 is the viscosity of the medium, A is the relaxatlon time,
A2 is the retardation time, 0 < A, < A1, —1 <a <1.

nk_z’ n = n—u1, T =0 —2u18(u). Proceeding as in Sec-
1
tion 1.5.1, and remembering (1.3.36), (1.3.7) and (1.3.34), we can rewrite (5.1.1) and

(5.1.2) as follows:

Denote 1 =

n
Zu, — 1Au —Div Tt 4+ grad p = fy, (5.1.5)

Xi

T+ A ( Zu, +rW Wt —a(t8 + 87)) = 2m18(u).  (5.1.6)
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Remember that here W = (W;; (u)), Wij (u) = %(gzj — %’;j)

The main result of this section is
Theorem 5.1.1. Given
fo € La(0.T: HY(Q)") N W, (0.T: H(Q)"),

and
ae HX Q)" NV, 1€ Hy(Q),

there exist ty > 0 and a triple (u, p, t) from the class

u € La(0,10; H>(2)") N C([0,10]; H*(Q)" N V)

N WL(0,10; V) N CL([0,10]; L2(Q2)™), (5.1.7)
p € La(0,10; H*(RQ)), (5.1.8)
7 € C([0.10]: Hyy (R)) N C1([0.10]: Hyy () (5.1.9)

which is a solution to problem (5.1.3) — (5.1.6) and satisfies the initial condition
u(0) =a, t(0)= 1. (5.1.10)

Remark 5.1.1. The result is due to C. Guillopé and J.C. Saut [21], Theorem 2.4.
R. Talhouk [60] generalized it onto the case of unbounded domains. Some other
local existence and uniqueness results for problem (5.1.3) — (5.1.6) may be found in
[13, 24, 25].

Remark 5.1.2. The uniqueness of u and t in Theorem 5.1.1 can be proved by standard
methods ([21], Theorem 2.5, [25], Theorem 3.1, see also the proof of uniqueness in
Lemma 5.4.4 of the current chapter).

Remark 5.1.3. As in Theorem 3.2.1, an a priori estimate for ||u(¢)|2 and ||7(¢)]2
in Theorem 5.1.1 yields that g = 7. Such an a priori estimate can be proved pro-
vided the numbers 11, [lall2, l[zoll2, | follz,c0,7: 61 @) @nd 1 follz, 00,7551 (2)m)
are small enough, see [21], Theorem 3.3, (or [25], for more general results of this
type). In the case 2 = R” the global in time existence may be proved for arbitrary
n1 > 0 even for more general models (see below, Section 5.2). Let us mention also
paper [13] with global existence results for small @, 7, fo in Besov spaces (€2 is R"
or torus).

Remark 5.1.4. If f is small and independent of time, one can prove also the existence
of time-independent (stationary) solutions for problem (5.1.3) — (5.1.6) (see [50, 51,
21,22, 25)).
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Remark 5.1.5. Conditions (5.1.3), (5.1.4) are understood in the sense
ut)yeV,tel0,T]
(cf. Section 2.1.2).

The proof of Theorem 5.1.1 requires some lemmas on solvability of linear Stokes’
and transport problems.
Consider the Stokes problem in the form

%—ulAu—l-gradp:f, (t,x) € [0,T] x 2, (5.1.11)
diviu =0, (t,x) €[0,T] x , (5.1.12)

u(t,x) =0, (t,x)€[0,T]xdR, (5.1.13)

u(0,x) =a(x), xe. (5.1.14)

Lemma 5.1.1 (see [61], p. 181). Given f € L3(0,T;L(2)") and a € V, there
exists a solution (u, p) to problem (5.1.11) — (5.1.14) from the class

u e L0, T: H*(Q)") N C(0.T: V) N W, (0, T: H), (5.1.15)
peL0,T; H{(Q)). (5.1.16)

The pair (u, grad p) is unique. The solution (u, p) is arbitrary regular with respect to
t and x is provided 2, [ and a are regular enough.

Denote by Qk, k =1,2,..., the connected components of 2. Fix a function ¢ €
L>(2) with [ox 9(x) dx # 0 for each k. Denote by ngg the subspace of H™ (L),
m = 1,2, which is the intersection of the kernels of the functionals (-, ¢}) Lo (QF)-
Lemma 5.1.1 and Corollary 3.1.3 imply

Corollary 5.1.1. The operator

S L0, T; HX(Q)") N C(0, T V) N W, (0,T: H) x L2(0,T; Ey )
— Ly(0,T; Lo(2)") x V,

ou
S(“? p) = (5 - MlAu + gradp’ M(O)),
is an isomorphism.

Corollary 5.1.2. S~ is a bounded operator from

Ly(0,T; HY(Q)") N C([0,T); L2()") N WL (0, T; HH(Q)") x H*(Q)" NV
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into
Ly(0.T; H3(Q)") N C(0.T]: H*(Q)" N V) N W,L0,T:V)n C([0,T): H)

xLy(0,T; Ef ).

Proof. If f and a are more regular with respect to ¢ and x, S ™! ( £, a) is also more reg-
ular. Since the smooth functions are dense in L (0, 7; H'(Q)")NC ([0, T]; L2(2)*)N
Wzl 0, T; H-1(Q)") x H>(Q)" N V, it suffices to show that S~! is bounded on the
sufficiently regular functions.

Denote S~1( f,a) by (u, p), where ( f,a) are regular enough. We have:

)
8—?—u1Au+gradp — f (5.1.17)
This implies
u’(0) — n1Aa + grad p(0) = £(0),
SO

1 (0) + grad p(0)|| < w1l Aall + [ £(0)].

But u’ and grad p are orthogonal in L, (€2)" (this follows from Lemma 3.1.1 or direct
integration by parts using the condition div #’ = 0). Thus,

[’ O)[| < pillallz + £ leqo.r1:L@)m- (5.1.18)
Differentiate (5.1.17) with respect to ¢:

ou’ B
AU+ —gradp = .
5, ~ AU+ ograd p f

Taking the scalar product of each term with u’ in L, ()" for each t € [0, T], we
get:

dgrad p(1)(x)

= u'(1)(x) dx

%(M'(I)J/(t))—/n/QAu'(t)(X)l/(t)(X)cbC -i-/Q
= (f'(0).u'(@®)).

Integrating by parts (cf. Section 6.1.2) in the second and the third terms and taking
into account that divu’ = 0, we obtain:

d
E(u/7 u/) + ,LLI(VH/, Vu/) = (f/7 u/)'

Integration from O to ¢ yields

e’ (1 + [t IV (s)[12ds < |lu’(0)]1 + /t LF )=l ()1 ds.
0 0
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so by inequality (2.1.28)

t
lu’()))* + “1/0 V' (5)|%ds
t
< W O*+ 1+ K%(Q))I/Z/O £ ) -1IVu'(5)]l ds.

Application of Cauchy’s inequality ab < % + % to the last integral implies

t
' ()12 +u1/0 IV (5)|1ds

L1+ K2(Q))1/?

< IO + (1 + k3@ [ (S o,

+ M1
2(1 + K2(2))1/2

IV (5)]1%) ds

SO

’ 2, M1 ! ’ 2 ’ 2, (4 Kg(Q)) ' ’ 2
O+ 5 [ 19uRds = o) + 0 Hf(S)”E;fs@)

Now, if we take a pair ( f,a) from a fixed bounded set in L, (0, 7; H'(£2)") N
C([0, T]; L2(2)")N W, (0, T; H™1(Q)")x H2(R)" NV, then, by estimates (5.1.18)
and (5.1.19), u’ is bounded in L,(0, T; H'(2)") N C([0, T]; L2(2)") by a constant
independent of (f,a). But —u1Au + grad p = f —u/, so, by a classical regularity
result for the stationary Stokes problem ([61], Proposition 1.2.2), u is bounded in
L2(0,T: H3(2)")NC([0,T]; H*>(2)") and p is bounded in L, (0, T; H?(2)). The
proof is complete. O

Now, let us give an existence result for the following equation of transport type:

T+ Al Z v, + tW(v) — W(v)r —a(z8(v) + 8(v)1))
(5.1.20)

=218(), (t,x) €[0,T] x Q.
Here v(¢, x) is a given velocity field, and t is unknown.

Lemma 5.1.2 (see [21], Lemma 2.3). Given v € L1(0,T; H3(Q)") N Loo(0,T;
H2(Q)*NV), 19 € HI%J (R2), there exists a unique (e.g. in the class C([0, T]; Hl}l (R))
solution t € C([0, T]; HI%/I Q)NwLo,T; HAI,I (R)) 1o equation (5.1.20), satisfying
the initial condition

7(0) = o. (5.1.21)
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One has the following estimate for this solution:

”T”C([O’T];H]%[(Q)) =< (lloll2 + Kl)eXP(KZHU||L1(0,T;H3(52)n)) (5.1.22)

1l 0,752}, 2
= K3(lvllz oo, 1;m52@)7) + Ka)(70ll2 + K1) (5.1.23)
-exp(K2 vz, 0,7:H3@)))-

Here K1, ..., K4 depend only on @, A1, 11.
If, in addition, v € C([0,T]; H*(Q)* N V), then t € C ([0, T); H}lll ()).

Now we are ready to turn to

Proof of Theorem 5.1.1. Consider the set Q = Q(tp, R) which consists of the pairs

(v.¢); v e Ly0,10; H3*(Q)") N Loo(0,20;: H*(Q)" N V)
N Cyu ([0, 0); H*(2)™) N W, (0,10; V) N WL (0, 105 L2(2)™);
¢ € Loo(0,10; Hyy (Q)) N Cuy ([0, t0]: Hiyy () N W (0, to: Hyy (R));

2 2 2 2
IZ, 0,003 @) F VI 0002020 F 10 T1 0,000y T 10T 0,005 20m)

TSz oo 0.00:2, @) T IS Wi 0.00:8), @) = K
v(0) =a; ¢(0) = 1o

(the parameters 79, R > 0 will be defined below). This set is convex and non-empty
for R large enough (it contains, for example, the pair (u«, T«) Where (Ux, px) =
S71(0,a) and 14(t) = 19). By Theorem 2.2.6 it is relatively compact in the space
X = C([0,10]; V) x C(]0, to]; HI},[ (2)). Moreover, it is closed in X . Really, for any
sequence (v, cm) € Q converging to a pair (vg, o) in the topology of X, one has
v0(0) = a, 50(0) = To; Um — vo weakly in L2(0,79; H>()") and in W, (0,19; V),
x-weakly in Loo(0,%0; H*(Q)") and in WL (0,%0; L2(R2)"); cm — <o *-weakly
in Loo(0,19; HI%I (Q)) and in WL (0,1; HAI,,(Q)). Hence, vg belongs to L (0, fo;
H?(Q)")and to W,} (0, 29; V) C Cy ([0, 10]; V), so, by Lemma 2.2.6, vg € Cy ([0, fo]:
H?(Q)"). Analogously, ¢o € Cy ([0, 1o]: HJ%/I (2)). Thus, (vo, <o) € Q.
Consider the mapping:
¢p:0CX—X,

P.c) = (u.7),
u is the first component of the solution of Stokes’ problem (u, p) = [S™!(f.a)] | [0.20]

where f = fo + Div¢ — Z?:l v; %; 7 is the solution of the transport problem
(5.1.20) — (5.1.21), restricted to the segment [0, #9]. Observe that if (v,¢) is a fixed
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point of ¢, then the corresponding triple (u, p, ) is a solution to (5.1.3) — (5.1.6) in
class (5.1.7) — (5.1.9).

Let us show that ¢(Q) C Q for appropriate 7o and R. Below in the proof C stands
for various constants which do not depend on 7 and R.

Take a pair (v,¢) € QO and let (u,7) = ¢(v,¢).
Estimate (2.1.21) gives || Z v av 1 < Clvl]|3.

Using Lemma 2.2.1, a), we obtam.

” f ”Lz(O,l();Hl (2)")

1@y T 1DV Sl 0.0:H (@)m)

+ |l Z Ut ||L2(0 to: H1(2)")
i=1

1/2 .
< N follz,0,00: 1 (2)m) T tg/? | Div SIL oo 0,t0: H (@)
(5.1.24)

v
+ t(}/z | Z Vi P HLOO(O,to;Hl(Q)")

=1
1/2
< 1 follLoco.c0: 1 @m) + Clo" “lIS Lo 0,00: 2, (2))

1/2 2
+ Clo IV IL 0020

< C + CRi)%.

Take a function ¢ € H'(2)". Applying integration by parts and estimate (2.1.19),
and remembering that divv = 0, we get

"9 8v(t) " 8v(t) " (1)
I(gg(vi(z)a ; v Z (05 9)]
Zv(r)v(z) — Z (V' (1), —)|
i=1 i=1

= Cl'llollvl2llell.

SO

0, 0 ,
|12 5053 © = C Ol Ol

Thus we have
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”f,”Lz(O,to;H_l(Q)”)

< 1 follr.0:H-1 @)y + 1DV 6"l 1, (0.00: -1 (2))
+ ”Zaz ”Lz(O o H~ (@)

1/2 .
< 1 follLy0.r0:H-1 (@) + fo/ IDv ¢"ll L 0.00:H~1(@)m)

l 2
/ ”Zat ||Loo(o to; H=1(2)")

(5.1.25)

1/2
= ||f0||W1(0 to; H—1(Q)") + CtO ”g“Wolo(O to;H}, (Q))
+ Cto 101 0.0 2@ 10l 000:20)
<C+ CRtl/z.

By Lemma2.2.7, fo, f € C([0, T]; L>(£2)"). Then, Lemma 2.2.7 and the Newton—
Leibnitz formula give:

to
max [FO1 < SOl + ‘2 [0 (F(5). f(s)) ds

n
d
< CULHOIF + IDiv w0l + | 3 a3
i=1

5.1.26
+ 11 Ny 0.00: -1 @) 1 f 1L 0.00: 1 (2)7)) ( )

< C(LfollEqo. 7.,y + I7olF +
+ 1 M 0.00:5-1 @ 1 s 0,001 2)7)
< C(C + (C + CRi}"®)?) < (C + CR1)/*)2.
Estimates (5.1.24) — (5.1.26) and Corollary 5.1.2 imply that
1417 0 10: 2132y F 10T 000 22m) + IIMIIfVZl(O,,O;V) + IIMIIngO(OJO;Lz(Q)n)
< (C + CRiy/™)2. (5.1.27)

1/2
By Lemma 2.2.1, a), ||v||L1(0,l();H3(Q)") < tO/ ||v||L2(0,t();H3(Q)") < (Rl())l/z.
Applying estimates (5.1.22) and (5.1.23), we get:

I7llc o @y = € p(CR15%) (5.1.28)

1712 o 0,t0s11, @) = C(RY? 4 C)exp(CRY?1}/%). (5.1.29)
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Estimates (5.1.27) — (5.1.29) give that, for sufficiently large R and sufficiently small
to (depending on R), one has (u,7t) € Q.
Let us prove now that ¢ is continuous. Take a sequence (v, <m) € Q con-
verging to a pair (vo,cp) in the topology of X. Let (Um,Tm) = ¢(vm,<m) and
n
fM™=fo+Divegy— Y vmi%vT’:‘. Then

i=1
1™ = £OllLa0.00:Lo@)m)

n
. 0V, v
< IDiv(sm — 50) o 0uoiLa(@m + | D (mi iy, 220052200

i=1

n
9(vm — vo)
< llsm — 5ol 0.10:223, @y + | D vmi oy | L2000 L0

i=1

n
dvg
+ H Z(vmi — voi)a_xiHLZ(o,to;Lz(Q)")

i=1

n
1/2 0(vm — vo)
= 15" (llsm = Solle oty @y + | 22 vmi =5 002200

i=1

n
al}()
1D (Wmi — 00i) 5 Moo 0,10:22(@)m)
i=1 !

1/2
= 1g" (llsm = sollc oo 1L, 20

+ 1vm L o 0,00: 2@ [Vm — Vollc (0,01 H1 (2)7)
+ llvm = vollcqo.ro): 71 @) 1V0 L oo (0.00; B2 (2)7))
1/2
< 10" (lsm = sollcoso: 1l cn + R 1vm = vollcqo st @
1/2
+ RV ||vy, — volleqo,ia @) ——=2 0
Thus, the map (v,¢) — f is continuous from X to L(0, t9; L2(£2)"). By Corol-
lary 5.1.1, the map f + wu is continuous from L, (0, #9; L2(2)") to C([0,20]; V).
Hence, u,, — ug in C([0,%]; V).
Further, the inclusion ¢ (Q) C Q implies that the sequence {t;,} is relatively com-

pact in C([0,#0]; H 1%/1 (2)). Any accumulation point of this sequence is a solution to
(5.1.20) — (5.1.21) with v = vg. In fact, if 7, k—> 74 in C([0, tp]; H]%,I (2)), then
—>00

we can pass to the limit in the equality

0T, " 0Tm,,
'[mk + Al( 8’:1\ + 2} vmkiWn’;k + ka W(Umk) - W(Umk)fmk_ (5130)

a(kag(Umk) + S(Umk)fmk)) = 27718(Umk)

1=
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at least in the sense of distributions.

But, since 7o is the only solution of (5.1.20) — (5.1.21) with v = vg, we conclude
that 7, — o in C ([0, fo]; HAI,I (R)).

Thus, the conditions of Theorem 3.2.4 are fulfilled for ¢, so ¢ has a required fixed
point. O

5.2 Initial-value problem for the combined model of
nonlinear viscoelastic medium

5.2.1 Formulation of the initial-value problem

In the remainder of the chapter we investigate the initial-value problem describing
the motion of homogeneous incompressible nonlinear viscoelastic medium with the
combined constitutive law (1.5.15) — (1.5.19) described in Section 1.5.2. We shall
consider the case of motion in the whole space R”. Combining the constitutive rela-
tions with the equation of motion (1.1.9) and the incompressibility condition (1.1.10),
we get the following problem:

9 LI
S w2 —Div T+ fo, (1,x) €[0,T] x R, (5.2.1)
at — 8x,-
divu =0, (t,x) €[0,T] x R", (5.2.2)
r
T=—pl+) 7 (5.2.3)
k=0
k Dot* k
™+ A D + Br (", 8) =2m8(m), k=1,....r, (5.2.4)
% = W(8) = ¢18 + 9282, (5.2.5)

Bi(t,8) = ozgl + ozlf8 + 0/2‘82 + 0513‘1 + a{frz +o/§(8r + 8)+
+ oclg(Szr +18%) + ozl7‘(8t2 +128) + alg(Szrz + 1282).
Here u is the unknown velocity vector, T is the unknown stress tensor, fp is the given
body force (all of them depend on a point x of the space R”, n = 2,3, and on a
moment of time ¢); A > 0 are relaxation times, 1 > 0 are viscosities; @1, @2 and

ozjl.‘ are scalar functions:

(5.2.6)

¢i = ¢i(Tr(8),det8), i =12, (5.2.7)
ok = oz]]-‘(TrBZ,Tr 83, Tr(r), Tr(¢?), Tr(¢3), Tr(¢ 8), Tr(¢28),

/ (5.2.8)
Tr(z8%), Tr(z?8%)), k=1,....r; j =0,...,8.
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Remark 5.2.1. For convenience, we omitted tildes over p and ¢; (cf. Remark 1.4.4).

Generally, the pressure p(¢, x) may be determined up to an arbitrary scalar function
of time (cf. Lemma 5.1.1). To provide uniqueness, fix a function 9 € L,(R") with a
compact support and satisfying [, 9 (x) dx # 0, and assume that

/ pt,x)0(x)dx = 0. (5.2.9)
Rn
The initial conditions have the following form:

u(0,x) = a(x), *0,x) = tf(x), xeR", k=1,...r (5.2.10)

where a and r(]f are prescribed functions.

5.2.2 The Leray projection in R” and some additional notations

Below in this chapter, in addition to the notations already introduced in the book, we
use also the following notations.
We shall use the function spaces of Sobolev—Slobodetskii type

Hy, ={u e H*(R",R"), divu = 0}

and
Hy, = Hy,(R") = H*(R",RY"),
where s € R, s > 0.
A scalar product in these spaces can be given by the equality

(u.v)s = (Bou. B2 v)o (5.2.11)

where By is formally defined as / — A, identity operator minus Laplacian. The op-
erators By : HIZ, C Hg — HI(} and By : H]%,, C HJ?/I — H]?/I are self-adjoint and
strongly positive. The powers of such operators were defined in Section 3.1.4.

Remark 5.2.2. In the case of natural s the notation (u, v)s was already introduced in
Section 2.1.1:

(u,v)s = Z (D%u, D%v)y.

lee]<s

However, it is easy to observe that this expression coincides with (5.2.11) for natural
s.

The Euclidean norm in both spaces will be denoted as || ||s. This norm is equivalent
to the Sobolev—Slobodetskii norm introduced in Section 2.1.1 (see e.g. [34]).
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Now we are going to give a characterization of the space Hy,. For this purpose,
consider the Leray projection P, which is formally defined as:

ik
1§12

where F,_,¢ is the Fourier transform of R”, and §;; is the Kronecker delta, i, j =
1,...,n.
Sometimes (5.2.12) is written as

‘ J 0
(Pu); = Z (Sij — ——A_l)uj

= 0x; 0x;

(Pu); =Y F71(8; )F (), (5.2.12)
j=1

or
Pu = u — grad div Ay,

It is easy to see that P2 = P and P is a continuous automorphism of H*(R”,R")
(we may assume that the scalar product in this space is given by (5.2.11)). Further-
more,

P(H®) = Hj,.
Really, (5.2.12) implies that for u € H*® one has
div Pu = 0. (5.2.13)

This implies the inclusion P(H?®) C Hy,. But P|H{, = 1,s0 Hy, C P(H?).
The operators P and By commute. Therefore [84] P and the fractional powers of
By also commute.
Let us show that the norm of the operator P in H® does not exceed 1. It suffices to
show that
(Pu, Pu)g < (u,u)s. (5.2.14)

Since P is continuous, it is enough to prove (5.2.14) for smooth u.
‘We have:

(u,u)s = (Pu, Pu)s +2((I — P)u, Pu)s + (I — P)u,(I — P)u)s. (5.2.15)
But

((I = P)u, Pu)s = / BZ(I — PYu(x)Bg Pu(x)dx
Rn
=/ (I — P)Bu(x)PB u(x)dx
Rn
:/ grad div A_lBo%u(x)PBO%u(x)dx

= _/Rn div A7'BZu(x) - div PB{u(x)dx = 0
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(we have integrated by parts and used (5.2.13)). So (5.2.15) yields
(M,M)s = (Pu7Pu)S + ((I - P)u7 (I - P)u)s Z (Pu7Pu)S

Thus, || P|| < 1. But P2 = P. So [84] P is an orthogonal projector in H*.

In addition to the introduced notations, we shall use the following ones. The symbol
Vg stands for the Fréchet derivative of functions or matrix functions of one or two
matrix arguments ¢ : R — R, f : RE" x RE" — R etc. The partial
derivative of a function ¢(§) of matrix argument § = (&;;) with respect to an element
&;j will be denoted as 722

5.2.3 The main existence and uniqueness theorem

Let us turn now to the formulation of the existence and uniqueness theorem for a
solution of problem (5.2.1) — (5.2.10).

Let no = M. Assume that no > 0. This is a natural condition since the
physical meaning of 7¢ is a viscosity parameter.

Let us also assume that ¢; and a]’.‘ are C*- and C3-smooth functions, respectively,
and
dak (0)
oTr(tr)

(0 stands for the point (0,0,0,0,0,0,0,0,0)). This assumption is also natural in the
considered model since the functions S in it correspond to “nonlinear” effects, i.e.
effects of the second order and higher. Therefore the coefficients a’f and 0/3‘ at the first
order terms & and t should be “of the first order”, i.e. they should vanish in the point
6, and the coefficient a’g at the zero order term / should be of the second order, i.e.
it should vanish in 6 and its partial derivative with respect to the “linear” argument
Tr(7) should vanish in 6.

ak(0) = af (9) = ok (0) =0,

Remark 5.2.3. Instead of the C*#- smoothness of @1 and ¢, it is sufficient for these
functions to be differentiable in zero provided the function ¥ : R — R is C 4
- smooth or has locally Lipschitz third derivatives (see Section 5.4.2, proof of Lemma
5.4.2).

Remark 5.2.4. All these assumptions hold for the Oldroyd “8 constants” model, mod-
els of Larson, Giesekus, Phan-Thien and Tanner, the Jeffreys model with Oldroyd’s
derivative (the model from Section 5.1) as well as with Jaumann’s or Spriggs’ deriv-
ative, models of Prandtl and Eyring and any combinations of all these models (see
Sections 1.4.4, 1.5.1, 1.5.2).

Theorem 5.2.1 (see [73]). Let the described assumptions hold true. Let T > 0 be an
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arbitrary fixed moment of time. Then, for any

aeH?,,
weH), k=1,

fo € L1(0,T: H*(R",R")) N L»(0, T: H*(R",R")).

there exists a constant K5 > 0, independent on T, such that provided

.
lals + > g lls + I follz, o713 < Ks. (5.2.16)
k=1

problem (5.2.1) — (5.2.10) has a solution in the class

u e Ly0,T; Hy) NC([0,T]; Hp) N Wy (0,T; HY), (5.2.17)
T € Ly(0.T: Hyy o) (5.2.18)
p e Ly0,T; HS.(R")). (5.2.19)

Furthermore, we have the following information about the constituents of the stress
tensor:

%€ L,(0,T; Hiy) N C([0, T]; Hiy) N W5 (0, T; Hyy), (5.2.20)
™ € Loo(0,T; HY) N C(0,T); H3) N CL(0, T); Hip), k=1,...,r. (5.2.21)

This solution is unique in class (5.2.17) — (5.2.21).

Corollary 5.2.1. If fy € L1(0, +00; H3(R",R")) N L, (0, +00; H*(R*,R")), and

.
lalls + > llzg lis + 1 follz, 0,400s13) < K. (5.2.22)
k=1

then problem (5.2.1) — (5.2.10) has a unique solution in class (5.2.17) — (5.2.21) for
every T > 0.

The following three sections are devoted to the proof of the theorem.

5.3 Operator treatment of the problem

In this section problem (5.2.1) — (5.2.10), describing the motion of a nonlinear vis-
coelastic medium, will be rewritten as a Cauchy problem in a Banach space.



5.3 Operator treatment of the problem 117

Below for simplicity we shall consider the case r = 1 (concerning r > 1, see
Section 5.5.3). Let for brevity t = ¢!, A = 11, n = Z—i Let also
P(E) = W (B) —2n0E. (5.3.1)

Introduce the function g : R x R — R by the formula

E2+E)
£-& £2-§& p1(é1, =52)
g(SIaSZ)_E( 2) ( B 2)51"‘f2
Then o
gnvarW—Wi+éET&2. (5.3.2)
Note that Div p/ = grad p and, due to condition (5.2.2), 2Div 8(u) =
We have from (5.2.1) — (5.2.5), (5.3.1) = (5.3.2):
ou " ou
o + u, FP + grad p — noAu —Div (®(8) + 1) = fo (5.3.3)
. l
T 0t " at
T ; Vu) = 3.
)L+8t+l,_u8 + g(r,Vu) = 2n8. (5.3.4)
Let & = (®;;). Let us introduce the following notations
n
~ 0D; 08 (v .
Aww); = > =L (©w) "l( N (5.3.5)
. 0k
ik, =1
A(u)v = —PAu)v + v — noAv, (5.3.6)
FWtO——Péiwéz (5.3.7)
1 ’ - ~ 1 aXI ’ o
F(u,7) = Z?wm (5.3.8)
F(u) = Fi(u.u) +u, (5.3.9)
G(u,t) = —g(zr,Vu), (5.3.10)
Ni(7) = P(Div 1), (5.3.11)
Na(u) = 2n€(u), (5.3.12)
Bo=1-A, (5.3.13)
Ay = A(a), (5.3.14)

f =P (5.3.15)
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Consider the problem

du

<+ A = Fu)+ Ni(v) + f, (5.3.16)
d

d—: n % = F(u,7) + Na(u) + G(u, 1), (5.3.17)

u(0) =a, t(0)= 1. (5.3.18)

Remark 5.3.1. Here and below % is not a substantial derivative but the time deriva-
tive of a time-dependent function u with values in a Banach space.

Remark 5.3.2. Equation (5.3.16) is a formal consequence of (5.3.3) after application
of the Leray projection. Equation (5.3.17) is formally equivalent to (5.3.4).

The statement of Theorem 5.2.1 will be deduced from the following result.

Theorem 5.3.1. Given a € Hj,, v € Hyy, f € L1(0,T: H}) N L(0,T; HY),
there exists a constant K¢ > 0, independent on T , such that provided

lalls +lzolls + 1Al o.7:3) < Ko (5.3.19)
problem (5.3.16) — (5.3.18) has a unique solution in the class

ue Ly(0,T; Hy) N C(0,T]; Hj) N W,y (0, T; HE), (5.3.20)
T € Loo(0,T: Hyy) NC([0, T); H) N CH([0,T]; Hyy). (5.3.21)

5.4 Auxiliary problem

5.4.1 Solvability of the auxiliary problem

Before proving Theorems 5.2.1 and 5.3.1, we investigate the solvability of an auxiliary
problem.
Introduce a family of operators

Ao(r) = % —¢AT, £ >0, (5.4.1)

and consider the following equation

‘;_: b Aet = F(u,7) + Na(u) + G, 7). (5.42)
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Theorem 5.4.1. Givena € Hy,, to € Hy,, f € L1(0,T;Hy) N CY([0,T]; HY),
there exists a constant K7 > 0, independent on T and ¢, such that provided

lals + lzols + 1/ 1, .73 < K7
there is a unique solution of problem (5.3.16), (5.4.2), (5.3.18) in the class

ue CY(0,T); HZ) N C((0,T); Hy),

(5.4.3)
t e CY([0,T]; Hyy) N C([0, T]; Hyy).
In order to get this theorem we have to prove some auxiliary facts.
5.4.2 Operator estimates
We need some estimates for the operators introduced in Section 5.3.
Lemma 5.4.1. The following estimates take place.
Forl =1,2, u € H‘%, v E H{,‘H, TE€E HI{;'I
I F1(u,v)[l; < Kslull2lvli41, (5.4.4)
Q. D)l = Ksllull2llTllz+1- (5.4.5)
Forl =2,3, u € H‘3,, v E HII,'H, TE€E HI{,I'H
|(F1(u.v). )] = Ko Vul2|[VolI7_;.
[(F(u. 7). )] < Kol Vull2||VlI7_;. (5.4.6)
Forl =0,1andy = %or [=y=2
[G(u1, 1) — G(uz, ©2)ll; < Ko~ ([Vur — Vuzll; + [t1 — w2]l1) (5.4.7)
~(IVurlly + IVuzlly + llzally + llz2lly)
y+1 y
where uy, ux € Hy, ", 11,72 € Hy,.
ForueH{}, reH]?l
IGQ@. )ll3 = Kig - (lulls + Izl (IVulls + lIzll3). (5.4.8)

Here K19 and K1 depend continuously on (||Vuill, + |Vuzlly + lltilly + llz2lly)
and on (||ul|3 + ||tl2), respectively.

Lemma 5.4.2. Let | = 0,1,2 and ap(0) = &, ao(1) = £, 2o(2) = 1.
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D If

l )
1BE D)y, || BEDw)|

v, 1 <1

then the following estimates take place
l
I(A@) = Akl = K IVBG*D (0 = w1 [VAl141,
I
I(A@) — Al < K11l Bg*P @ = w)1 | Bohlls-

Furthermore, for | = 0 there is another variant of the second estimate:

[(A(v) — A(w)ho < K11lv — w||%||h||3.

2) There exist K12, K13, K14, K15 > 0 such that provided

185°Val; < K1z
one has
(Aov, Bov); > Ky3||Bovl[7.
and provided
[ull3, lvls < Kia
one has
1
(A(u)u — A(v)v, Bo(u —v))1 > §K13||Bo(u —v)I7.
((A(u) — Iu, Bou)z > K15 Vul[3.

Proof of Lemma 5.4.1. Using inequality (2.1.21), we have:

1Pl <Y nm—n1 < il |—||1 < Clul2lv]l2.

i=1 i=1
Using (2.1.22), we have:

IFin)l <3 ||u,—||2 3 ) |—||2 < Cllullzlvlls.

i=1 i=1
Estimate (5.4.4) is proved. Similarly one proves (5.4.5).
Let us prove now estimate (5.4.6). We have, using the Leibnitz rule:

Z d
[(F1(u,v),v)z| < Z Z|(Da(ui8—;_),D°‘v)0|

le|<2i=1
<ZZ|%D°‘ SRS SIS
lal<2i=1 o<|a|<2i=1

(5.4.9)

(5.4.10)

(5.4.11)

(5.4.12)

(5.4.13)

U)0|

n
_g v
+ Z ZKle(a,,B)|(D’3u,-D°‘ Ba—Xi,Do‘v)O|.

lae|=2,|B|=1,<ai=1
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Since divu = 0, integration by parts easily shows that the first sum is equal to
zero. With the help of (2.1.20) and Cauchy—Buniakowski inequality we observe that
the second sum does not exceed the expression

n
v
C Y IVuillal o=l IVl (5.4.14)
i

i=1

Using inequality (2.1.19), we conclude that the third sum does not exceed an expres-
sion of form (5.4.14). Estimate (5.4.6) for the case [ = 2 is proved. The case [ = 3 is
examined analogously.

Let us prove now estimate (5.4.7).
The conditions on coefficients ozjl.‘ from Section 5.2.3 imply that the function
,81 : ngxn X Rgxn N Rr‘éxn
is C3-smooth, and
B1(0,0) =0, Vg p1(0,0) =0.
Then the function
g : Rg‘xn X Rnxn N Rgxn
introduced in Section 5.3 is also C3 - smooth, and
2(0,0) =0, Vgg(0,0)=0.
We have:
ui,t1) — Uz, 2)\l1 = Ui, 71) — Uz, 72 0-
IG@u1. 1) = Gluz. )l < Y 1D*(Gur.11) — G(uz. )|
|orf <!
First we estimate the term with |o| = 0. Taking into account embedding (2.1.18)
and the Lagrange theorem we have:

[G(u1, 1) — G(uz, ©2)llo = llg(Vur, 1) — g(Vuz, w2)llo
< sup IVeg (1 E2)|(IV(u1 —u2)]lo + 11 — 72ll0)

NEVI=IVuy il o0 HIVU2 7 o
1E201<Nt1 1200 HT2 Lo

= sup [Veg(6'.6%) — Veg(0.0)|(| V(1 —u2)llo + 11 — 72/l0)
eIVl o HI VU2l o
1E201<lT1 L oo HT2ll L oo

CIVurllLe + IVu2llLe + IT1llLee + I72llLo) IV @1 —u2)llo + [I71 — 72/l0)
< C(||VM1||% + [IVuzllz +llmllz + ||T2||%)(||V(u1 —u2)lo + llr1 — 2lo)-

IA

Note that for u € le,,r € Hll, one has

Vg(Vu,t) =

g g
Vu,t)VVu + —(Vu,t)Vr,
B ") o, )
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and let us denote it by
Veg(Vu, 7)(V2u, V1).

Using Holder’s inequality (2.1.1) in the form

[¥1v2llo < [V1llLellv2liL,
and the embeddings
HY? c Ly, H'CLs, H"*C Lo,
we estimate the first derivatives:

IV(G(u1,71) — G(uz,2))llo
= [Veg(Vur, 11)(V?u1, Vir) — Veg (Vuz, 1) (V2. Vo) o
< IVeg(Vu1, 1) (V2 (u1 — u2). V(1 — 12)) o
+ 1(Veg(Vuy., 11) — Veg(Vuz, 12))(VZuz, Vo) llo
< [Veg(Vur, 1) |lLoo (IIV(u1 — u2)ll1 + llz1 — 72][1)
+ IVeg(Vuy. 1) = Veg (Vuz, 1)l (IVuzllzs + IVT2llzs)
< IVeg(Vuy, 1) — Veg(0,0) Lo (IV(u1 — u2)|l1 + ||71 — 72]I1)
+ IVeg(Vuy. 1) = Veg (Vuz, 1)l (IVu2llzs + I VT2llzs)
= C(IVuillLe + It1lleo) UV @1 —u2)ll1 + [[r1 — z2(11)
+ C(IV(u1 —u2)llLe + 71 — 752||L6)(||V2u2||% +IVealy)
<C(IV@u1—u2)l1 + llt1 — f2||1)(||Vu1||% +llzllz +1Vuzll7 + ||T2||%)-
In the same way the terms ||D%(G(u1,11) — G(uz2, 12))|lo With || = 2 are esti-

mated and we obtain estimate (5.4.7).
Let us turn to estimate (5.4.8). We have:

IGu, D)3 < Ig(Vu, D)2 + Vg (Vu, 7)o
< llg(Vu, D)2 + |Veg (Vu, 0)(V*u, V3 0) o
+ V22 (Vi D) (V3u, V20)(V2u, Vo) o
+IVEg(Vu, 1) (V2u, Vo) (VZu, V2) o
+ V2 (Vu, 0)(V2u, Vo) (Vu, Vo) (V2u, V) [o.

All these items except the last one are bounded at least by

C-(luls + izl Vulls + lIzlls)
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where C depends on ||u||3 + ||z||2 (it may be checked in a similar way as above).
Using Holder’s inequality in the form

[V 1v2¥sllo < [V1llLe V2l ll¥3llLe.

we conclude that the last item does not exceed

sup  [VEg(E EDNIVullLe + IVTllLe)’
eV I=IVullz, o0
1821<l7l 7 o0

= C-(IVull + IVe)1)?
= C-(llulls + Irl2)Vulls + lizll3)

where both C depend on |u||3 + ||t]|2. O

Proof of Lemma 5.4.2. The C*-smoothness of coefficients ¢; (see Section 5.2.3) im-
plies that the function

(D : Rgxn N Rgxn
introduced by formula (5.3.1) is C#-smooth. Moreover, it is easy to check that
®(0) =0, Ve®(0) = 0.
We have:

I(A@w) — A@w)h]; = [(A@w) — Aw)hl; < Y [D*(A®) — Aw))hllo.

=<t
First we estimate the term with || = 0:

1(A(v) — Aw))hllo

dP; 0D; 08y (h
< 3 n(q’f(e()) (8w ))) L

i,jk =1 08k 0xi
|99y ol 88 h
ijkl=1 85

= Cle(v) = &)L VAl

11
< Clle() = 8W)ll7 [ VAl = CIVBg® (v —w)[|-1[|VAll1.
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Furthermore,

I(A(v) — Aw))hllo

i d; 0
<y H( L) - G 6 ))) D,

ik, =1 081
2|80y 981 (h)
<y e (5.4.16)
_i,j,k,l=1 0k ©@) = E “ 0x; “L6

084 (h
< Cl8) — 8w, 1 2

< Cllv —wlllhll,

I

and this implies (5.4.10).
For |a| = 1 we obtain

1D ((A(v) — A(w))h)llo

n

i i 081 (h
> (10 (Gl eon - el ewn) P,

ijkl=1

dP; i o 08k (h
(Gl eon - S’(e( ) pe R )

0x
IP; ®; 98 (h
> (10 (Gl - Gt ) |, |2,

ijkl=1 0

0d;; i h
+GelEen - $’<8< ], 0" )

> c(l > ag (1) DBy, (0)

i,j,k, =1
82
3§k13§k1 I

IA

IA

IA

(&) D*Ery1, (W) 1, VA2 + 18(v) — 8(w) Lo IIVhIIz)

IA

C(HZ [Hag e D] 1D k1, ) — Bt ()

ijk,l=1
82 82q>i'
(&(v)) — /
€k 3§k1 I €k 0k, 1,
+ 18(0) — 8wz, ) I VA2

+| €w))|,_ID"8k 1, W)Ly
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2D,
[(”ask i €~ g Ol

02 ®;;
gl Frowr o
+ 18 — 8wz, |IVAI2

O], ) IV =)l + 18() — Bl V] 5

= C[UIBW) Lo + OV IV = w7 + [18(1) = 8wl 0] 11
+ 18 — 8@w)lIg [V
= C(Ioly IV = w7 + 1@ = w)lly + IV = w)lglwly )I1VA]2

7
= ClIVBg (v —w)lollVh>.
(5.4.17)
For |a| = 2 in a similar way one obtains

| D% ((A() = A))h) | < CIVBY @ = w1V 5. (5.4.18)

lo

Estimates (5.4.15), (5.4.17), (5.4.18) yield estimate (5.4.9) for all /.
Notations (5.3.5), (5.3.6) imply A(0) = I — noA. Therefore

(A(0)v, Bov); > 2K 13| Bovl|?

for some K3 > 0.
On the other hand, for K, small enough, estimate (5.4.9) yields

1((Ao — AO)v. Bov);|| < [[(A(@) — AO))v]|; | Bovl;
< K11 BEDall; | Bov||? < Kis]|Bov|?

what implies (5.4.11).
Let ||u]l3, |v]3 < K14 and K14 be small enough. Then estimate (5.4.11) yields

(A(u)(u — v), Bo(u —v))1 > K13 Bo(u — v)|I3.
But (5.4.9) implies
[((A(u) — A(v))v, Bo(u — v))1] < K11||B§(u — )1 Bo(u —v)|?
K
< %nBo(u )3

for K14 small enough, and it yields (5.4.12).
Now, note that

((A(0) — I')u, Bou)z = —no(Au, Bou)z > 2K15|Vull3
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for some K15 > 0.
But estimate (5.4.9) and triangle inequality yield

1
[((A(u) — A(0))u, Bou)|2 < K11||VBgull1[|Vulls||(I — A)u|»
< C(IVull2lVullsllull2 + [lulls|Vullsl|Aul2)
< Kis||Vull3

for K14 small enough. This implies (5.4.13). O

5.4.3 Properties of the operator A,

Lemma 5.4.3. Under the conditions and notations of Lemma 5.4.2 there exist con-
stants K17 and K g such that provided

IIBS‘O(”aIIz <Kp2, 2€C, ReA=0,
the following estimates are valid:

(Ao + A1)v|; < K17(A)||Bov]|;. (5.4.19)
(Ao + AD)v|l; = Kisl[Bovl;. (5.4.20)

Under the same conditions and | = 1,2 the operator
Ao : HY? ~ D(Ag) C HY, — H},

is strongly positive, and the constant Ky in (3.1.11) does not depend on a (but may
depend on Kq3).

Remark 5.4.1. Here we have to use complexifications of Sobolev spaces and differen-
tial operators (cf. Remark 3.1.2).

Proof of Lemma 5.4.3. Let ||Bg°(l)a||l < Kj2. Then estimate (5.4.9) implies
[(A(a) — A(O)vl; = CllBovl);.
ButforallA € C,Re A > 0:
1(A0) + AD)vll; = I(=noA + (A + DI)vll; = Kis(M)[Bovll;.

and these two estimates yield (5.4.19).
From (5.4.11) we have:

|((Ao + AI)v, Bov);| = Re((Ao + Al )v. Bov); > K3l Bovl;. (5.4.21)
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This estimate and the Cauchy—Buniakowski inequality imply (5.4.20).

From (5.4.20) it follows that Ker(Ag+ A1) = {0}. Let us show that Im(Ag+ A7) is
dense in H Il, If not, then in H Il, there is a nonzero vector & orthogonal to Im(Ag+AT1).
Let{ = By 'h € D(Ao). Then (5.4.21) implies

Re((Ao + A1)E. Bot); = Kis||Bog |} > 0. (5.4.22)

But since (Ag + A1)¢ € Im(Ag + Al) and Bo¢ = h, the left-hand side of (5.4.22) is
equal to zero. Hence, Im(Ag + A[) is dense in H{,.
Let us show now that Im(Ap + A7) is closed. Let h; — ho, h; € Im(Ag + Al).
1—>00

We have to show that 7y € Im(Ag + Al). Note that there exist {; such that (49 +
AI)¢; = h;. Then the sequence (Ag + AI)¢; converges in H,, and from (5.4.20) it
follows that By, also converges in H{,: Boli — &p. Let §o = Bo_léo € D(Ap). We
have: Bo(¢;i — {o) — 0. And estimate (5.4.19) yields (Ao + A1)(& — &) — 0, i.e.
ho = (Ao + A1)Eo.

Thus, Ag + Al is surjective.

Now, for [A| > 1,Re A > 0, u € D(Ag) we obtain

(u,u); = Re —= (Au, Au);

Ill2

(Au, Au); + Re —= (Aou, ABou);_1

Ill2 Ill2

+ Re — (AB()M A()u)[ 1+ Re —

|A|2 (Aou, Aou);

I?tl2

= |Mz((z‘lo + ADu, (Ao + Al)u);

whence

ull; < —|\|1(Aog + AD)ul; <
lull = Ao+ ADwlh <

[(Ao + AD)ul|;. (5.4.23)
Similarly, for [A| < 1,Re A > 0, by (5.4.20)

2
lelly < 1Boull; < Kig (Ao + AD)ully < 1

— K (Ao + AD)u
Tas (Ao Jull.

This estimate and (5.4.23) imply

(Ao + A1)~ <

, ReA >0,
1+ A -

with C independent of a. O
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5.4.4 Uniqueness lemma

Lemma 5.4.4. There exists a constant K19 > 0, independent of T and ¢, such that if

a solution (uy, t1) of problem (5.3.16), (5.4.2), (5.3.18) exists in the class
uy € CY([0,T]; HY) N C((0, T); HY), (542
v € C1([0,T]; Hyy) N C (0, T]; Hyy), h

and
lui()lls < K9, t€[0,T], (5.4.25)

then it is unique in class (5.4.24).

Proof. Assume that in addition to (1, 71) there is another solution (5, t2) of prob-
lem (5.3.16), (5.4.2), (5.3.18).
Suppose first that
[u2(0)]l3 < K19, 1 €[0,T] (5.4.26)

(K19 will be defined below).
The following identity takes place:

1
(N1(2), u)m + 2—(N2(u),f)m =0, ue Y, ceHIt, m=0.1,...
n

(5.4.27)
Indeed,
1
(u, N1 (t))m + 2_(T’ N2 (u))m
- 37 1w | duy
- i]zz:l [(u” 9 J) + ( Tij> (8)6] + axl, ))m]
R P} ow
- i’j2=:1 [(u” 8x]' )m + (tlJ’ 8Xj )m]
_ Z [ (Deu ”+D°‘ JD"‘g”")dx=o
i.j=Llalzm "% Y

by Green’s formula (cf. Lemma 6.1.1).
Letw = uq —up, 0« = 11 — 12. Substitute (141, 1) and (43, 12) into (5.3.16) and
take the difference of the obtained equalities. Treat (5.4.2) in the same way. We have:

dw(t)
dt

do«(t)
dt

= A(uz)uz — A(upuy +w + Fr(w,up) + F1(uz, w) + Ni(ox)

= —Ag(0x) + F(w,71) + F(u2,0%) + Na(w) + G(uy,71) — G(uz, 72).
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Taking the scalar product of the first equation with Bow(¢) in H Il, and of the second
one with ZLBOU* (t) in H 1\1/1 at every ¢t € [0, T'], adding the obtained equalities and
taking into account (5.4.27) we get

= —(A(u)ur — A(u2)uz, Bow)1 + (w, Bow)1 + (F1(w,u1), w)2
1
+ (Fi(uz,w),w)2 + %[—(Ae(ff*% Boos)1 + (F(w, 11),0%)2
+ (F(uz2,0%),04)2 + (G(u1, 71) — G(u2, 12), 0%)2].
Obviously,
Ox 1
(Ag(0x), Boox)1 = (T _EAU*JT*)Z = X”U*”z-

Now, using estimates (5.4.4) — (5.4.7), (5.4.12) (we can assume K9 to be small
enough so that estimate (5.4.12) is also valid) we obtain:

1d 1d, ., 1 , 1 5
- — - K —
3 a8 + g glol3 + 5 Kuslwld + 5o B

2 2
< Kao[|lwl2(1 + [lurlls + fuzll3) + [lwl2llzallsllowllz + lluzll3lloxll

+ lloxllz(llowllz + wllz) (72 + llz2llz + lualls + [luz]l3)].

I3 +

It is obvious that there exists K»; such that

1
~Kiz|wll3 + K21llo«3

2
— Kaolloxl2llwlls(lzill2 + z2ll2 + lu1llz + [[uz]l3) = 0.
Therefore
1d, , 1d.
E(EHw”z + %E”U*HZ)
1

< (K21 — m)llﬁ*ll% + Kaolllwll5(1 + flurlls + lluzll3) + [wll2llz113]lox]l2
+ lowlzluzlls + lowl3(rllz + lz2ll2 + lhuills + Juzll3)]
1
oy lo+13).
Since w(0) = 0, 0«(0) = 0, by the Gronwall lemma w = 0, 7 = 0.
If (5.4.26) is not valid for some ¢, let f; be the infimum of such 7. It is evident
that ||u2(¢1)||3 = Ki9. But on the other hand, we have just proved that on [0, #1]

the solution is unique. Hence u1(¢1) = ua(t1), t1(f1) = t2(f1) what contradicts
(5.4.25). O

< C(lwl3 +
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5.4.5 A priori estimate

Lemma 5.4.5. There exists a constant Ky, > 0, independent of T and ¢, such that for
any positive number k < Kz, and

1
lalls + ﬁllfolls T L 0,102y <K

one has the following bounds for every solution u of (5.3.16), (5.4.2), (5.3.18) in class
(54.3):

1
I+ 013 < 7 < K, (5428)
T 3K 2
/ IVulds < 2 (5.4.29)
0

Proof. Denote by t; = t1(k) the infimum of those ¢ at which (5.4.28) is not valid
(K22 will be defined later, k is an arbitrary positive number which is less than K»5).

Taking the scalar product of (5.3.16) with Bou(z) in HIZ, and of (5.4.2) with
%Bo‘[(l) in H 1%/1 at every t € [0, 1], adding the obtained equalities and taking into
account (5.4.27) we get

du 1 drt
(dt Bou), (dt

= —(A(u)u, Bou)z + (u, Bou)a + (F1(u,u), Bou)z

B()‘L’)

4 %{—(As(r), Bot)s + (F(u.7), Bot)s + (G(u, ), Bot)a] + (£, Bot)a.
Then we have

g 13 4 - Sl = (A0 = D Bow + Pyt s = el

+ Z_(F(uv‘[)7f)3 + _(G(u7f)v‘[)3 + (f; u)3-
U 2n

Using (5.4.6), (5.4.8), (5.4.13) (we can assume K, to be small enough so that
estimate (5.4.13) is also valid) we obtain:

Sl + o el

Ky
< —K15||Vu||§ - mHTH% + Ko||Vull3 + %”VMHZHT“%

1

+ ZKiO S(IVulls + izl (el + izl lls + 1/ 13l lls.
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Note that K, is uniformly bounded for [|u ()3 + [|z()]2 is bounded.
For K5, small enough this yields

1d

1
573+ - l2l3 =< 1 slells = 5 Kas [ Va3, (5.4.30)

i
4n dt

Lety () = \/||u ||§(t) + ﬁ ||r||§(t). Then from (5.4.30) it follows that

SIS IS0, 1<)

Ty <111s

Integrate from O to #;:

1 4
() < ||a||§+—||zo||§+/ 1 £ lla(s)ds
2n 0
1 T
< — d
_||a||3+m||fo||3+/0 1 11s(s)ds < .

which contradicts the definition of #1. Thus, (5.4.28) is valid for all ¢ € [0, T'].
Integrating (5.4.30) from O to 7" we obtain

1 1 1 1 T 1
§||u||§(T)+%HTH%(T)—§||a||§—%||follgS/O (||f||3||u||3_EKISHV'/‘”%)dS-

This inequality and (5.4.28) imply

1 r 2 1 2 1 2 r
sKis | IIVullzds < Sllalls + —llrolls + | [/ lI3llullzds
2 0 2 47] 0

K K ds K™,
) 0 3 =9

and we get estimate (5.4.29). O

5.4.6 Proof of Theorem 5.4.1
Since the operators F; and F are bilinear, estimates (5.4.4) and (5.4.5) imply
IF ) = Fu)ll; < Cllu = vlly 41, (5.431)
[Fu,7) = F(v,t)ll; < C(lu —vlli41 + It — welli41) (5.4.32)

I+1 1+1
forl = 1,2, u,v € HVJr , T,Tx € HM+ s lullzer + vlli+r < Lolleli+r +
[Telli+1 < 1.
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Now we are going to use Theorem 3.2.1 twice. First, take
E = HII, X HAI,I, vo = (a, 19),

Silt. (1) = (f(0) + Fu) + N1(r), Fu. 1) + Na(u) + G(u, 7)),

B(u,7) = (Bou, Bot), D(B) = Hj x Hjy, (5.4.33)
A, 7)(v1,v2) = (AU)v1, Agv2), Ao (v1,v2) = (Aovr, Agv2),
7
o= g B =1, R small enough.

Then estimate (3.2.1) follows from (5.4.9) with [ = 1, estimate (3.2.3) follows from
(5.4.19) and (5.4.20) with [ = 1, and estimate (3.2.4) follows from C '-smoothness
of f and estimates (5.4.31), (5.4.32), (5.4.7) with [ = 1.

Thus, the conditions of Theorem 3.2.1, a) hold. Hence, for K7 small enough, sys-
tem (5.3.16), (5.4.2), (5.3.18) has a solution (u, 7) in class (5.4.24) on some interval
[0,20]. Moreover, by Theorem 3.1.5, formula (3.1.29), the function

AN A, T) (1, T) : [0.50] > E
is continuous for some §; > 0. But by Theorem 3.1.2 the operator
BI_SIHM(M,T)]_HSW%&
is bounded uniformly with respect to ¢ for 0 < § < §;. This yields the estimate
182~ A, 1%, )2 < €, 1 € [0, 1o)] (5.4.34)

where C does not depend on ¢.
Now, let us apply Theorem 3.2.1 with

E = Hy x Hiy, D(B) = Hy x Hyy,

1 1
E’ﬂ:§+52 (0<52<5),

and with vy, f1, 4, B, R asin (5.4.33). Estimates (5.4.9), (5.4.19), (5.4.20), (5.4.31),
(5.4.32), (5.4.7) with [ = 2 imply again that the conditions of Theorem 3.2.1, a) hold.
Hence, problem (5.3.16), (5.4.2), (5.3.18) has a solution in class (5.4.3) on some in-
terval [0, z«]. Furthermore, estimate (5.4.28) with « small enough enables to apply
Lemma 5.4.4. Therefore this solution is unique in class (5.4.24) on [0, #4], i.e. it coin-
cides with (u, t). But by Theorem 3.1.2 the operator

o =

BB AW, 7)1 g2 818
is uniformly (with respect to ¢) bounded in £ = H I% x H 1%,[ Then estimate (5.4.34)
implies
187 (1. OOl g2 w2, < K23, 1 € [0,14]
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where K>3 does not depend on ¢, and ¢. Furthermore, by estimate (5.4.28) this solu-
tion is a priori bounded by a constant independent on 7, 74, fo:
18", YOl gr2 w2, < Koas (5.4.35)
and K»4 is arbitrary small provided K7 is small. By Theorem 3.2.1, b)
t* = t07

so the solution (u, 7) belongs to class (5.4.3) on the segment [0, #9]. Rewrite (5.4.35)
as
1B, YOz <), < Koa- (5.4.36)

If K54 is sufficiently small, (5.4.36) yields
7
||£8(u,r)(t)||H11/xH;4 < Kz5 < R. (5.4.37)

Thus, by Theorem 3.2.1, b) applied to (5.4.33), 7o is equal to T'.

5.5 Proof of the main theorems

5.5.1 Proof of Theorem 5.3.1

Evidently, there exist sequences
a,m — ain HI3,, am € Hfﬁ,
m—0o0
Tom mjoofo in Hfl, Tom € Hfl,

S = [inLiQ. T Hp). fm € L1(0.T: Hy) N C1((0.T]: Hy).
Without loss of generality all triplets (dm, Tom, fm) satisfy estimate (5.3.19). Con-
sider problems (5.3.16), (5.4.2), (5.3.18) with the data a,,, tom, fm and ¢ = % for
all natural m. If Kg is sufficiently small, by Theorem 5.4.1 each of these problems
has a unique solution (U, ty,) in class (5.4.3) and all these solutions are bounded
uniformly with respect to m by estimates (5.4.28), (5.4.29). Therefore without loss

of generality (see Remark 2.1.1) we may assume that there exists a pair (1 «, T«) such
that

Um — Ux In Log(0, T H?,) * — weakly,
Tm — T in Loo(0, T Hjy) * — weakly,

Um —> Ux in Ly(0,T; Hfﬁ) weakly.

Let us show that the sequence (1, Tr,) is fundamental in C([0, T']; H IZ, x H 1%4)
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Let w;; = u; —u;, 0;; = t; — tj. Apply the same procedure as in the proof of
Lemma 5.4.4: substitute (u;, 7;) into (5.3.16), (5.4.2) with ¢ = ll and (u;, 7;) into
(5.3.16), (5.4.2) withe = jl take the differences of the corresponding equations, take
the scalar product of the first of the obtained equations with w;; () in H IZ, and of the
second one with %’] in H 1%4 atevery ¢ € [0, T'], and taking into account (5.4.27) add
the obtained equalities :

dw;j 1 dojj
(g wi)a 5, (5 0u):
= —(A(ui)u; — Auj)u;, Bowij)1 + (wij, wij)2 + (F1(wij, ui), wij)2
1 1 At At
+ (F1(uj, wij), wij)a — m(ﬁij,ﬁij)z + %( - T,Uij)2
+ (F(wij. 7i),0ij)2 + (F(u;,0i;),0ij)2 + (G(ui, 7)

—Guj,7),0ij)2 + (fi = fj, wij)a.

Let K¢ be small enough. Using the estimates and arguing as in the proof of Lemma
5.4.4 we conclude:

A, o1d._
E”wij 5 + ZE”UU 15

1 1 1
2 2
< C(llwij I3 + %”Uijnz + /i = fill2) + E||ti||3||oij”3 + j—nlltj I3lloij lI3
5, 1 5 1 1
< C(llwis I3 + oloiillz +1fi = fill2 + - + =)
n o
Integrate from O to ¢:
2 2
lwijllz + 5”%’ 12

1
2 2
<llai —ajllz + %Hmi — 7075

! 1 11
€ [ (1w B+ 5l 16) + 15 = 1) + 7 + )ds

and by Gronwall’s lemma ||w;;|13(t) + %HGU 15(1) — 0 uniformly with
n min(i,j)—00

respectto ¢ € [0, T].
Thus,

Um — ux in C([0,T); HZ),
tm — T in C([0, T]; HE).
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This implies
1 . 0
— Aty — 0in C([0, T]; Hyy),
m
ALty — 2 inC([0.T): HY)).

A
Ni(tm) = Ni(zs) in C([0, T]; Hy)),

Na(um) — Na(us) in C(0. T); Hjyp).
du, du «

—— — —— in the sense of distributions,
dt dt
dtm, dts

— —— in the sense of distributions.

dr  dt

From estimates (5.4.4), (5.4.5), (5.4.7) we have also
F(um) — F(us) in C(0, T]; H}),

F(um,tm) = F(ux,74) in C([0, T]: Hy,),

G(Um,Tm) = G(ux, %) in C([0,T]; HI%,I).
Furthermore, using (5.4.9), (5.4.10) we obtain

vrai max ||A(Um)um — A(u)ux|o(t)
t€l0,T]

5

< vraité?gu;] (I1A0) um — ux) (@) lo + II(Aus) — A0) m — ux)|lo(?)

+ 1 (AGum) — A@s)mlo(1))
< Cvrai max_(lum —usll2 + sl i lttm — wsll2 + [[um — sl 3 luml3)-
1€0.T] 4 2

Therefore
Aum)um — Ay in Loo(0, T3 HY).

Passing to the limit we conclude that the pair (ux, T«) is a solution of problem
(5.3.16) — (5.3.18).

Remark 5.5.1. Substituting u,, fm, T, into (5.3.16) and (5.3.17) we observe that
the sequences dc'l‘t’”, ddL;” are bounded (and fundamental) in L;(0,7; HI(}) and in
c(o,T]; HJ%,[), respectively. But u,, — Uy in Loo(0,T'; HI3,) * — weakly, and {u;, }
is a bounded sequence in L>(0, T; Hy}). Since the embedding H*(B) C H?>(B) is
compact for any ball B in R", due to Theorem 2.2.7 without loss of generality we
may assume that um|B — u*|B inL,(0,T; H3(B,R”)) strongly forall 1 < p < o0
and every ball B. Furthermore, the embedding H3(B) C H3~%(B) is compact for
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any § > 0,and 7, — 74 in Loo(0, T'; Hfl) * — weakly, so by Theorem 2.2.6 without
loss of generality we may assume that |B — T |B in C([0,T); H3%(B, RE*™))
strongly. These facts will be used in Section 5.6.

Let us return to the proof of the theorem. Estimate (5.4.9) yields that
r 2 r 2 r 2
| 1At <2 [ 1aa — A0l +2 [ 1401

T
2 2 2
scA<wmﬁmm+wmn

Therefore A(u+)us belongsto L,(0, T HI%). From estimate (5.4.4) we have F(u*) €
Loo(0,T; HZ). Note that Ni(t4) € Loo(0,T; HZ) and f € L»(0,T; HE). Sub-
stituting (ux, «) into (5.3.16), we conclude that d;t* e L,(0,T; HIZ,). But u, €
L,(0,T; H{ﬁ) and by Lemma 2.2.7 we have u, € C([0, T]; HI3,).

Substituting 1+, T« into (5.3.17) and taking into account estimates (5.4.5) and (5.4.7)
we conclude that all terms in (5.3.17) except dd’t* belong to C ([0, T]; H 1},[). Hence,
T € C1([0.T]; Hy)).

The uniqueness of the solution may be proved in exactly the same way as Lemma
54.4.

5.5.2 Proof of Theorem 5.2.1
Estimates (5.4.7), (5.4.8) in the particular case G (u, t) = ®(E(u)) have the form

[®E1) — PEw2)i < K26 - (lurlly+1 + lluzlly+ D llur —uzli41. (5.5.1)
[PE))I3 = K27 - [Jull3lull4 (5.52)

where K76, K27 depend continuously on ||[Vu1|, + ||Vuz|l, and on ||u||3, respec-
tively, and [,y are as in estimate (5.4.7).

Let 79 = r(%, Ks = Kg. Then (5.2.16) implies estimate (5.3.19). Hence, by
Theorem 5.3.1 there exists a unique solution (u, t) of problem (5.3.16) — (5.3.18) in
class (5.3.20), (5.3.21). Denote

ou " ou )
g=—-+ Ui — — noAu —Div (®(8) + 1) — fo.
ot =1 0x;
Taking into account notations (5.3.5) — (5.3.15) we conclude (cf. Remark 5.3.2) that
(5.3.4) is valid and

Pg=0.

Since P is an orthogonal projector in H°(R",R"), g satisfies condition (3.1.3) with
Q =R"
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Since u belongs to class (5.2.17), estimates (5.5.1), (5.5.2), and Lemma 2.2.9 yield
that ®(8(u)) belongs to class (5.2.20). Thus we see that g € L,(0,T; H?).

By Corollary 3.1.4 there exists unique p from class (5.2.19) satisfying (5.2.9) such
that

grad p(t) = —g(t) almost everywhere in (0, 7).

Therefore we have (5.3.3).
Let
tt=1, 19=2n08w) + ®6W)), T=-pl+"+l.

Obviously, the triplet (u, T, p) is a solution of problem (5.2.1) — (5.2.10); t° belongs
to class (5.2.20), and T belongs to (5.2.18).
5.5.3 Thecaser > 1

The case r > 1 is investigated exactly in the same way as the case r = 1. During the
operator treatment, problem (5.3.16) — (5.3.18) is replaced by the problem

du ~ ayy
==+ Al = Fu) + Nl(l;r ) ¥ f (5.5.3)
dtt 7 ; ;
T = F(u,t") + Na(u) + G (u, 7"), (5.5.4)
u@) =a, O =1 i=1,....r (5.5.5)
where g
Gi(u,7) = —(‘EW - W+ i (;’ ))
Then one considers the following system
dt! i i i
7 + Aegt' = F(u, ') + Na(u) + Gi(u, 1) (5.5.6)

and the auxiliary problem (5.5.3), (5.5.6), (5.5.5). Just as in the case r = 1, the
analogues of Theorem 5.4.1 and Lemmas 5.4.4, 5.4.5 are proved and the passage to
the limit is carried out.

5.6 Continuous dependence of solutions on data

In this section, we study continuous dependence of solutions to the initial problem for
the equations of motion of nonlinear viscoelastic medium on the initial data and the
body force. For simplicity, we consider the case r = 1. Thus, let us deal with the
operator problem (5.3.16) — (5.3.18).
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Theorem 5.6.1. Let triples (ay, ok, fx). kK = 0,1,2,..., satisfy the conditions of
Theorem 5.3.1, including estimate (5.3.19). Let (uy, ty) be the corresponding solu-
tions to problem (5.3.16) — (5.3.18). Let

ay — ap in HI3/’
Tok — Too in Hyy,
Jx = foin L1(0.T; Hy),
as k — o0o. Then
ug — uo in C([0.T): Hy) and in Ly (0.T: Hy,..).
o — 70.in C([0, T]: Hyy) and in C([0, T Hyp b)),
forall1 < p < 00,6 > 0.
Proof. Take some sequences
mk —> dagin HI3,, Amk € H{i,
m—00
. 3 4
Tomk =2 Tok 1N Hyy, Tomx € Hyy,

Jmk = Sein LiO.THp). fnx € L1(0.T:Hp) N CY((0.T): Hp).

Without loss of generality the triples (am k., Tom k- fm k) satisfy estimate (5.3.19).
Consider problems (5.3.16), (5.4.2), (5.3.18) with data a,, k. Tom k. fmk ande = %
for every natural m and for all k. If K¢ is sufficiently small, by Theorem 5.4.1 each
of these problems possesses a unique solution (i, k, Ty k). As is shown in the proof
of Theorem 5.3.1,

Um k — Uk in C([0, T; HI%), Upm k

5 — Uk|g in Lp(0,T: H>(B)),
T = T in C(0.T) HY) Tk | g = k| in C(0. T]; H373(B)),

asm — oo forall 1 < p < 00,8 > 0 and for any ball B in R”.
Fix an arbitrary ball B in R”. Denote by

1 1.2 2
pu , T u”, 1)
the expression

' — ”2||c([0,T];H5) + 1@ = u) L, 01138

+le! = Plleqoriaz,) + 1@ =) glleqo.ra3-38)-
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and denote by
1 1 ¢g1.,2 2 2
p(a ’T()’f 7a 7T07f)
the expression
1 2 1 2 1 2
la® —a ||1-13 + lltg — 79 ”Hj,, +If =7 ”L1(0:T5H13/)

for any ul, 7l u?, 12,4l a2, r(}, rg, £, £2 for which these expressions make sense.

Thus it suffices to prove that

p(ur, Tk U0, To) e 0. (5.6.1)

—> 00

Fix & > 0. For every natural k there is a number L (k) such that if m > L(k), then

€
Pt Ton i e The) = - (5.6.2)
Besides, for any k there is M (k) such that if m > M (k), then

1
0(m ks Tom > fm ki k- Tok» Jk) < —

~k
Let P(k) = max(L(k), M(k)). Then

P(apk).ks TOP(k).k> JP (k). 40, To0, fo)
< p(apk).k-T0Pk).k> JP(K).k: Ak Tok» Jx) + plak, Tok: fr: a0, Too, fo)

1
< — + p(ak. ok fr:ao. 700, fo) — O.
k k—o00
As is shown in the proof of Theorem 5.3.1, this implies

P(UP k) k- TP(k),k: %o, To) — 0.

k—o00
Then there is N such that if kK > N, then
5
PUP (k) k> TP (k) k3 U0, T0) = 3

Taking into account (5.6.2) and triangle inequality, we conclude

p(Uk, Tk U0, T0) < &,

so we have (5.6.1). O






Chapter 6

Weak solutions for equations of motion of
viscoelastic medium

6.1 Preliminaries

6.1.1 Weak solutions for equations of fluid dynamics: general scheme

The feature of the most part of equations in fluid dynamics is that in the general case
(i.e. without restrictions on the domain €2 and its dimension, the body force, and the
initial data) the problem of existence of strong solutions to the initial-boundary value
problems for these equations is open. A possible way to break this deadlock is to
investigate generalized, weak solutions to these problems. There is a great variety
of approaches to weak formulation of the problems of fluid mechanics (mostly of
the Navier—Stokes problem; for instance, weak and generalized solutions in many
senses, including the Leray—Hopf solutions, very weak and mild solutions, variational
inequalities, see e.g. [6, 61, 37, 36]). Therefore, let us first describe a general scheme
of weak problem formulation (not only for the problems of fluid dynamics), which
includes most of the approaches.

Let W, &P, Z be some sets, let X = W x P, and let § : 6 — Z be a map. Denote
by ¢ the projection

F:X—=>WU, U, P)="U.

Consider an abstract equation
S(U,P)=Z. (6.1.1)

Here U € U and P € & are the unknowns, and Z € Zy C Z is prescribed (Zg
is some subset of Z containing the possible “right-hand sides” of the equation under
consideration). Denote by Os(Z) C X the set of solutions to (6.1.1).

Remark 6.1.1. The set /2 can be one-point. Then (6.1.1) can be abbreviated:
S.(U)=27 (6.1.2)
where §4(U) = G(U, P), P € P.

Remark 6.1.2. It is clear that Cauchy problems, boundary value problems, and initial-
boundary value problems for partial differential equations can be expressed in form
(6.1.1).
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Let W be some set containing WU, let £ be some set containing Zg, let Tl be a
fixed subset of some set Q, and let Tl : W x £ —o Q be a multi-valued map. Consider
the inclusion

(W, L) C m. (6.1.3)

Here W € W is unknown, and L € £ is given. Denote by Oy, (L) C W the set of
solutions to (6.1.3).
Assume that it can be a priori checked that for all Z € Z one has

F(05(2)) = Oy (2) () U (6.1.4)

Then (6.1.3) is called the weak statement of (6.1.1), and the solutions to (6.1.3) are
called weak solutions of (6.1.1).

Remark 6.1.3. Note that (6.1.3) may be studied not only for L. € Z¢ but for arbitrary
L from L.

Let us illustrate this scheme with the weak formulation of the initial-boundary value
problem for the Navier—Stokes system (1.1.14), (1.1.10), (1.1.15):

8u " u
Zula —nAu + grad p = f, (6.1.5)
l
divu = 0, (6.1.6)
ulyo =0, (6.1.7)
Ulr=0 = a. (6.1.8)

Here u is an unknown velocity vector, p is an unknown pressure function, f is the
given body force (all of them depend on a point x in a domain 2 C R*,n = 2,3, and
on a moment of time ¢), n > 0 is the viscosity, a is a given function of x € .

Let T > 0 be a fixed moment of time. Denote HI% =H*Q)"NnV.

Let

U = CY([0.T]: H),

P = C([0,T]; Hi ().

Z =Zo = C([0,T]; L2(Q)") x Hp,
= (f.a).

aU U
S(U,P) = a—+ZUa — AU + grad P, U ;o)
l
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Then we can rewrite the Navier—Stokes problem in form (6.1.1). For the weak
statement, take
W = Ly(0.T: V)| Cow([0.T): H) () W (0.T: V*),
£ =L1,0,T;V*)x H,
Q=L1(0,T)xH,
M ={(of L;1(0,7),0of H)},

and define the multi-valued map Tl by the formula

d n g
Nw. L) = {(-(W.0) + 1(TW. V) _;(Wiw, 22)

— (L o)vxv. Wli=0 —a)|go € V}

forWeWand L = (f,a) e L.
Then we arrive at the classical

Definition 6.1.1 (see e.g. [61]). A function
u e Ly(0.T:V) () Co (0. T H) () W (0. T: V).

is a weak solution of problem (6.1.5) — (6.1.8) if it satisfies condition (6.1.8), and if
the equality

n

d 9
E(”"”H"(V”’V‘”)_Z(“"“’a—;) = (f.0) (6.1.9)

i=1

is valid for all ¢ € V almost everywhere on (0, T').

It remains to check (6.1.4). Let Z = (f.a) € Zo = C([0, T]: L2(R)") x HZ, and
let (u, p) € X = W x & be a solution to (6.1.5) — (6.1.8). Taking the scalar product
of (6.1.5) with an arbitrary function ¢ € V in L,(2)", we obtain

d td
7,0 0) =n(Au.g) + > (uia—jxp) + (grad p.¢) = (fr9) = (f.9). (6.1.10)

i=1 !

The second equality follows from (2.2.27). Integrating by parts in the second, third,
and forth terms (cf. Section 6.1.2), we arrive at

d é 9
T20) + (V. V) = 3 (i, _af-) —(p.dive) = (fig). (6111
i=1 !
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But divgp = 0, so we obtain (6.1.9), and u is a weak solution to (6.1.5) — (6.1.8).
Thus, $(O5(Z)) C Oy (Z2) (W

Conversely, if u € W = C([0,T]; HIZ,) is a weak solution, then integrating by
parts in the second and the third terms of (6.1.9) we get

S
. 0) = n(A.9) + Y (i 9) = (fi9) =0 (6.1.12)

i=1

n
forallp € V. Since ' —nAu+ Y u; 5)7“ — f belongs to C([0, T']; L2), by Corollary
i=1 !
3.1.5 there is ¢ € C([0, T]; H;} .(R)) such that

loc
3_u+iu_3_“_ Au— f = gradq(t) (6.1.13)
TP - e .

Then the pair (4, —g) belongs to X and is a solution to (6.1.5) — (6.1.8). Hence,
Ow(Z)MU C ¢(05(2)).

6.1.2 Integration by parts

As we see, integration by parts plays an important role in the analysis of weak solu-
tions to the problems of fluid dynamics. Let us state a simple lemma about it.

Lemma 6.1.1. Let Q be an open domain in R", n € N. Letu; € Z;(2) (where Z;
stands for some function space, e.g. Wp’ )forany j = 1,..., k. Assume that the set
of smooth functions on Q is dense in each Z;(2), and, moreover, C§°(2) is dense in
Zm () for somem, 1 <m < k.

Then, forl =1,....n,

ou;

k
] (T);,uluz-...-uj_lujﬂ-...-uk) =0 (6.1.14)

Jj=1

provided the k-linear form in the left-hand side of (6.1.14) is continuous on Z1(£2) x
.XZ k (Q)

Proof. Since the smooth functions are dense in Z;(2), and C§°(£2) is dense in
Z,(K2), it remains to check (6.1.14) for smooth u;, j = 1,...,k,and u,, € C§°(Q).
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But in this case the function u; - ... - u; has compact support in €2, so
k
(aﬂ uiuy - U U 41 " .uk)
— 9x; I

j=1

k
ouj
= E UiUs - Uj T Uj 1. U dX
—Ja dx;

—Aai(uluz uUE)dx =0

by Green’s formula. O

Corollary 6.1.1. Formula (6.1.14) is valid in the following situations:
a) Q is an arbitrary domain, Z; = Wplj Q) forj=1,....k, jF#m;
Zm :HO/II,m (R2) for some m; and

1
— =0). (6.1.15)
o0

Mw

1
— =1, 1<pi<oo (
j=1 i

b) Q is an arbitrary domain, Z; :WO/II,j () for every j = 1,...,k, and there are
q; > 0 such that

n n

—=1=<—, 1=<p; <o,

Pj q;j

1 1 1 1 1

—+ —+— 4+ = + - +-o4+ —=<1
P 41 492 d;j—1 4dj+1 qdk

c) Q is a sufficiently regular domain, Z; = Wplj Q) for j = 1,...,k, j # m;

Zm :W},m(Q)for some m; and for every j = 1,... k there are q; > 0 such
that
pj q;j
1 1 1 1 1 1
—t—F+—+-+=- 4= +-+—=1
P 41 492 d;j—1 4dj+1 qdk

Proof. We have to show that the k-linear form in the left-hand side of (6.1.14) is
continuous on Z1(£2) X ... x Z;(2). It suffices to check that the forms (%, UiUy -
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oot Uj_1Uj41 - ... Ug) are bounded. In the case a), it’s a direct consequence of
Holder’s inequality (2.1.1):

(%,uluz-...-uj—wj'ﬂ'---'”k)
0x;
ouj
= | —Suqus-...cUj_qUj41 ... Up dX
ax; o e ‘
Q
ou;
< “a—)quluz'...'uj—luj'i‘l uk“Ll(Q)
ou;
< g e, @, @zl @ -

Muj-illz,,_ @lwj+le,, @ lukle,, @
< ||uj ||Wplj (Q)”ul ||Wi}l (Q)HMZHWplz(Q) T
luj—1 ||Wp1j_1(gz)||uj+1||Wplj+l(gz) et ||uk||Wp1k(Q)-

In the cases b) and c¢), let us assume without loss of generality that j # 1. Let s be
such that

1 1 1
—t -+ —4+-+-  + - +o+—=1
pji s 42 dj—1 4j+1 dk
It is easy to see that 1 < s < ¢; and % — 1 < % By Theorem 2.1.1 a), we
have continuous embeddings Z;(2) C Ly, and Z1(2) C Ls. Applying Holder’s
inequality (2.1.1), we conclude:

8 .
(3—1)2’“1u2'---'“j—1uf+1 etk
ou;
< Ha—xluluz Co U U4 '---'”kHLl(sz)

ou;
[ 8—x; Hij @il luzllL,, @ -

Muj-tlle,,_ @luj+illLy, @ - kg, @
= Cllujllwy, @ llllzi@llvzlza@ - -

Nuj-illz,_ylluj+illz @) - lukllzee

=Clluillz,@) - --- llurllz, @)- O
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Remark 6.1.4. Formula (6.1.14) may be rewritten as a formula of integration by parts:

ou,
(8—M*”1u2'---'ur—1ur+1-...-uk)
-1
:_i(% ULUD * oo Uj Uy .. U)
= ox oA T (6.1.16)
J:
ou;j
- Z (—j’ulu2 Uj—1Uj+1 uk)
Jj=r+1 8xl

foranyr =1,...,k.

Corollary 6.1.2. Let Q be an arbitrary domain in R". The following identities hold:

(u,gradg) = —(divu, q), (6.1.17)
- du
Z(u,-u, a_x,-) =0, (6.1.18)
i=1
n
0t
;(uir, a_x,-) =0, (6.1.19)
(r,Vu) 4+ (u,Divrt) =0, (6.1.20)
3 nt Sy L it B—T) = 0. (6.1.21)

i=1 1+5(|L|2+| |) 0xi 212 1+8(|M| T |) " 0x;

In identities (6.1.17), (6.1.20) u € Hy(2)".q € H'(Q), T € W, (Q,REM).
In identities (6.1.18), (6.1.19), (6.1.21) u € V. In (6.1.19) t € W41(Q,R’§X”) or
Hy(QRE™). In (6.1.21) T € W (Q,RE™), uz.8 > 0. In identities (6.1.18),
(6.1.19)n < 4.

Proof. Equality (6.1.17) is shown by a direct application of integration by parts (the
case a) of Corollary 6.1.1):

0
(u,gradq) = Z (ui, _q)
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Similarly, we have
(T, Vu) = Z (Tl'j, ﬁ)

= — Z (u,,aT%) —(u,Div 1),

and this yields (6.1.20).
To show (6.1.21), we transform its left-hand side as follows

" Uiu ou 1 U;T ot
o)+ — —
;<1+8(|i + [uf?) axi) 2’“L2<1+5(|22|2 + [uf?) axi)

" Uj ou 1 0t
X[ L g 3 (5 g ] 45
o L

o, 2
i= 1+8( +|u|2) * H2
H“2
1 " Uj 0 2 5
__Z:[ T g (P ) dx
e 1+8<2,u —|—|u|>

/Ziiij (14 5( 'P'L +uP)) dx

= ! divu -1n (1+8(| o
28 22
Q

+ [u?)) dx = 0.

We have applied integration by parts in the case a) of Corollary 6.1.1.
If n < 4, by integration by parts, using case a) of Corollary 6.1.1if T € W, (%2, RE*™)
and case b) if T € H} (2, R’E"), one has

i(%r%) =_Z(gzz 7| ) Z(E“lf)

i=1 i=1 i=1
= —(divu |t|2)—2n:(u-r a—T) = —i(u-r 8—T)
’ = "7 Ox; — " ox

and we obtain (6.1.19). The proof of (6.1.18) is similar. O
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6.2 Initial-boundary value problem for equations of motion
of a viscoelastic medium with Jeffreys’ constitutive law
and its weak formulation

6.2.1 Statement of the problem

Let € be an arbitrary domain in the space R”, n = 2, 3, which, in particular, may be
unbounded.
We consider the initial-boundary value problem which describes the motion of an

incompressible viscoelastic medium with Jeffreys’ constitutive law (1.3.12) which
corresponds to the substantial derivative (1.3.7):

ou " ou .
—+ » uj— +grad p =Div 0 + f, (6.2.1)
ot im1 ox;
a+k(a—0+2n:u-a—0 2(8+A 38+Xn:u 98 ) (6.2.2)
o T4 Gy) = 218+ A2 oxi -
divu =0, (6.2.3)
ulyq = 0. (6.2.4)
Ult=0 = a, ols=0 = 0o. (6.2.5)

Here, as usual, v is an unknown velocity vector, p is an unknown pressure function,
o is an unknown deviatoric stress tensor, f is the given body force (all of them depend
on a point x in the domain €2, and on a moment of time 7); E(u), 8(u) = (&;;(u)),

8ij(u) = 2(81“ + 3 8u, ) is the strain velocity tensor, n > 0 is the viscosity of the

medium, A1 is the relaxatlon time, A5 is the retardation time, 0 < A» < A1, a and o9
are given functions.

Equation (6.2.1) is the equation of motion (1.1.12). Equation (6.2.2) is the Jef-
freys constitutive law (1.3.12). Equation (6.2.3) is the equation of continuity (1.1.10).
Equation (6.2.4) is the no-slip condition (1.1.15). Equation (6.2.5) is simply an initial
condition.

6.2.2 Weak formulation of the problem

First let us point out that C§® will stand only for C§°(2, R’¢") in Chapter 6.
Let, as in Section 6.1.1, T > 0 be a fixed moment of time. Following the general
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scheme of weak setting, let
W= CH((0.7]: Hy) x C'([0.T]: H (2. RY™)).
P = C([0.T]: H.(Q)).
Z = C([0.T]: L2(2)") x C([0, T]: Lo(Q.R¥")) x Hf x H'(Q,RE™),
Zo = C([0.T]: Lo(R)") x {0} x H} x H'(Q.RE™),

= (/.0,a,00),
S(U. P)=9((u.0), P)

(Bu Zu,—+gradP Div o,

do " do
o+ A(—+ Ui ) —2n(8u) + Aa(
l

88(u) N 2”: 88(u)

8x,

7

ot

i=1
u|l=070|t=0)-

Then we can rewrite problem (6.2.1) — (6.2.5) in form (6.1.1). In order to define
weak solutions, take

W = L(0.T: V) (| Cw (0. T): H) (YW} (0.T: V)

x Lp(0.T: Lo(Q2.RE™) () Cw (0. T): HH(Q.RE™)).
£ = L0, T; V*) x {0} x H x Wy 1 (Q,RE™),
Q=9D(0,T)xD(0,T)x Hx W, " (Q,RE"),

m = {(0,0,0,0)},

l) —(f o),

W L) = (5.0 + ©.99) = Y- (it 5

i=1

n

d 0P
(0, ) + AIE(U’ d) — 1y ; (uio, E)

+ 21(u, Div c1>)+2nxz(—(u D1VCI>)+Z u; 8(u), CI)))

i=1
U|=0 —a,0|=0 —00)|<p eV, ® e C(‘)’o}

for W = (u,0) € Wand L = (£,0,a,09) € L.
Then we arrive at
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Definition 6.2.1. A pair of functions (1, o),

u e Ly0.7:V)()Cuw(0.T): H). — eLl(OTV)
(6.2.6)

o € Ly(0,T; Lo (Q,RE™) ) Cw( [0, T]; H™Y(Q,RE™)

is a weak solution of problem (6.2.1) — (6.2.5) if it satisfies condition (6.2.5), and if
the equalities

n

d do
71.9) +(0.V9) —;(uiu,a—xi) = (f.¢), (6.2.7)

d 0d
(0. @) + A1 (0, @)—Alizzl(u,-a, 8_x,-)

(6.2.8)

= —2n(u, Div ®) —27712( (u Div ®) + Z Uj 8(u) ))
i=1

are true for all ¢ € U and ® € Cg° in the sense of distributions on (0,7) (i.e. in
D'(0,T); see, however, Remark 6.5.3).

Condition (6.1.4) is checked just as for the Navier—Stokes problem (using integ-

ration by parts again).
6.2.3 An existence result
Now we are ready to formulate one of the main results of this chapter.
Theorem 6.2.1 (see [72]). Given f € L,(0,T;V*), a € H, o9 € W, (L, RE*™),
Ao

00 — 27]—8(61) € Lo(Q,RS*"), there exists a weak solution of problem (6.2.1) —
(6.2.5) in class (6.2.6) .

We shall prove this theorem in Section 6.5.

Remark 6.2.1. As a matter of fact one can show a bit more regularity than in (6.2.6)
for the solution of problem (6.2.1) — (6.2.5) even under the conditions of Theorem
6.2.1. See Theorem 6.5.1 and Remark 6.8.1.

Remark 6.2.2. Existence of a weak solution for problem (6.2.1) — (6.2.5) (in a slightly
different weak setting) was proved by Turganbaev [65] in the case when €2 is a
bounded sufficiently regular domain and f € L,(0,7T; Lj).

Remark 6.2.3. In Chapters 6 and 7 it is possible to replace the space RG*" with
RE" = {£ € R |Tré = 0}.
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6.3 Auxiliary problem

Before proving Theorem 6.2.1, we study an auxiliary problem. Let us begin with
an equivalent transformation of system (6.2.7), (6.2.8). Denote ;1 = n% U2 =
"A‘“ , T = 0 — 2u18(u). Then we can rewrite (6.2.8) and (6.2.7) as follows (cf.
Sectlon 1. 5 1):

d I
@0+ (r P) — ;(u T, —) + 212 (u, Div®) = 0 6.3.1)

d 0
T009) = 3 (e 5 E) (V. Vo) + (1. V) = (L) (632)

i=1 !

forallp € U and ® € Cg° (cf. Remark 6.5.1).

Remark 6.3.1. During the study of many issues concerning the weak solutions of
problem (6.2.1) — (6.2.4) (see Sections 6.5 — 6.8) it appears to be convenient to pass
to the variables (1, t) and to investigate these issues for problem (6.3.1) — (6.3.2).

Consider the following auxiliary problem

%(r,@)—i— — (7, ) — EZ( |Z|i2f 3%())
=t 1+5< T |> (6.3.3)
+ 2u2E(u, Div @) + A—(V‘L’, Vo) =0,
1
d " UiU g
E(u’w)_SZ( |T|2 K)
i=0 1+5( ¥ |u |) (6.3.4)
2u2

+ u1(Vu, Vo) + §(z, Vo) = (£ ¢)
forallp e V, ® € HO1 almost everywhere in (0, T);
Uli=0 = a, tlt=0 = To. (6.3.5)

The numbers § > 0, 0 < & < 1,0 < ¢ < 1 are parameters.
Let us introduce the following spaces,

W = {u € Ly(0,T;V), — € L2(0,T;V )},

lullw = lullL,o,7:v) + Ilu’ ||L2(0,T;V*)7
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Wy = {‘C € L2(0 T; HO (Q Rnxn)) ¢ L2(0 T:H™ I(Q Rnxn))}

Izliws =Tl 0,780 + 1T ||L2(0,T;H—1)'

By Corollary 2.2.3, W and W)y are continuously embedded into C ([0, T']; H) and
C([0, T]; L2), respectively. If  is bounded, the embeddings V C H and H} C L,
are compact, so the embeddings W C L,(0,7; H) and Wjs C L»(0,T; L) are also
compact by Theorem 2.2.6.

Lemma 6.3.1. Letra € H, t9 € Ly, f € L2(0,T;V™) and let a pair (u € W,t €
War) be a solution of problem (6.3.3) — (6.3.5). Then the following estimate holds,

T T
max_||u|(¢) + max |t (t)—|—/ u 2(t)dt+e/ ||2(r)dt
 max. [l  max. Il ; [ | I<ll3 63.6)
< Ko(llall, ol | f L, (0,737 %))

where the constant K¢ does not depend on 2, ¢,8,&.

Proof. Tt follows from Lemma 2.2.8 that
du d dt d
—, Q)= — —,®) = —(7,9D). 3.7
(dt,rp) dt(u,w),(dt, ) (0. ®) (6.3.7)
So, by (2.2.28),
_ (du(t)
o=u(t) o dt

d 1d
—u.)| (1)) = 5 ). u).

Analogously

d
™ (D)‘@:r(t) = za( ©-

Put ® = # in (6.3.3) and ¢ = u(t) in (6.3.4) for almost all ¢ € [0, T'], and add

H“2
the results:

< u)+% (6.0 + pa (Ve V) + o

_5;< |Z|.2u 6?7”)
= s( s+ )

(r.7)
A1tz

1 Ui T ot

2us 1+5('f'2+| |) a_)cl-) 2xlu2

—(V1,V1)

4+ &(r,Vu) + £E(u,Divr) = (f u).
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Taking into account (6.1.20) and (6.1.21), we obtain

1d 1 d 1
EE(U,U)‘F4——(T,T)+IL1(V%VU)+ 0 (z.7)
H2 H2 (6.3.8)
2)L (Vr V) = (fu).
We are going to use the following simple inequality:

1

—(max¢1(s) + max ¢o(s) +--- + max¢k(s))

kseJ seJ seJ (639)

= max($1(s) + ¢2(s) + -+ + P (s))

for scalar functions ¢1,¢2,...,¢r : J CR — [0,+00),k € N.
Integration of the terms in (6.3.8) from O to ¢ yields:

D2y + = H|Pa)+3/l L8 1 pa +3/t ‘ Itl2d
— (U —|| T T S — || T S
2 4z 0 2412 o 2Aipa’

t 1 1 t
+//umw%—anmsme+——mw2+/nfwwwmm.
0 2 4o 0

Then we get:
! P + : ||n<y+/T Il di
—_— maX e maX T T
10 ¢<fo, 20745 tefo, o 10A1u2

T e ) 1 T 5 )
o, elrde+ 5 - dt
*L mhuﬂﬂl +5A (el = )

1 2 1 2 /l
< — t — t d
< max][2||u|| ()+4M2||T|| (1) + §

tel0,T 0 ZA

t
+/0 Y

(6.3.10)

t
M+/MWM—WMM]

1 1 T
fwwﬁ+—4mw+[|vwwwmm

2 4o 0

1 2 1 2 d 2 1/2
sgwn+@7ww+wfhmmwxﬁ Julf dr)

Note that the following inequality is valid:

1 T ) ) T
— — dt > 2 dt 6.3.11
trr[lgv;] 20||u|| )+ 2 /0 pa(flully = lull®) dt = V/O flullf ( )
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. M1

h = —, —).
w ere?/ mm.(ZOT ) . -
For its proof it is enough to add inequalities:

T T
— > 2dt > / 2 de
te[o X 2OII ul>(t) = 20T flull =7 ). [l

and

1 r 2 2 r 2 2
3|l =Py =y [t - iy ar

Now, we have from (6.3.10) and (6.3.11):
T T
1 1 1/2
y [l dr < el + ool + 1 s ([ Il di)
0 2 4112 0

This yields ( fOT l[ul|2 d t)l/ > < y,, where y, is the greater root of the quadratic
equation

1 1
2 _ Ly2 2 R
7y? = 5lal + ol + 1 f sy

Then from (6.3.10) and (6.3.11) it follows that

1 1 ) € ro
— — t dt dt
35, max. lul’? ()+20 max_ [ ()+y/ Il dr + g [ 113
< 22 2 o
= 2||a|| + 4#2 Izoll™ + 1/ |z, 0,7;v+) y2-
what yields the statement of the lemma. O

Theorem 6.3.1. Let Q be bounded and a, vy, f satisfy the conditions of Lemma 6.3.1.
Then problem (6.3.3) — (6.3.5) possesses a solutionu € W, © € Wyy.

Proof. Let us introduce auxiliary operators by the following formulas (in these for-
mulas ¢ and ® are arbitrary elements of I and HO1 (Q,RE*") respectively):

Ny : Wy — Lo(0,T; V™), (N1(x),¢) = (1, Vo)

Ny :W — Ly(0,T; H™Y), (Na(u), ®) = 2pu2(u, Div ®)

Ks: W x Wy — La(0,T: V™),

n
(Ks(u.7).0) = - i 4
e
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Ks: W x Wy — Lo(0,T; H™Y),

= _ " Ui T 8;(3
(K3, 7). @) = ;<1+5<|u|2 gy )

AV = V* (A),¢) = n1(Vu, Vo),

Ag: HY — H™', (As(7), @) = &(Vr, V) + %(r, ®),

AW x Wiy — Lo(0,T; V) x Ly(0,T; H V) x H x Lo,
At = (P40 4 sy, T 4 aew) ulimo. limo).

O : W x Wy —>L2(O,T;V )X La(0,T: H ') x H x L,
Qu.7) = (Ks(u.7) + N1 (7). K (u, 7) + N2 (1), 0,0).

Then problem (6.3.3) — (6.3.5) is equivalent to the operator equation
A, 1)+ EQu, 1) = (£,0,a,10). (6.3.12)

Since the embeddings W C L,(0,7; H) and Wy C L»(0,T; Ly) are compact,
the operators Ny, N, are compact. Let us show that the operator K is also compact.
This operator may be considered as a superposition of the embedding operator

j Wox WM — Lz(O, T; H) X Lz(o, T;Lz)
and of the operator
Ks:L,(0,T: H) x Ly(0,T;Ly) — Lo(0,T; H™Y).

The first operator is compact, so it suffices to show that the second one is continu-
ous. Observe that for this purpose it is enough to know that the following Nemytskii
operators are continuous:

¢ijk : Lz((o, T) X Q,Rn) X Lz((O, T) X Q,Rgxn) — Lz((o, T) X Q),

Vi (tv x)gjk (t7 X)

ls(t, x)[*\’
T )

But by Cauchy’s inequality for all v € R” and ¢ € R’¢*” one has

i,j,k=1,...,n.

¢ijk(vv g)(t,X) =
1+ 8(|v(t,x

1 1/2.,.2 1 2
ViSik - 3Qu2)' 207 + 2(2#2)1/2§jk‘ _ Q)2

1+5(|vlz+%) : 1+8(|v|2+%) 20
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Therefore, by Krasnoselskii’s theorem [31], the Nemytskii operators ¢; . are contin-
uous.

Similarly one checks that the operator Kg is compact.

Hence, the operator Q is also compact. But the operator Ais continuously invert-
ible by Lemma 3.1.3. Rewrite equation (6.3.12) as

u,t)+ A0, 1) = A71(£.0,a, 10). (6.3.13)

By Lemma 6.3.1 equation (6.3.13) has no solutions on the boundary of a sufficiently
large ball B in W x Wpy, independent on §&. Without loss of generality
ao = A71(£.0,a, 1) belongs to this ball. Then we can consider the Leray—Schauder
degree (see Section 3.2.2) of the map I + A" Q on the ball B with respect to the
point ao,

degz (I + 4710, B, a),

where [ is the identity operator. By the homotopic invariance property of the degree
we have

deg; (I +EA'Q, B ag) = deg; 5(I, B,ag) = 1.

By Theorem 3.2.3, equation (6.3.13) (and therefore, problem (6.3.3) — (6.3.5)) has a
solution in the ball B for every £. O

We need the following estimates on the time derivatives of the solutions of problem
(6.3.3) — (6.3.5).

Lemma 6.3.2. Under the conditions of the previous theorem the following estimates
of the solutions are valid:

d
152 yorsey = Kallall, o]l 1 f ao.rav)- (6.3.14)

dt
155 o7y = Kallall ol 1f s 7:v0)2) (6.3.15)
where the constants K1, Ko do not depend on 2,6, &, and K is independent of .

Proof. We have from (6.3.4):

r q
/
o o) oy = [ | G50l
T & uju dp
- ‘§Z< 2 7—_>‘+|M1(VM,V¢)|
A B N
i=1 1+8(—+|u|)
242

+ £ Vo)l + [(f o) ld1.
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Note that V' C L4 and m < 1. Using Holder’s inequality (2.1.1),

Cauchy’s inequality and estimate (6 3.6), we conclude that the right-hand side does
not exceed

T
||¢’||1/0 (IO u@Orn | + pallu@ll + IOl + [ £ @) v+)dt

T
< ||<p||1[0 (||u(t)||L4+ + £ || u@F + @)+ 1f@)llv+)dr

< Cllel (1 + 117 0.7 + ||T||LOO(O,T;L2) + 1/ lL20.7:v%))

= Ki(llall. Izoll. 1./ iz 0,757 ) @]l

so we get (6.3.14).
Using embedding H(} C L4, (6.3.3) and (6.3.6), we have:

I Pz 07
= 5@
< |- @Ol 0 + 1 IVE VL 01
+Hég<1+5(':’;+|u|2)’§_j))
2p2

+ 1212 (u, Div @) 1, (0.1

L(0,T)

&
—||f||L1(o,T;L2)||q>||L2 + —||<D||1||f||L1(o,T;H1)

+ lullL 0,720 1Tl 25 (0,7;L4) H “Lz + 2p2llullL, 0,7;L) I Div ®||L,

< Cl @l (1Tl zow(o.7:L5) + 8||f||L2(0,T;H1)

+ 1wl L0, 7:) 1Tl Lo0,7:v) + NllL s (0,7:L,))
< @l K2([lall. .€),

and so we arrive at (6.3.15). O

6.4 Passage to the limit.

Consider one more auxiliary system

%(‘c, ®)+ - (z ) — ; u;t —|—2,u2(u D1v<I>)+—(Vr V) =0, (6.4.1)
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d - 9
T009) = Y7 (i 55 4 (Vi Vo) + (7. V9) = (fg)  (642)

i=1
forall ¢ € U and ® € Cg° almost everywhere in (0,7); 0 <& < 1.

Theorem 6.4.1. Let 2, a, vy, f satisfy the conditions of Theorem 6.3.1. Then the
problem (6.4.1), (6.4.2), (6.3.5) possesses a solution in the class

u€Ly0,T:V), teL0.T;Hy).

du dt

— e Li(0,T;V*, —elL(0,T;H! 6.4.3
I 1( ) T 1( ) (6.4.3)

which satisfies estimates (6.3.14), (6.3.15) and

T T
vrai max ||ul|[(¢) 4+ vrai max ||t]|(?) —|—/ ||u||%(t)dt —l—e/ ||‘L'||%(Z)dt
t€l0,T] €[0,T1] 0 0

s s

< Ko(llall, llzoll. Il f |, (0,17 +))-
(6.4.4)

Proof. Consider problems (6.3.3) — (6.3.5) withé = 1 and § = %, m=1,2,....By
Theorem 6.3.1 there exist solutions (4, T ) of these problems. Taking into account
estimate (6.3.6), without loss of generality (see Remark 2.1.1) we may assume that
there exists a pair (#«, 7«) such that

Um — Ux weakly in L,(0,7; V),

Um — Usx F-weakly in Loo(0,T; H),

Tm — T« Weakly in L, (0, T; HOI),

Tm — T F-weakly in Lo (0,75 L2),
as m — oo.

dum . . *
By Lemma 6.3.2 the sequence {7} is bounded in L{(0,7T; V™), and the se-
d
quence {%} is bounded in L1 (0, 7; H~'). Then by Theorem 2.2.6
Um —> Ux strongly in L,(0,T; H),
Tm — T« strongly in L5 (0, T'; L3),
so without loss of generality we may assume that

Um (1) (x) = ux(t)(x) almost everywhere in (0, 7') x €2,
Tm(t)(x) = T«(¢)(x) almost everywhere in (0, 7') x Q.
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It is obvious that estimate (6.4.4) is valid for (v, Tx).

Substitute (U, Ts) in equalities (6.3.3) and (6.3.4) with § = %, & = 1. Tak-
ing the scalar product of these equalities in L,(0, 7') with a smooth scalar function
¥(t), ¥(T) = 0 and integrating by parts the first terms, we obtain

n

[ avionar s [ (e - 3 (T 0

. ox;
i=1 |4 — (Z’;' + [um|?) l
2

+ 22 (tm. ¥ Div @) + %(Vrm, WW’))df = (70. 2)¥ (0). 6:4.5)

—/()T(um,gow/(t))dt + /OT (/u(Vum, YVo)

“ (Um)i Um g
_;( 1 |tml? s ’wa—xi) + (oY) dr (6.4.6)
b, (G, T uml)

T
= /0 (f.o¥)dt + (a, @)Y (0).

Let us check that

f oy e i [ (e i
m

|Tm| =
+ [um| ) =
2u
(6.4.7)
kB G tay iy [ oy
1—1 L+ 5 (22l 4 jup ) i=1
(6.4.8)
as m — 0o.
We have:
T n .
J e
=1 L m 2 !
1+m(2N2 + [um| )
T n
N / (tm)i (om)ji M)jk)dt‘
|fm|2 8)(:1'
0 + |t )

, =1
b m(z,u
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(Um)i (Tm)jk

meaxH — (ux)i(t H
L T e PReTs
m: 2 "
N Lo 0,75m) [Pl ot (@ r2xny.-
Then,
(um)i (Tm)jk H
— u . T .
Hl l(lfml2 T luml?) i k] Lo 7i
m: 24 "
- H (Um)i (Tm)jk - (u*)i(f*)jk )
(ZM + |um]| )
()i () i
+H > (u*),-(r*)ijL 0.T;L
+— (|m|+| |) 1(0,T;Ly)
m* 2 tm

< [ @um)i @m)je = )i @)k 1 o7

2
o) TR

< [um)illLo0,7:L2) 1(Tm) jk — (T2) jx L2 (0,7:L2)

+ 1 m)i — )il Ly 0,7:L2) 1(T) jk L2 0,7 L2)

vl (2L 4 a2 a0 (7)1 |

7|2 2
m+ =+ Jum|

L1(0,T;Ly)

The first and the second terms tend to zero as m — oo foru,, — ux in L,(0,T; H),
and 7, — 14 1in L2(0, T'; L»). It remains to prove that the third term also tends to zero.
In fact, the convergences u,,(t)(x) — u4(t)(x) almost everywhere in (0,7) x €,
Tm (1)(x) — T«(¢)(x) almost everywhere in (0, 7") x Q imply that

(2 DOF 4, (1) (0)P) 0t (6 () (5) 1 () ()
m 4 DOy, (1) ()2

— 0 almost everywhere in (0, 7') x 2.
Furthermore,

ﬁ% [t (1) (0)[2) (2001 (1) () (2 1 () ()
m+ |tm(t)(x)| + [um () (x)[2
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and (u«); (t) k(1) (x) € L1((0,T) x ). Thus, by the Lebesgue theorem,

(L OO 1 (1) ()2 1) (1) () (2 (1) () o

2
m -+ EREIE (00

inL1((0,T)x Q) asm — oo.
We have proved (6.4.7). Observe that (6.4.8) can be shown just in the same way.
Now, passing to the limit in (6.4.5), (6.4.6) as m — oo, we conclude

—/OT(T*,CDWI([))df-i-/OT (%(T*qu’)_i«”*)”*’wg_j)

i=1

(6.4.9)
+ 2045 (i, ¥ Div ®) + +Ai(vz*, wcp))dt — (20, D) (0),
1

n

_ /()T(u*,ggw/(t))dt + /OT (Ml(Vu*,lﬁvfﬂ) - Z ((u*)iu*, W%D)
i=1 " (6.4.10)

T
@ Vo)di = [ feviar+ @pv o,

Since it has been carried out, in particular, for every ¥ € C3°(0,T), the function
(ux, T«) satisfies (6.4.1), (6.4.2) in the sense of distributions on (0, 7).

Substitute (14, 74) into equalities (6.4.1), (6.4.2). Since all terms in the obtained
equalities are integrable on (0, 7°), these equalities are valid almost everywhere on
(0, T'). Taking the scalar product of these equalities in L, (0, 7') with a smooth scalar
function ¥ (¢), ¥ (T) = 0, ¥(0) # 0 and comparing the result with (6.4.9), (6.4.10),
we see that

(ux]r=0.9)¥ (0) = (a.9)¥(0),
(Txlr=0. ®)¥(0) = (0. P)¥(0).

Since ® and ¢ are arbitrary, us and 4 satisfy (6.3.5). Repeating the proof of Lemma
6.3.2 with § = 0, & = 1, we see that the solutions of problem (6.4.1), (6.4.2), (6.3.5)
satisfy estimates (6.3.14), (6.3.15). Thus, (ux, t«) is the desirable solution. O

Remark 6.4.1. There is another way to check that the limit (u 4, 7«) satisfies the initial

condition (6.3.5). One has to observe that the the sequence {dgt’” } is in fact bounded

in L4/3(0,T:V™), and the sequence {dst’”} is bounded in L, (0, T; H~2) (see Re-
mark 6.8.1 below). But since u; — us *-weakly in Loo(0,7; H), Ty — Tx *-
weakly in Lo (0, T'; L), Theorem 2.2.6 gives that u,, — u4 strongly in C(0, T; V™),
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Tm — T« strongly in C (0, T; H~1). In particular, there is the pointwise convergence.
Hence, a = u;,(0) — u«(0) strongly in V*, i.e. ¢ = u«(0), and 19 = 7,,(0) —
74(0) strongly in H~1, i.e. 79 = 74(0). Such an approach may be used also in the
proof of Theorem 6.5.1, where we, however, shall apply the first way of proof again.

6.5 Existence of a weak solution for the Jeffreys model

6.5.1 Existence of velocity and stress

Let us prove a statement which yields Theorem 6.2.1 immediately.

Theorem 6.5.1 (see [72]). Given f € L,(0,T; V™), a € H, 19 € L», there exists a
pair of functions (u, ),

d
u € La(0.T:V) () Loo0.T: H) () Cu(0.T]. H). = € Li(Q.T: V™),
(6.5.1)
d
T € Loo(0.T: L2) [\ Cu(0.T). Lo). 7 € Lo(0.T: H ™)

satisfying (6.3.1), (6.3.2) almost everywhere in (0, T'), the initial condition (6.3.5) and
the estimate

du
lullLoo.rv) + 1l + 17712, 0.1 + 17 lLac0.75L2) .

dt
+ HEHLZ(O,T;H_Z) < Kz(|lall. [[zoll, ||f||L2(0,T;V*))7

where K3 does not depend on 2.

Remark 6.5.1. As a matter of fact, the solution (u, 7) satisfies (6.3.1) for all ® EI/IO/}t
(Q,RE*™) (not only from C§°), and (6.3.2) holds for all ¢ € V (not only from
V). Really, asu € L,(0,T;V) C LZ(O,T;HOI) C L(0,T; L), one has uju €
L1(0,T; Ly) by inequality (2.2.1). But Vu € L,(0,7T;L3), T € Lxo(0,T;L5),
f € L(0,T;V*). Applying Lemma 2.2.8 (implication i) — ii)) with X = V*,
X* = V (V is reflexive), Z = U, and with (6.3.2) instead of (2.2.29), we get
the second claim. Furthermore, since u € L,(0,7;L4), T € Loo(0,T;L53), one
has u;t € L2(0,T; L4/3); and applying Lemma 2.2.8 with X = W[A(Q,R’&X”),

X* :WO/‘{(Q,R’_;’(”), Z = C&°, and with (6.3.1) instead of (2.2.29), we get the first
claim.

Proof of Theorem 6.5.1. Denote by €2, the intersection of €2 with the ball B, cen-
tered at the origin in the space R” of radius m = 1,2, .... From the definition of the
space H (Section 2.1.2) it easily follows that there exists a sequence {ay, },

am € Cg° ()", divay, =0, suppam C Qm, am — a in L2(2)", |lam| < ||a||.
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Consider on €2, for every m, problem (6.4.1), (6.4.2) with ¢ = % and the initial
condition

Ult=0 = am, tlr=0 = to0lg,,- (6.5.3)

By Theorem 6.4.1 there exists a solution (¥, T;) of this problem. All these solu-
tions are bounded by estimates (6.3.14) and (6.4.4) with ¢ = % Denote by i, and
Tm the functions which coincide with u,, and t,,, respectively, in €2,,, and are iden-
tically zero in 2\ 2,,. Without loss of generality (see Remark 2.1.1) we may assume

that there exists a pair (1«, 7«) such that

Um — ux weakly in L,(0,T; V),
Um —> Usx *-weaklyin Loo(0,7T; H),

Tm — T« *-weakly in Loo(0,7T; Ly).
Furthermore, by Theorem 2.2.6:
Um|Q, — uUx|q, strongly in L>(0,7T; L2(2k))

for every k. Obviously, (1«, T«) satisfies estimate (6.4.4).

Take arbitrary ¢ € V, ® € Cg°. Fix k large enough, such that the supports of ¢
and & are contained in Q2.

Substitute (1, T,) in equalities (6.4.1), (6.4.2) withm > k, ¢ = % Take the
scalar product of these equalities in L,(0, 7)) with a smooth scalar function ¥ (),
Y(T) = 0 and integrate by parts the first terms. Due to the choice of k we can
replace u,, and 7, in these equalities by u,, and 7,,. We have:

T ) r 1 () 0P
_/0 (Tm, @' (1))dt +/0 (ﬂ(f’"’wq))_l;«um)i o 1//8_36,') (6.5.4)

4 23 (i, 1 Div ®) + Mim(wm, YV®))di = (r0. )y (0)

n

- /0 (im0t + /0 (119 V0) - Y (i, 022

, 0x;
i=1

T
+ (Tm, wm) dt = /0 (froy)dt + (am, @)y (0).

(6.5.5)
Observe that

‘%/()T(V%m,wcp)‘ )%/OT(%,,,,WACD))

IA

1 T
E”Tm”Loo(O,T;Lz)[O lyA®]| oo 0.
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Now, let us show that

/ Z (tm)iTm, dt—>/ Z ()i Te, ¥ 8q>_) t, (6.5.6)

i=1

/ Z (iim )i, / Z (ilx)iflx. ¥ ) . (6.5.7)

i=1

Really, using inequality (2.2.1), we get:
T n ~ ~ ~ ~ P
[ 2 (= @ty )|
=|/ ' Z (o) = @) v 5 )|
+‘/ Z (Ux)i (T — Tx), w )dt‘

i=1

< [ (um — ux)

o Iz,0,7:22)Itm 50,7 L5)
k

XY VOIL o 0.7:L00) + [{Tm — s Z(”*) W LOO(O T:Ly)xL1(0,T; L2)|
i=1

Both terms tend to zero, and (6.5.6) is proved. Similarly one shows (6.5.7).
Now, let m tend to infinity in (6.5.4) and (6.5.5). We obtain:

. / T n 0D
_/o (z. @Y/ (1))d1 +/0 (3 ver- ; (trmev5) (65.8)
+ 2412, Y Div D) )d1 = (z0, D)V (0),
_/OT (u*,(pw’(t)>dt +/0T (m(VuMW‘P)_é((u*)iu*’wg—z>
o (6.5.9)

T
+ @90 dt = [ (Lot +@op o),

As in the proof of Theorem 6.4.1, this implies that (4, T«) is a solution of (6.3.1),
(6.3.2), (6.3.5) and u satisfies estimate (6.3.14).

To prove (6.5.2), it remains to estimate the fifth term in its left-hand side. Substitute
(4, T«) in (6.3.1). Using inequality (2.2.1), the embedding V' C L4, and estimate
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(6.4.4) for (ux, T«) , we have:
, 4
” <‘[*’ CI)) ||L2(0,T) - “ E(T* » CI)) “Lz(O,T)

1 " D
= HZ(T*’ ®) “Lz(o,T) + H Z((“*)if*’ 3_xl,)HL2(0,T)

i=1

+ 1212 (5. Div @) [ 2, 0,7)
1
= Tl 19l + oLl ediaors [ VOl .,
+ 2p2lluxllL,0,1;0,) | Div @2,
< Cl Pl ltslLoe0.7:L2) + sl 0.7:7) 75l Lo (0.7 L)

+ lluxllz,0,7:v))
< Ka(lla|. llzoll.

| a7 ) 1@l 2.

and we obtain the desirable estimate.

By Lemma 2.2.8, almost everywhere on (0, 7") u+ is equal to a continuous function
with values in V*. Thus, without loss of generality we may assume that v itself is
continuous on [0, T'] with values in this space. And since it belongs to Lo (0,7; H),
by Lemma 2.2.6 it is weakly continuous on [0, T'] as a function with values in H.
Similarly, T € Cy ([0, T']; L2). The proof of the theorem is complete. O

Remark 6.5.2. By the same scheme it is easy to show that in Theorems 6.3.1 and
6.4.1 the condition of boundedness of €2 is not necessary.

Proof of Theorem 6.2.1. Take 19 = 09 — 21418(a). By the condition of the theorem
70 € Lp. By Theorem 6.5.1 there exists a solution (1, t) of problem (6.3.1), (6.3.2),
(6.3.5) in class (6.5.1).

It is easy to see that 8(u) € L,(0,T: L) () Cw([0,T]: H™1).

Take 0 = 7 + 241 8(u). Then the pair (u, o) belongs to class (6.2.6) and satisfies
(6.2.5), (6.2.7), (6.2.8), i.e. it is a weak solution of problem (6.2.1) — (6.2.5). O

Remark 6.5.3. Since (6.3.1) and (6.3.2) are satisfied almost everywhere in (0, T),
(6.2.7) is also satisfied almost everywhere in (0, 7). But we cannot assert that (6.2.8)
is also satisfied almost everywhere in (0, 7"), since (6.2.8) contains two time deriva-
tives, and Lemma 2.2.8 is not applicable here.

6.5.2 Existence of pressure

The pressure p was removed from problem (6.2.1) — (6.2.5) by the weak setting pro-
cedure. Condition (6.1.4) gives an opportunity to restore it when a weak solution is
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sufficiently regular. Is it possible to restore the pressure (maybe in some generalized
sense) in general? In this subsection we examine this question.
We begin with a “positive” result.

Theorem 6.5.2. Let Q2 be as in Corollary 3.1.1, n = 2.3, and let f € L,(0,T;
H™YQ)"). Then for any weak solution (u,c) to problem (6.2.1) — (6.2.5) there
exists a function p € Wozl (0, T; L»(R2)) such that equality (6.2.1) holds (e.g. in the
space Wogl 0, T; H-1(Q)")).

Remark 6.5.4. Under the conditions of the theorem, use of Definition 6.2.1 is possible
since one can always assume that f € L,(0, T; V*). Really, for almost all € (0, T),

@) = (f1@),.... fa) € HTHQ)" = (Hg (2)))".

Then f(¢) may be considered as a linear continuous functional on V' (i.e. as an ele-
ment of V*) according to the formula

n

(SO, @)y =Y i) ¢ g1xmy- ¢ € V-

i=1

Proof of Theorem 6.5.2. Let (u,0) be a weak solution to problem (6.2.1) — (6.2.5).
Then, in particular,

u € La(0.T:V) () Loo0. T3 H),
o € Ly(0,T; La(Q2,RG™)),

and
n

d 5
J9) + (@ Vgo)—Z(u,-u,a—fi) = (f.0) (6.5.10)

i=1
forallp € V.

Thus,
u e Lz(O,T;L4), Vu € Lz(O,T;Lz).

Then by (2.2.1),

du

3 € L1(0,T;Lqy3) CL1(0,T;H Yy c WO, T;H™), i=1,....n
Xi

Ui

The first embedding follows from Theorem 2.1.1 a). Let us check the second one. By
Corollary 2.2.1,

w0, T;H}) C C(0,T]; Hy).
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The embedding is dense and continuous. Hence,
L1(0.T;: H™Y) c (C([0.T): Hy)* € (WO, T: HI)* = WO, T: H™Y).
Observe that
u' € WGl (0,T; Ly),
Divo € L0, T; H™Y).

Integrating by parts (see Section 6.1.2) in the second and the third terms of (6.5.10)
we conclude that

0
(u'.¢) — (Div 0,¢)+(Zuia—;,¢) = (f.9) (6.5.11)
i=1 !

n
forallgp € V. Letg = f—u'+Divo— Y ”H‘?Tu Then g € W10, T; H-1(Q)"),
i=1 '
and

(@), p) =0 (6.5.12)
for all ¢ € V. By Corollary 3.1.3, there exists p € W (0, T; L,) such that

grad p = g,
which is equivalent to (6.2.1). The proof is complete. O

However the answer to the question which was put at the beginning of this sub-
section is not positive in general. Even in the case of bounded sufficiently regular
domain 2 with connected boundary, (6.2.1) cannot hold a priori for body forces from
L, (0, T;V*(2)). Let us illustrate this using the ideas from [55].

Lemma 6.5.1 (see [55], p. 228). If Q is bounded sufficiently regular and its boundary
is connected, there exists a sequence of functions {vy, } C U such that

Um =0 in V¥ vy —>v#£0in HY(Q)". (6.5.13)

Corollary 6.5.1. Let Q2 be bounded sufficiently regular and let its boundary be con-
nected.

a) There is no Hausdorff topological vector space Y such that
V¥ Q) cy, HYQ)"cY

with continuous embeddings,
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b) there is no Hausdorff topological vector space M such that
L0, T:V*Q) CY, L0,T:H ' (Q)")CY
with continuous embeddings.

Since different members of (6.2.1) belong to different spaces (in particular, u’ €
W0, T; Ly), Divo € Lr(0,T; H 1 (Q)"), f € L2(0,T;V*)), one needs some
“large” uniting space which contains them all (in order to interpret equality (6.2.1)
in this space). Due to Corollary 6.5.1 b), it turns out to be impossible to find such a
space even with minimal restrictions of its properties.

However, a “uniting” space exists for 2 = R”: for example, it is the space
L1(0, T; H-1(R™)"). Observe first that for u € H(R"), ¢ € H'(R",R") one has

(U, @) g—15pg1 = (U, @) = (u, Po) = (u, Po)g+xg = (u, Po)y+xv.

where P is the Leray projection (5.2.12). Note that Lemma 3.1.1 and Liouville’s
theorem imply

P(L»(R")) = H) = HR"), P(H'(R")) = H}, = V(R").
Thus, we arrive at the embedding
V*R") c H YR™)", (6.5.14)
i.e. any u € V* determines a linear continuous functional on H ! (R")” by the formula
(. @) g—-1@rynxm @y = (U, Po)y=xy (6.5.15)
for ¢ € HY(R™)",

Theorem 6.5.3. Let f € L,(0,T;V*(R™)"). Then for any weak solution (u, o) to
problem (6.2.1) — (6.2.5) there exists a function p € L1(0,T; L2 j0c(R™)) such that
equality (6.2.1) holds (e.g. in the space L1(0,T; H™(R™)")).

Proof. Let (u,0) be a weak solution to problem (6.2.1) — (6.2.5). Then, due to
(6.5.14),
w e L1(0,T:V*YC L0, T;H™Y),

feL,0,T:V*)C L0, T;: H™ Y.

But as in the proof of Theorem 6.5.2,
d
Ui € Ly(0,T: H™Y),
0x;

Divo € L,(0,T; H™Y),
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and one has (6.5.10) and (6.5.11).

n
Letg=f—u'+Divo— ) ”H‘?Tu Then g € L1(0,T; H™1(R")"), and (6.5.12)
i=1 !
holds for all ¢ € V. By Corollary 3.1.4, there exists p € L1(0,7T’; L2 joc) such that

grad p = g,

which is equivalent to (6.2.1). O

6.6 Differential energy estimate and uniqueness of the
weak solution for the Jeffreys model

The problem of uniqueness of weak solutions for the majority of the equations of
hydrodynamics generally remains open. For example, for the equations of Navier—
Stokes (Newtonian fluid) in the two-dimensional case a weak solution is unique, and
in the three dimensions there are only conditional results. For instance, the classical
result by Sather and Serrin ([61], Theorem I11.3.9) says that if a weak solution to
the initial-boundary value for the equations of Navier—Stokes belongs, in addition,
to Lg(0, T; L4), then it is unique in the class of weak solutions satisfying an energy
inequality. In this section we shall prove a similar result for the Jeffreys model.

6.6.1 Differential energy inequality

First we derive an energy inequality for the constructed in Theorem 6.4.1 solution to
problem (6.4.1), (6.4.2), (6.3.5).

Lemma 6.6.1. The solution to problem (6.4.1), (6.4.2), (6.3.5) constructed in Theorem
6.4.1 satisfies the following inequality for almost all t € [0,T] :

1 1 !
Shusl?@) + Il @) + / (1= )llwl® + ellw«lIF) ds
2 42

2
0 “ALH2 6.6.1)

t 1 1 t
+/ sallusl3 ds < —||a||2+—||fo||2+/ (F(5). 1 (s)) ds.
0 2 41 0

Remark 6.6.1. The space Y = Y(2) was introduced in Section 2.1.2 and will be
often used from now on.

Proof. Consider the pairs (U, T,) Which were used in the proof of Theorem 6.4.1
for the construction of the solution. Each of them satisfies equality (6.3.8). Having
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integrated this equality from O to 7, we get:
t

L 3 (= Ol + ellm|7) ds

1 1
~Num (@) + —lwm|* () +
2 412
! 2 R 1 2 !
+ | millumly ds = Zllall” + ——llwol” + [ (f(s),um(s))ds
0 2 dpr 0

Take the scalar product in L,(0,T) of this equality with a smooth function ¥ €
D(0, T') with non-negative values:

t

T
1 2 1 2 2
_ _ - (1=
/0 {2 llm ||~ (2) 410, | Tm |1~ (2) o 2A1p0 (( &) tml| elltm |7 )

t
2
[l dsfy o ar

e, 2 '
= [7 Gl + ol + [ (7 ume ds e .

Passing in this relation to the inferior limit as m — oo, and using the fact that the
norm of a weak limit of a sequence does not exceed the inferior limit of the norms,
we arrive at:

T t
1 2 1 2 / 1 2 2
—Nus||“ () + — ||z« 7 () + ——((1 = &) ||z«||” + &l T« ds
| {31000 + sl P O + [ S (ol + el
t
+f mnu*n%ds}w(r) dr

t
< [ Gl + ool + [ uenas)ya ar
0 0
Since {r was chosen arbltrarlly, this yields (6.6.1). O

It is also possible to get an energy inequality for the solution of problem (6.3.1),
(6.3.2), (6.3.5):

Lemma 6.6.2. The solution to problem (6.3.1), (6.3.2), (6.3.5) constructed in Theorem
6.5.1 satisfies the following inequality at almost all t € [0,T] :

1 1 t t
~llul*@) + —Ilfllz(t)+/ ||T||2dS+/ o llully ds
2 4ian 0 0

2A1 142 6.62)

t

< Slal + ool + [ (F6)ute)) ds
H2 ]

Proof. Consider the pairs (U, T,) Which were used in the proof of Theorem 6.5.1

for the construction of the solution. Each of them satisfies inequality (6.6.1), and,

therefore, (6.6.2). The rest of the proof (the passage to the limit in this inequality) is

similar to the arguments in the proof of Lemma 6.6.1. O
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6.6.2 Uniqueness of the weak solution

Theorem 6.6.1 (see [69]). Assume that n = 3 and, under the conditions of Theorem
6.2.1, there is a weak solution (u1,o01) to problem (6.2.1) — (6.2.5). If

up € Lg(0.T:L4(R)"). 71 = [o1 — 2u18(u1)] € La(0. T: W 4(Q.RE™)),
(6.6.3)
then this solution is unique in the class of weak solutions (u, o) (in the sense of Defi-
nition 6.2.1) which satisfy inequality (6.6.2) with t = 0 — 2j418(u).

Proof. Let there be another weak solution (15, 02) to problem (6.2.1) — (6.2.5) satis-
fying inequality (6.6.2) with 1o = 0, — 2418(u2). Let us show that it coincides with
(u1,01), i.e. that (42, 72) coincides with (11, 71).

Obviously, both pairs (11, 1) and (12, T2) are solutions of problem (6.3.1), (6.3.2),
(6.3.5).

Asuy € Lg(0,7;Ly), one has ujju; € La(0,T; Ly) by inequality (2.2.1). Fur-
thermore, since u; € Loo(0,7T; L), 11 € L4(0,T; I/Io/i(Q,R’éX")), I/Io/i(Q,R’gxn)
- LOO(Q,R’L%X"), one has uy;t1 € L4(0,T; Ly). Using Lemma 2.2.8 (cf. Remark
6.5.1) we conclude that (11, 71) satisfies (6.3.1), (6.3.2) atallp € V, ® € H], and
U e L0, T;V*), T e Ly(0,T; H).

Putz = 71, ® = 2@ in (6.3.1) and u(t) = ¢ = u1(¢) in (6.3.2) at almost all

2
t € [0, T], and add the results. Taking into account (6.1.18) — (6.1.20) we get:

1
2X1 42

1d 1 d
——(uy,ur)+——(r1, 1)+ p1(Vur, Vuy)+ (t1,71) = (fou1). (6.6.4)
4, dt

2dt

Integrating this equality from O to arbitrary ¢ € [0, T'], we obtain the energy equality

1 1 t t
DhalPo) + ——jaro) + / Ial? ds +/ sl |3 ds
2 4o 0

2
1 0 “ALH2 (6.6.5)

— 2 1 2 ! d
= Sl1al? + 2ol + [ (7@ o).

Integration by parts in the third and fourth term of equality (6.3.1) with (11, t1)
implies that (11, 71) satisfies the identity:

d 1 " 8‘[1
2T @)+ (@) + D (15— ®) = 22(8(n1), @) = 0. (6.66)

i=1 !

By (2.2.1), uli% € L,(0,T;L»). Then Lemma 2.2.8 yields that (6.6.6) is ful-
filled for all ® € L,.
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(1) .
Take ® = 2— in(6.6.6)andu = uy, ¢ = uy(t)in(6.3.2) atalmostall z € [0, T],
%)
and add the results (taking into account (6.3.7)):

n

1 1 8‘[1
—2)&1/L2(T1’T2) +— 0 Z(ull o )

=1

d
—T11, ‘Cz) +

1
ul,uz) + 2/L—2(dt

(s

n sy (6.6.7)
— (Vur.t2) = Y (wriu, T —2) + 1 (Vuy, Vi) + (z1. Vo)

i=1
= (fruz).

Integrating by parts in the second term of equality (6.3.2) with (12, 72), we con-
clude that (u3, 1) satisfies the identity:

—(uz @) + Z u21 : 2 0) + 11 (Vuz. Vo) + (12.V9) = (fi9). (668

i=1 Xi

Note that (6.6.8) holds true for all ¢ € V' (see Remark 6.5.1).
Taket = 15, ® = tle(tz) in (6.3.1) (we can do it due to Remark 6.5.1) and ¢ = u(¢)
in (6.6.8) at almost all ¢ € [0, T'], and add the results, taking into account (6.3.7):

n
8‘61

d 1 ,d 1 1
(Euz,ul) + M—z(afz,fl) + i (t2,71) — N Z (u2i72. o l)

i=1

" ou (6.6.9)
— (Vua, 1) + 1 (Vua, Vuy) + Z (uz,-a—xj,ul) + (12, Vuy)

i=1
= (fou1).
Inequality (2.1.25) implies

1 3
/2y, 14 i
luzllzg/s0,m0 =<2 27 o o.7: 142112 50,75y < F00-

But Vuy € L»(0,T; L), s0, by (2.2.1), up; ‘?’% € Lg/7(0,T; L4y3). Then (6.6.8)
yields d2 € Lg/7(0,T; Lyay3) + L2(0,T; V™). Therefore

du21 du Uz
Up = Uy +uzp, —— € Lg/7(0,T;Lyy3), € L2(0,T; V™).
dt dr
Similarly u1; a” € Lg/3(0,T: L>) and d” € L2(0,T;L2),uzt2 € Lg/3(0,T: Lys3)

and dd? € L,(0,T; 4/3). Hence, all terms of equalities (6.6.7) and (6.6.9) are inte-
grable on (0, T').



174 6 Weak solutions for equations of motion of viscoelastic medium

Let us check the following formula:

d d 1

1
Uz, ul) =+ ZIL—Z(ETL Tl) + (Eul’uz) + %(Efl’ ‘52)

(i
(6.6.10)

d 1
= E[(“huz) + 2u—2(fl, )]

We are going to use the time averaging. Let

1 TT_hl+h
no = [ e s
-t

where ¢ is a function of scalar argument with values in a Banach space X, and / is

a small positive parameter (cf. (2.2.7)). It is easy to see that if v € L,(0,7T;X),

then y, € WPI(O,T;X), and ¥, — ¥ in L,(0,7;X) at h — 0. Besides, this

operation of averaging commutes with the derivation with respect to ¢. Therefore, if

¥ € W, (0.T: X), then y, € W,;(0,T:X) and Y, — ¢ in W,}(0.T: X) at h — 0.
Now, observe that

1 ,d d 1 ,d

—T2h7flh)+(au1h7u2h)+ %(E 1h- T 2h)

(Lot i) +
dp PR S N

(6.6.11)

d 1
= E[(ulh,uzh) + 2u—2(f1h, 0on)]-

We have that u;;, — uq in Lg(0,7; L4) and in L,(0,T; V). Furthermore, u; =
Uzt + Uy, T2t DUor iy Lo (0,T; Lyys), 920 QU2 5y 1500, T; V).

Tdt dt
Therefore, almost all on (0, T'),
(iuzh, h) = (iuzm,um) =+ (iuzzh,um)
dt dt dt

d d d
(_u21au1) =+ (Euzz,ul) = (_u27u1)-

dt dt
Similarly, the remaining terms of the left-hand side of (6.6.11) converge to the
corresponding terms of the left-hand side of (6.6.10). Besides,

h—o0

1 1
(Uipuzp) + =——(T1h, o) — (U1, u2) + — (71, 12).
22 2p2

Passing to the limit as 7 — oo in (6.6.11) in the sense distributions on (0, 7°), we
obtain (6.6.10).
Let w = u1 —up, 04 = 11 — 72. Observe that

n
—Z uuul, +Z uz, ., = Z(wi%,ul)

i=1 i=
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Due to (6.1.18) the last term vanishes. Thus,

n

_Z uuul, +Z uz, ., —Z(wi%,ul). (6.6.12)
l

i=1 i=1
Besides,
n n n
; (w1 gfj 2) — ; (u2iT2. 22) = ; (wit2, gr:)
n 811 n
= —Z wzﬁ*, +Z wzfl,
i=1 i=1

By (6.1.19) the last term is zero. Thus,

n n n

5 9 5
Y (g tm) = Y (it 5 ) = = (wiow. 50). (6.6.13)

. . 0x;
i=1 i=1 i=1

Now, adding (6.6.7) and (6.6.9), integrating from O to any ¢ € [0, 7], and using
(6.6.10), (6.6.12), and (6.6.13), we obtain the equality:

(ul,u2)<t)+—(n,zz)<z)+2/ i) ds

i=1

8‘61
2/1“2 Z/ w10*7 i / A1 2(‘[1 TZ) ds

t
+ 2/ w1y, u2)y ds
0

(6.6.14)

1 t
= lla|?® + 2—|Iro||2 +/ (f () ui(s) +ua(s)) ds
2% 0

But (12, 12) satisfies inequality (6.6.2):

1 1 t t
Saal20) + el + / ool ds + / plluall3 ds
2 0 2A1p
| | (6.6.15)
< Ljal? + L wol? + / (F(5),ua(s)) ds
2 4 0

Adding it with (6.6.4), and subtracting (6.6.14), we get:

1 1 | !

“Jlw|?@) + —Io ||2(l)+/ lo ||2dS+/ pa w3 ds

2 dps’ 0 A1z 0 Y
n

=3 [ as -3 [ o 1) a
< w,ax,ul S Z W; 0%, ™ S.

i 2
=170 i 1%%] iz

(6.6.16)
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Applying Holder’s inequality, we obtain:

1 1 to t
PO+ 2lo PO+ [ Sl ds+ [l ds
2 0 AT 0 (6.6.17)

t 1
S/ (hwllzglwlly e llz, + 2—||w||L4||0*||||Tl||W41) ds.
0 H“2

We recall Young’s inequality for scalars: for any ¢ > 0 and p,q > 1 such that
14 é = 1, there is a constant C such that for all ¢, b > 0 one has

ab < ga®? + Ch1.

But, by (2.1.24),

1/2 1/4 7/4
lwlzliwly lurlz, < 221wl fwl}* ur .,

Due to Young’s inequality there is a constant Ky such that the last expression does
not exceed y1llw§ + Kiflw|*ur -
Furthermore, (2.1.24) and Young’s inequality give

lwllzallo«lieally,

1/4 1/4 3/4 3/4
< JwlY* ol Y4 w3 o 1P P

IIWIlleO*II + K2||w||||0*||||f1||

1 1
= ulll wlly + o ||0*||2+ Kz(||w||2+||0*||2)||f1||

Then (6.6.17) implies:

1 1 t t
5||w||2(r)+—||a*||2(z)+/ sl ds+ [l ds
0 0

/ Gualwlfy + 5o P
+ 1 K2(||w||2+||a*|| il + Killwl I, ds.
Therefore

PO + o0
(6.6.18)

t
</O (3 K ([w))? + llox )z 115, 1+K1IIWII lherllz,) ds

But the functions |14 ”L (t) and ||y ||4 l(t) are integrable on (0, 7). Then, by the

Gronwall lemma, w = 0,04 = 0, and the theorem is proved. O



6.6 Uniqueness of the weak solution 177

In a similar way one can prove another uniqueness result:

Theorem 6.6.2. Assume that n = 3 and, under the conditions of Theorem 6.2.1, there
are two weak solutions (U1, 01), (U2, 02) to problem (6.2.1) — (6.2.5). If

uj € Lg(0,T; La(2)"),

(6.6.19)
7j = [0j —2m18(u))] € La(0. T: W/ (Q.RE™). j =1.2,
thenu; = up,01 = 03.
Proof. Letw = uy —uy,0%« = 11 — 12. Note that (6.6.19) implies
d
(5. ®) + 5 (rj,cp) + Z u,, ., D) —212(8(uj), @) =0 (6.6.20)

i=1

for all ® € L, (cf. (6.6.6)). Furthermore, by Lemma 2.2.8, the pairs (u;, 7;) satisfy
(6.3.2) for all ¢ € V almost all on (0, T').

Put ® = IO
2

2
and add the results:

in (6.6.20) and u(t) = ¢ = u;(¢) in (6.3.2) at almost all r € [0, T'],

1
(u]vuj)+ 411, (T]7T]) +/~’L1(Vujvvu]) + (ijfj) = <f”])

(6.6.21)
Integrating this equality from O to arbitrary ¢ € [0, T'], we obtain the energy equality
(cf. (6.6.5)):

1 1 ro f
Slus @) + —||rj||2(t)+/ IITJ I? ds+/ pallug |3 ds
2 41t o Mt 0
(6.6.22)

_ Lz e .
= el g tol? + [ (76060 ds

Taking j = 1,® = rz(t) in (6.6.20) and u = uy, ¢ = u,(¢) in (6.3.2) at almost all

t € [0, T], and adding the results we get (6.6.7). Taking j = 2.® = %% in (6.6.20)
and u = up,¢ = u1(t) in (6.3.2) at almost all ¢ € [0, T'], and adding the results, we
get (6.6.9). From (6.6.7) and (6.6.9) we obtain (6.6.14).

Adding (6.6.22) for j = 1,2, and subtracting (6.6.14), we get (6.6.16), and, hence,
(6.6.18). O
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6.7 Minimal trajectory and global attractors for the
Jeffreys model

6.7.1 Integral energy estimate: autonomous case

In Sections 6.7 and 6.8 we study the attractors for weak solutions of the Jeffreys
model. In these two sections we assume that €2 is an arbitrary bounded domain in
R”, n = 2,3 (in this situation the spaces V and Y coincide up to equivalent norm).
According to Remark 6.3.1, we investigate here problem (6.3.1), (6.3.2). First we
have to derive an integral energy estimate for this problem.

Theorem 6.7.1 (see [76]). Let f € V*. Givena € H, 19 € Lz(Q,Rgxn), the so-
lution (u, t) to problem (6.3.1), (6.3.2), (6.3.5) constructed in Theorem 6.5.1 satisfies
the energy inequality:

L2 ! 2 K1, o2
AL e +8M—2”t”Loo(t,t+1;L2)+ > Iz, v

1 n V1
2#2” ") 21y

(6.7.1)
<e 2 (|lall? +

2
I/ 1l

fort € [0,T —1]. Herey = min(%, ZKf)LW) where K is the constant from
Friedrichs’ inequality (2.1.26).

Proof. Consider the pairs (ug, 7z ), k € N which were used in the proof of Theorem

6.5.1 for the construction of the solution. Each of them, in turn, was constructed

in Theorem 6.4.1 using the sequences of solutions (i, k, T,y k) to problem (6.3.3),

(6.3.4) with § = L and & = . It suffices to show that these solutions satisfy (6.7.1).
But these solutions (U, k. Tn k) satisfy (6.3.8):

1d 1

d
Ea(um,ks Um k) + 4M—2E(Tm,ks Tmk) + 1 (Vi ko Vi, 1)

(6.7.2)

(me,kv me,k) = (/. um,k)-

(m m ) :
Tmk>Tmk) T
’ ’ 2kklu2

+
2X1 142

Let iy k(1) = €t g (1), Tk (t) = €¥" Ty 1 (1) where t € [0, T]. Then we have:

1d _, 1 d
— o2yt 7 2 R 2 AT 2 =2Vt |77 2
3¢ Wkl o e [Tkl + 1™ [T
1 ) 1
e yt T 2 76—2)/1 = 2 — 7e—ytﬁ .
* 3 Emil + e Tl = (e )
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Applying the formula of derivative of a product and multiplying by ¢?”? we obtain

1d
2dt

Y o=
T 9
242

(6.7.3)

1
2 - 2 —
+ m”fm,kuy = ("' [, U k)-

1
P
2012

1d
2dt

M1, —
+ 7”um,k”§’ < e | fly*limplly-

Applying Cauchy’s inequality we get

! +ﬂ||ﬁmk||%<i||f||y* e
2dt 2 ’ -

that is

1d ) 1 eVt )
— < — * .
2dt” U k|| + || Tmil* < o I/ Ily

Integrating from O to ¢ we obtain

1 o2 1 2 1 2 /t 2ys
< —l|la|l¥ + — |||l + — « | eV ds.
o Sl + 2ol + 201G |
This implies
1 1 1 1
—|le?* + —|le?" < —llal* + —|lwol®> + —— | f 3> = 1).
|| ol Slal+ ol + /1
-2yt

Multiplying by 2e and taking the maximum along the interval (¢,7 + 1) we con-

clude

1
max (it g () + 5 7m i ()12)
s€(t,t+1) 212

e 2V (Jlal? +

(6.7.4)

1
lol?) + S—I1f 17+

2012 2yp1

Applying to the right-hand side of (6.7.2) Cauchy’s inequality we get:

1d

2
2dt v +

1
— | T,
2012

1 2 M1 2
T ErEE— < — * - .
+ sem il = 51 e+ Bl
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Hence,
1d n 1 n 1
— — |z
2dt 4#2 Y 2kAqz ’
1
< —|flly--
21 Y

Integrating from 7 to ¢ 4+ 1 we obtain

1 1 1 1
SNt i @ 4+ DI = Sl s O + = lom i ¢ + DI = 7l tm s )
2 2 42 42

t+1

t+1
H“1 2 2
=L d <— ..
50 a0l ”zkxmf, ok ds = 5 =111
(6.7.5)
Adding (6.7.4) and (6.7.5) we get:
1 2 1 2
Mt ¢+ DI + T it + D
2 42
1 2 1 2
max (S fm g I + = o k)2
se(r,t+1) \2 412
[+ 5 1 t+1 5 (6.7.6)
— ds + —— d
2 [ M s 55— [ s 1 ds
1+y

< e P (Jlal* +

l7ol1?) + ||f||y*, 0<t=T-1

242

Taking into account inequality (6.3.9) and ignoring the first two positive terms in the
left-hand side we obtain

1 2 1 2
— a + s a
7 semax [t i ()l S0 s _max | T,k (I
w1 t+1 ) 1 t+1 )
4+ = U 1 (s ds+7[ T 1 (s ds (6.7.7)
2 ) kI ds+ o | k)1

4 2
— « 0<t<T-1,
71

1
-2yt 2 2
<e lall® + 5—l7oll®) +
( 25, 17l%)
which is even stronger than (6.7.1). O
Let us also state the following

Lemma 6.7.1. Let f € V*. Assume that a pair (u, t), where

u € Ly(0.T:V)( | Loo(0.T: H). T € Loo(0.T: L), (6.7.8)
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satisfies either identities (6.3.1), (6.3.2) or identities (6.3.3), (6.3.4) almost everywhere
on (0,T) for all ¢ € V and ® € C§°. Then for all t € [0, T] the following estimate
is valid:

1Ly 5,157 + 17 L s -2)

T —1,Q).

A more general variant of this lemma will be proved in Section 6.8.

6.7.2 Existence and structure of attractors

In this subsection we construct the minimal trajectory attractor and the global attractor
for problem (6.3.1), (6.3.2) in the autonomous case (f € V*). We are going to apply
the abstract results of Section 4.2. Let us choose H x L (2, R’y*") as the space £ and
the space VS* x H™S (Q,R’gx”) as the space Eg, where § € (0, 1] is a fixed number.
We have also to define the trajectory space ¥ for the Jeffreys model. This will be
the set of pairs of functions (u, t) which

i) belong to the class
U € L 10c(0. +00: V) () Loo(0. +00: H). T € Loo(0.+00: L):  (6.7.9)

ii) satisfy identities (6.3.1), (6.3.2) for almost everywhere ¢ € (0, +0c0) and for all
¢ € Vand ® € C2°;

iii) satisfy the energy inequality:

1
Z”u“im(t,t-}—l;H) o ” ”Loo(z t+1;L5) + 2 ||”||L2(z t+1;Y)
6.7.10
< 2yt 2 1 2 y+1 ( )
<e (IIMIILOO(O,JFOO;H) + %IITIILOO(O,JFOO;Lz)) 2y —— 13-

for all # > 0 where y is as in Theorem 6.7.1.

Remark 6.7.1. In Section 4.2 it was supposed that KT C C([0, +00); Eg)N Lo(0,
+00; E). Let us show that this condition holds for the Jeffreys model. In fact, every
pair (u, 7) from K1 belongs to Lo (0, +00; H X Ly) = Loo(0, +00; E). For any
T > 0 the function u € L»(0,T;V). By Lemma 6.7.1 u’ € L4/3(0,T;V*), ¢ €
L2(0,T; H™2). Since Q is bounded, Hg C L, compactly. Therefore Vg C H
compactly, Lo C H -8 compactly, H C Vs* compactly. By Theorem 2.2.6 one has:

u e C([0,T]; V), T € C([0,TT; H™%), thatis (u, 1) € C([0, T]; Eo) forany T > 0.

Remark 6.7.2. On account of inequality (6.7.10) the trajectory space ¥ for the Jef-
freys model is not invariant with respect to the translation operator 7' ().
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Theorem 6.7.2 (see [75,76]). Let f € V*. Givena € H, 19 € LZ(Q,REX”), there
is a pair of functions (a trajectory) (u,t) € ¥ satisfying initial condition (6.3.5).

Proof. Take an increasing sequence of positive numbers 7,, — oo. By Theorem
6.5.1, for every natural m there is a pair (U, T ) in class (6.5.1) which satisfies
(6.3.1), (6.3.2) almost everywhere in (0, T3,) as well as the initial condition (6.3.5).
Denote by %, and T,, the functions which are equal to u,, and t,, in [0, T},] and
are equal to zero on (73, +00). Since, by Theorem 6.7.1, all pairs (4, T,) satisfy
inequality (6.7.1), the sequences %y, and T,, are bounded in Lo (0, +00; H) and
Loo(0, +00; L), respectively. Thus, without loss of generality one may assume that
there exist limits

u = lim Uy, whichis x-weak inLo(0,+00; H);
m-—>00

T = lim T,, whichis x-weakinL (0, +00;L>).
m-—>0Q0

Fix an arbitrary interval [0, T']. Then estimate (6.7.1) for all pairs (4, T, ) implies
the uniform boundedness of the sequence {i;,} in L»(0,T; V). Therefore without
loss of generality we may consider that u,, — u weakly in L,(0,7;V). It is easy
to see that the pair (u, t) satisfies inequality (6.7.1) (and, hence, (6.7.10)) and for
T;n > T the functions U, and T, coincide with u,, and 1, on the segment [0, T].

Just as in the proof of Theorems 6.4.1 and 6.5.1, estimate (6.7.1) for all pairs
(Um, Tm) together with Lemma 6.7.1 ensure the convergence of all terms in identi-
ties (6.3.1), (6.3.2) with (u,, T, ) substituted there (7 should be sufficiently large: so
that 7, > T') to the corresponding terms in (6.3.1), (6.3.2) with (u, 7) in the sense of
scalar distributions on (0, 7') as m — oo. Therefore the pair (u, 7) satisfies identities
(6.3.1), (6.3.2) almost everywhere on (0,7') for all ¢ € U and & € C°, belongs
to class (6.7.8) and satisfies condition (6.3.5). Since T was arbitrary, the pair (u, 7)
satisfies conditions i) — iii) of the definition of ¥ . a

The main result of this section is

Theorem 6.7.3 (see [75, 76)). Let f € V*. There exists a minimal trajectory attractor
Wy for the trajectory space ¥ and (4.2.6) is fulfilled.

Proof. 1t suffices to show existence of a trajectory semiattractor and to apply Theo-
rems 4.2.1 and 4.2.5.

Consider the set P which consists of pairs

(u,7) € C([0, +00); Eg) N Loo(0, +00; E)
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satisfying inequalities

1 _rtt +1
2 2
Z||u”L°°(”t+1;H) + %”T”LW(LHI;Lz) + ||”||L2(”+1 y) = ||f||y*,

'Ly 5417 + 1T Lot 1:m-2)

”Loo(l‘,t-i-l;Lz)’ ”f”Y*’ 17 Q)

for all ¢t > 0, where K is the constant from Lemma 6.7.1.

The set P is bounded in Lo (0, +00; E). Let us show that P is relatively compact
in C([0, +00); Ep).

Fix ¢ > 0. Let a natural number M be such that 2114;—1 < &. By Theorem 2.2.6
the set Pyy = {v = uljopm) : u € P} is relatively compact in C([0, M]; Eop).
Then there is an §-net {u1,...,ux} C Py in C([0, M]; Eo) for the set Pps. Let
ui(t) =uj(t),0 <t <M, u;j(t) =uj(M),t > M, j =1,...,k. Then for any
ueP:

+o00 ~
i ="llcqo,i;E0)
min |lu —u; = min 27! —
=k ” J ”C([O +00);Eg) = j=1,. ,k Z 1+ ”u % ”C([O,i];Eo)
M +o00 .
=< __Hllln 27 u =Wl eqoitey + Y, 27 <2- Z 5
J=lek iy i=M+1

Thus, {11, ..., Uy} is e-net for P. Hence, P is relatively compact in C ([0, +00); Eo).

By (6.7.10) and Lemma 6.7.1 the set P is absorbing for the trajectory space ¥ .
Furthermore, it is clear that 7(h)P C P for all h > 0. By Lemma 4.2.9, P (its
closure in C([0, +00); Ep)) is a semiattractor for the trajectory space ¥ . O

Remark 6.7.3. Since the set P (and, hence, P) is absorbing, we could apply Corollary
4.2.1 instead of Theorem 4.2.1.

Theorems 4.2.2 and 6.7.3 imply

Theorem 6.7.4. Let f € V*. In the space H x L, there is a global attractor 4 j
for problem (6.3.1) — (6.3.2), i.e. a minimal compact in VS* x H™% and bounded in
H x Ly set, which attracts all trajectories from X (see Definition 4.2.6). For all
t > 0 we have

KHO(@) C Ay =Us() = K(W)().

Remark 6.7.4. We have established existence of minimal trajectory and global attrac-
tors for the space ¥ of solutions for problem (6.3.1) — (6.3.2) on the positive axis,
which satisfy the integral energy inequality. At the same time it is not known whether
there exist weak solutions of this problem which do not satisfy the energy inequality.
Such a problem is open even for the Navier—Stokes system.
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6.8 Uniform attractors for the Jeffreys model

6.8.1 Integral energy estimate: non-autonomous case

In this section we are going to investigate attractors of problem (6.3.1), (6.3.2) in the
case when the body force depends on time. First let us introduce the space X which
consists of all elements from L3 oc(0, +00; V*) for which the norm

¢l = sup |PllL,(r,e+157%)
>0

is finite.
We have to derive an integral energy estimate in the non-autonomous case.

Theorem 6.8.1 (see [77]). Let f € X. Givena € H, 1y € LZ(Q,R{%X”), the solution
(u, 7) to problem (6.3.1), (6.3.2), (6.3.5) constructed in Theorem 6.5.1 satisfies the
energy inequality:

1 H1
2 2 2
ZHMHLaxnr+hfn +’8M2”t”Laxnr+uLz)*"“”””L20J+1uﬁ
—2)/t(|| ”2 + 1 || ||2) + 2 + 621/ (681)
e a — |70 _—
211 (€2

o 11

fort € [0, T — 1] where y is as in Theorem 6.7.1.

Proof. Consider the pairs (ug, tx), k € N which were used in the proof of Theorem
6.5.1 for the construction of the solution. Each of them, in turn, was constructed
in Theorem 6.4.1 using the sequences of solutions (U, k, T k) to problem (6.3.3),
(6.3.4)with§ = - and e = k It suffices to show that these solutions satisfy (6.8.1).

As in the proof of Theorem 6.7.1, these solutions (U, k. Tm k) satisfy (6.7.2). Let
U (1) = €y 1 (1), Ty (1) = €”" 7y 1 (t) where 1 € [0, T']. Then, as in Theorem
6.7.1, we have:

1d 1 d et

2 2 ~ 2
R +—_ t * .
5 77 Mm e T el o S—IfOlly

Integrating from O to ¢ we obtain

1 1 1 1 t
2 - 2 2 2 2ys 2
+ —Tmill” = zllall” + —Iloll +—/ eV f )y« ds.
dpu, ™ 2 4o 2u1 Jo Y
(6.8.2)

Let us use the following simple inequality (see its proof after the proof of this theorem)

t at+2 s+1
/ @) ds < T sup [ 60| de. 6.8.3)
0

a—1 seo,0—-1]Ys
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where a > 1 and ¢ (s) is a scalar function. Then from (6.8.2) we get:

| 2

1 1

—|le?"u 24— et
e il e i
e2v(t+2)

s+1
sup / 1/ 13- dt.

1 1
< ~lal* + —Ilwol® + =———r
2 4pn 2u1(e?” — 1) sefo,0-1]

-2yt

Multiplying by 2e and taking the maximum along the interval (¢,7 + 1) we con-

clude

1
max (| ) + 5~k )]2)
SE(t,t+1) 22
. 4y (6.8.4)
-2yt 2 2 ¢ 2

<e lall” + 5—l7oll®) + ——— 1/ lIx-

( 3 e 1

As in the proof of Theorem 6.7.1, applying to the right-hand side of (6.7.2) Cauchy’s

inequality we get:

1d
2dt

M1
1+ Sl ly + it

pe L2y L
——I — |
dt m.k 2kAqpiz m.k

”um,k 4#2

1 2
=— 4 * e
< 5 1701

Integrating from ¢ to ¢ 4+ 1 we obtain

1 1 1 1
St g DI = Sl e OIF + L m i (¢ + DI = [tk ()]
L2 412

t+1
H“1 *

2
— d
+ 2/ ||um,k(s)||y s+ i pa

t+1 ) 1 )
ds < — .
/t ||Tm,k(s)||y s = 20 ||f||‘x,
(6.8.5)

Adding (6.8.4) and (6.8.5) we get:

1 1
~Nm i (¢ + DI? + —ltm i ¢ + DI
2 4o

1 1
+  max (—||um,k(s)||2 + —||Tm,k(s)||2)
se(t,t+1) \2 4o

t+1 t+1
M1 2 1 / 2 (6.8.6)
— d d
5[ k@ s+ g [ i) ds

_ 1 2% 42V — 1
<e 7 (lal® + —llwl?) +

s = - 2
T @ 1) 1/ 15

0<r<T-1.
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Taking into account inequality (6.3.9) and ignoring the first two positive terms in the
left-hand side we obtain

1 2 1 2
- +— ma
1, {n IIMmk( )|l S0 s _max | T i ()
t+1 t+1
M1 2 1 2
+ — U k() |y ds + 7/ Ty d
2 J; It i 2kAipz Je Iem.ic ()l (6.8.7)
1 20 4 eV —
—2yt 2 2
<e lall® + =—Ilzoll —Ilfll ,
( 22 )+ 2u1(e?r — 1) x
0<r<T-1,
which yields (6.8.1). O

Proof of inequality (6.8.3). Without loss of generality we may assume that ¢(s) = 0
for s > t. Denote by [¢] the integer part of . Then we have:

[1] [£]

. i+1
/ & (s) ds < Z/ Clowlds =y att [ g ds
i=0 !

i=1

s+1
<a(l+a+a?>+-+adly sup / lp(5)| d¢
s€f0,t] /s

[f+1 _ s+1
e -l g, [ wora

a—1 sef0,r—1] /s

t+2 s+1
“ sup/ 60| dz. .

a—1 s€[0,t—1] /s

IA

Now we turn to the generalization of Lemma 6.7.1.
Lemma 6.8.1. Let [ € X. Assume that a pair (u, ), where
u € Ly(0.T:V)( | Loo(0.T: H). T € Loo(0.T: L), (6.8.8)

satisfies either identities (6.3.1), (6.3.2) or identities (6.3.3), (6.3.4) almost everywhere
on (0,T) for all ¢ € V and ® € C§°. Then for all t € [0, T] the following estimate
is valid:

' llLy vy + 1 | Ly -2
4/3( ) 2(t,T; ) (6.8.9)

T —1,Q).
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Proof. Let a pair (u, ) from class (6.8.8) satisfy identities (6.3.3), (6.3.4) almost
everywhere on (0,7') for all ¢ € U and ® € Cg°. Inequalities (2.1.23), (2.1.24) and
(2.1.26) imply that there is a constant K, = K»(£2) such that

1 3
lu@®)llL, < K2 u@l*u@)]y, n=2,3. (6.8.10)
Thus,

1 3
lullLg 500 = Mulla@)lig ¢ < K2(Q) | lu@)]|* ”u(t)”;“Lg/g,(t,T)‘

By Holder’s inequality (2.1.1) with Q = (0,7), ¥ = ||u(t)||%, Yo
p = p2 = 8/3, p1 = oo the last expression does not exceed

3
lu(®lly -

i 3 1 3
Ko@) oy MO N sy = K@l oy 101 7oy
We have from (6.3.4):

1 sy = | )]

Lyy3(t,T)

" Uiu 8_g0
f;‘)(l_’_L(%_’_WP)’axi)‘

m

Ly4y3(¢,T)

+ 1 (Vu, Vo)L, 5.1y + 1. VOl Ly 56.7)
+{f, 0Ly )50.7)-

Applying Holder’s inequality (2.1.1), Lemma 2.2.1 a), and the inequality
1

e =1
1+ %(m + |u|2)

we get that the right-hand side does not exceed

lolly (el 7:20) + 1Ly s @757y + 1220567300 + 1 a6 137 )

< llolly (K3(@)ul,’?

3
Loo(t,T;H)”u”lz,z(t,T;Y) + ||”||L4/3(t,T;Y)

+tlliLy 51500 + 1 |Ls)s0.m37 %)
< llelly Kz(llull o .1:00)s N llLs vy 1Tl L e1sn0)s 1 f 16, T — 1,2),

and this gives the estimate of the first term in the left-hand side of (6.8.9).
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Taking into account the embedding HO2 C W41 forn = 2, 3, from (6.3.3) we obtain
the estimate of the second term in the left-hand side of (6.8.9):

d
I @ty = |- D) ey

1 1
= HA—I(T’ ) “Lz(t,T) + m”(fy AD) ||z, ¢.1)

()|

T "o
1+%<2u—2+|u|2> !

LT + 1212w, Div ®) ||, ¢, 1)

1 1
< Z”T”LZ(LT;LZ)HCDHLz + mH@IIHg 1Tl Lo, 7L

0P

+ lull oIt 7:00) | F HL4 + 2u2llullL, @, 7;0,) | Div @ L,
1

=< ||‘1>||H5K4(||u||Loo(z,T;L2), Il Ly e,r:v)s 1Tl L Ts0). T — 1. Q).

If (u, 1) satisfies identities (6.3.1), (6.3.2) instead of (6.3.3), (6.3.4), then the proof
of (6.8.9) is carried out in the same way. a

Remark 6.8.1. For arbitrary domain €2 (not necessarily bounded), using a similar
way of proof with estimate (2.1.25) (which does not contain constants dependent on
2) instead of (6.8.10), and with the space V instead Y, one obtains

1w llLys.mv) + 1T Ly H2)
< Ks(Iullz o,y 1l Lo 6,739 T Lo 0,75 15) (6.8.11)
I f Lo :ve). T —1)

where K5 is independent of 2.

6.8.2 Existence and structure of uniform attractors

Let us now construct the minimal uniform trajectory attractors and the uniform global
attractors for problem (6.3.1) — (6.3.2). As in Section 6.7, we choose H X L,(£2,
R'¢") as the space E and the space V5" x H -8 (Q,RE*™) as the space Eo, where
8 € (0, 1] is a fixed number.

Fix some f € X. We can choose the symbol space X, for instance, from the
following variants:

a) {f}:
b) o ={T()f]t = 0};
c) the closure of X in the strong topology of X;
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d) the closure of ¢ in the weak topology of X;

e) any other subset of X which contains X and satisfies the property

lollee = 1/ llx (6.8.12)

forallo € X;
f) any other subset of X which satisfies (6.8.12) and contains f.
As it was mentioned in Remark 4.3.1, the uniform attractors depend on the choice of
the symbol space.
Remark 6.8.2. The sets b) — e) contain X¢ (cf. Remark 4.3.3).
Fix a symbol space X, given by one of the statements a) — f). Define the trajectory
space ® 1 for a symbol o € ¥ as the set of pairs of functions (u, ) which
i) belong to class (6.7.9);
i) satisfy identity (6.3.1) and the identity

n

d 0
(). 9) = 3 (i Ou(n), 35) + (V). Vo) + (20, Vo) = (0(0). )

i=1 !

almost everywhere on (0, +00) forall ¢ € U and ® € C§°; ORI
iii) satisfy the energy inequality:
B s + ol iz + S0y
< IR 0oy + Tt ) (68.14)
2T L g

T e )
for all # > 0 where y is as in Theorem 6.7.1.
Remark 6.8.3. The same arguments as in Remark 6.7.1 show that
R C C([0.+00): Eg) N Loo(0, +00: E)
forallo € X.

Remark 6.8.4. It is clear that on account of inequality (6.8.14) the family of trajectory
spaces %;r , 0 € X is not translation-coordinated (cf. Remark 4.3.2).
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Theorem 6.8.2 (cf. [77]). Givena € H, 19 € Lz(Q,R’gx”), 0 € X, there is a pair
of functions (a trajectory) (u,t) € R satisfying initial condition (6.3.5) .

Proof. Take an increasing sequence of positive numbers 7, — oo. Put in Theorems
6.5.1 and 6.8.1 o instead of f. Then, by Theorem 6.5.1, for every natural m there is
a pair (U, tm) Which belongs to class (6.5.1) with T = T,,, and satisfies identities
(6.3.1), (6.3.2) for almost everywhere t € (0, T;,,) and forall ¢ € U and ® € C§°. By
Theorem 6.8.1, all pairs (4, Tp,) satisfy inequality (6.8.1) for ¢ € [0, T}, — 1] with o
instead of f. Since ||o||x < || f|lx., they satisfy it also with f. Denote by Uy, and
T the functions which are equal to u,, and T, in [0, Ty,] and vanish on (7}, +00).
Then, without loss of generality one may assume that there exist limits

u = lim Uy, which is x-weak in Lo (0, +o00; H);
m-—>0Q0

7 = lim T,,, which is *-weak in Lo (0, +00; L»).
m-—>0Q0

Fix an arbitrary interval [0, T']. Then estimate (6.8.1) for all pairs (i, T,;) yields
uniform boundedness of the sequence {1, } in L2(0, T'; V). Therefore without loss of
generality we may consider that 17, — u weakly in L»(0, T; V). It is easy to see that
the pair (u, 7) satisfies inequality (6.8.1) (and, hence, (6.8.14)) for ¢t € [0, T — 1], and
that, for 7,, > T, the functions %, and T, coincide with u,, and 7,, on the segment
[0,T].

Just as in the proof of Theorems 6.4.1, 6.5.1, 6.7.2, estimate (6.8.1) for all pairs
(Um,Tm) and Lemma 6.8.1 ensure convergence of all terms in identities (6.3.1),
(6.8.13) with (uy,, Ts) substituted there, T, > T, to the corresponding terms in
(6.3.1), (6.8.13) with (u, t) in the sense of scalar distributions on (0, 7'). Therefore the
pair (u, t) satisfies identities (6.3.1), (6.8.13) on (0, T) for all ¢ € VU and ® € C§°,
belongs to class (6.7.8) and satisfies condition (6.3.5). Since T was arbitrary, the pair
(u, 7) satisfies conditions i) — iii) of the definition of %;r O

The main results of this section are

Theorem 6.8.3 (cf. [77]). There exists a minimal uniform (with respect to 0 € X)
trajectory attractor L y for problem (6.3.1) — (6.3.2).

Theorem 6.8.4 (cf. [77]). In the space H X Lj there is a uniform (with respect to
o € X) global attractor Ay (in VS* X H_S)for problem (6.3.1) —(6.3.2).

Proof. Consider the set P which consists of pairs

(u,7) € C([0, +00); Eg) N Loo(0, +00; E)
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satisfying inequalities

1 M
2 2 2
Az s + —||T||Loo(z,t+1;L2) + Sl vy

2% + e — 1

@ D) If 11
1Ly 5417 + 1T Lot 1:m-2)
< Ki(J|u Lo e+1:0) T L oot 41:20)- | f 1l 1. )

for all + > 0, where K is the constant from estimate (6.8.9). Just as in the proof
of Theorem 6.7.3, one shows that P (its closure in C([0, +00); E¢)) is a uniform
trajectory semiattractor.

Now from Theorem 4.3.1 we get Theorem 6.8.3, and Theorems 4.3.3 and 6.8.3
imply Theorem 6.8.4. O

6.9 Stationary boundary-value problem
for the Jeffreys model

6.9.1 Strong and weak statements of the stationary problem

One of the interesting and important problems in the theory of evolutionary equations,
and of the equations from fluid mechanics, in particular, is the study of stationary, i.e.
time-independent, solutions. Such solutions correspond to the steady flow regime.

The boundary value problem describing the steady flow of the Jeffreys medium
with constitutive equation (1.3.12) easily results from problem (6.2.1) — (6.2.4):

n
du
Zuz Py + grad p = Div 0 + f, (6.9.1)
i=1 Xi
. o " 98
o+A1§u,~8—xl_ :277(8—|—)L2;u,-a—)6i), (6.9.2)
divu =0, (6.9.3)
Ul =0. (6.9.4)

Note that 2 here is an arbitrary (possibly unbounded) domain in R”, n = 2, 3.

Observe that stationary solutions may exist only for the autonomous problems
(when f depends only on x). Let f € Y*(Q).
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Definition 6.9.1. A weak solution to problem (6.9.1) — (6.9.4) is a pair of functions
u €Y, o€ Ly, RE") such that

z 3
(0.Vp) = > (uiu, 8—;5) = (£ @)y=xv, (6.9.5)
i=1 !
. ~ D
= —27(u,Div ®) — 2nA2 Y (u;8(u), W) (6.9.6)

i=1

(0,D) — A Z(u,a

i=1
forallp € U and ® € Cg°.

<1>
dx l

This weak setting can by realized in the framework of the general scheme of Section
6.1.1 just as it was done for problem (6.2.1) — (6.2.5).

Theorem 6.9.1 (sec [68]). Ler [ € Y ™*. Then there exists a weak solution to problem
(6.9.1)—(6.9.4).

6.9.2 Auxiliary problem and a priori bound

As in the non-stationary case, we study an auxiliary problem first.
Using the notations 1 = r)—, p2 = 5EL ¢ =0 —2u,8, as in Section 6.3, we

rewrite system (6.9.5) — (6.9.6) in the form

n

1 0P
)L_l(f’ P) — lzzl (u,r o ) ~+ 22 (u, Div®) = 0, (6.9.7)

—Z —) + u1(Vu, Vo) + (v, Vo) = (f. ¢). (6.9.8)
i=1

Now, consider the following auxiliary problem:

1
(@) -8 Z Ui T, =) + 21128, Div ®) + e(Vr, Vd) = 0, (6.9.9)
1
i=1

—52 ) + 11 (Vu, Vo) +8(r, Vo) = 8(f.0)  (6.9.10)
i=1

forallp € Y, ® € H(} (here ¢ > 0 and 0 < § < 1 are parameters).
Let us prove the following a priori estimate:

Lemma 6.9.1. Let Q2 be bounded, and let a pair (u € Y, T € H(} (Q,RE™)) be a
solution to (6.9.9), (6.9.10). Then the following a priori estimate takes place.

1
plully + 5— || I” + >—llzlly < allfll%*‘ (6.9.11)

ZA 2/12
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Proof. Put ¢ = u in (6.9.10), and ® = 2L in (6.9.9), and add the obtained equali-
2
ties. Taking into account (6.1.18) — (6.1.20), we get:

w1 (Vu, Vu) +

&
umz(f’fH %(Vz,w) = §(f.u). (6.9.12)

Since

§(fou) < [ f lly=lluly. (6.9.13)

(6.9.12) yields
pallully < I llys llully,

SO .
lully = —Ilflly=. (6.9.14)
231

Now (6.9.12), (6.9.13) and (6.9.14) imply (6.9.11). O

6.9.3 Solvability of the auxiliary problem

Theorem 6.9.2. Let Q be bounded and f € Y ™. Then there is a solution (u € Y, T €
H{ (2, RE™)) to problem (6.9.9), (6.9.10).

Proof. Let us introduce auxiliary operators by the following formulas (in these for-
mulas ¢ and @ are arbitrary elements of ¥ and Hj (2, RE*™), respectively):

n

K:Y—>Y* (K®u)g)= —Z(uiu,

i=1

A:Y - Y*,  (A®w),¢) = u1(Vu, Vo),

9,

ox;

1
Ag: Hl — H™', (A.(x). ®) = &(Vr, VD) + A—(r, D),
1
A:Y xHy - Y*xH™', A, 1) = (A®u), A:(1)),
Ny :H) = Y* (Ni(r),9) = (z,Vo),
Ny:Y — H™' (Na(u), @) = 245 (u. Div @),

. B . " dP
K:YxH! - H™, (K(u,r),@)):—Z(u,-r,a—xi),

i=1

Q:YxH} - Y*xH™, Q,7t)= (K@) + Ni(t)— f. K@, 1)+ Na(u)).
Then system (6.9.9), (6.9.10) is equivalent to the operator equation

A, t) 4+ 80(u.7) = 0. (6.9.15)
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The linear operator Ny is bounded as a map from L, into Y *. But the embedding
of H(} into L is compact, so the operator N; is compact as an operator from H(}
into Y*. Similarly, the operator N, is compact since ¥ = V (2 is bounded now) is
imbedded into L, compactly.

By Holder’s inequality (2.1.1), the operator K is continuous as map from L4 into
Y*. But Y C L4 compactly, so the operator K is compact (as map from Y into
Y™*). Similarly, the operator K is continuous as map from L4 x L4 into H~!, and the
operator K : ¥ x H} — H~! is compact.

Hence, the operator Q is compact.

By Theorem 3.1.1 the operator A is invertible. Rewrite equation (6.9.15) in the
form

(u, 1)+ 8471 Qu, 1) = 0. (6.9.16)

Due to Lemma 6.9.1, equation (6.9.16) has no solutions on the boundary of a suffi-
ciently large ball Bin ¥ x H(} independent of §. Then we can use the Leray—Schauder
degree deg; ¢ (I +8AQ, B, 0) (see Section 3.2.2). By the homotopic invariance prop-
erty of the degree,

deg; ¢(I +8AQ, B,0) = deg; (I, B,0) = 1.

Hence, equation (6.9.16), and, therefore, system (6.9.9), (6.9.10), has a solution in B
atevery § € [0, 1]. O

6.9.4 Proof of Theorem 6.9.1.

Denote by €2, the intersection of 2 with the ball B,, of radius m centered at the
origin in the space R, m = 1,2,....

Consider the “restriction” of f on Q,,, f|g,, € Y *(£2), which is defined by the
formula

(flam. ¢) = (f.9)

where ¢ is a function from Y (£2,,), and ¢ coincides with ¢ in €, and is identically
zero in 2\, Obviously, || f e, ¥+« = I/ ly=@)-

On each Q,,, consider problem (6.9.9), (6.9.10) with ' = flq,,. € = %, 6 =1.
By Theorem 6.9.2 these problems have at least one solution (u,,, T,). Denote by
(Ym, Tm) the functions which coincide with u, and 7,,, respectively, in £, and are
identically zero in 2\ £2,,. By Lemma 6.9.1, the norms ||ty |ly(@) = [umly(e,,) and
I1TmllLy@) = lltmllL,(g,,) are uniformly bounded. Therefore, as m — oo, without
loss of generality we may assume that u,, — 1o weakly in Y, 7,, — 7o weakly in
L. Let us show that (zig, Tp) is a solution to problem (6.9.7), (6.9.8).

Take arbitrary ¢ € U, ® € C§°. At some k the supports of ¢ and ® are contained
in Q. Denote by u, the functions which coincide with i, in € () B, and are iden-
tically zero in By \ 2. It is clear that u;, — ug weakly in W21 (Bg), that is, strongly in
L4(By).
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Therefore, all terms from (6.9.9), (6.9.10) with ¢ = i, =1, u=uy, ©=1m

m
converge to the corresponding terms in (6.9.7), (6.9.8), and

1 . I .
e(Vim. V)| = |=(Tm. A®)| < —||Tm| [ AD| — O.
m m
Thus, the pair (i, To) satisfies identities (6.9.7), (6.9.8) forall ¢ € U, ® € Cg°.

Let 69 = To + 2u18(ip). It is clear that 69 € L. Then (ip, 6¢) is a solution to
problem (6.9.5), (6.9.6), i.e. a weak solution to problem (6.9.1) — (6.9.4).






Chapter 7

The regularized Jeffreys model

7.1 Formulation of the problem and the main results

Consider the motion of homogeneous incompressible Jeffreys’ viscoelastic medium
filling a domain 2 in R”?, 2 < n < 4, on a time interval (0,7), T > 0. We recall
(Section 1.3.3) that expressing o from the constitutive relation (1.3.12) and substitut-
ing it in equation (1.1.12) one gets (1.3.14). In this chapter we are going to investigate
the equation of motion (1.3.14) instead of system (6.2.1), (6.2.2). Let us point out
that equation (1.3.14) seems to be more convenient for the applications and numerical
schemes, since (in the three-dimensional case) it contains only four scalar function
variables vy, vz, v3, p, whereas system (6.2.1), (6.2.2) has three velocity variables,
one pressure variable, and six stress variables 011, 022, 033,012,013, 023.

Hereafter we assume that €2 is a sufficiently regular bounded domain, and use Ein-
stein’s summation agreement.

Equation (1.3.14) contains the function z which describes the trajectories of par-
ticles of a medium. More precisely, z(, ¢, x) shows which position, at the moment
¢, is occupied with the particle which at the moment ¢ is at the point x (in our case,
x € ). Rewrite the properties (1.3.4), (1.3.5) of z in the equivalent form

z(¢, t,x) =X + /5 v(s,z(s,t,x))ds. (7.1.1)
t

Then the trajectories of the particles of the medium are determined by the velocity
field v as the solution of this integral equation.

Combining (1.3.14) and (7.1.1) with the incompressibility condition (1.1.10), the
no-slip condition (1.1.15), and the initial condition, we arrive at the following problem

a 0 t
o v - MDiV/ e T B) (5, 2051, x)) ds — 22 A
ot 0x; 0 2

=—gradp+ f, (t,x) €(0,T)xQ,

(7.1.2)

z(c, t,x) = x + /g v(s,z(s,t,x))ds, ¢ €][0,T], (t,x) € (0,T)x 2, (7.1.3)
t



198 7 The regularized Jeffreys model

divv=0, (t,x) € (0,T) xR, (7.1.4)
v |0,r)x80 = 0, (7.1.5)
v(0,x) =a(x), x €. (7.1.6)

Here we assumed for simplicity that
Az
o0 — 2nk—8(a) =0 (7.1.7)
1

and used the notations
A=A

o2 (7.1.8)
"

Az
”°=2"A_>0’ m=12n
1

Let us introduce some additional notations required in the sequel.

First we point out that in the space V(£2) we shall sometimes use the scalar product
(. v)y = [o8im) - 8j()dx = %(u, v)y and the corresponding Euclid norm
[olly.

We shall use the following notations for the vector function spaces:

E=150,T;V) with the norm [|v||g = [[v]z,(0,7;V) forv e E;
E* = L5(0,T;V*) withthe norm || fllg+ = || fllL,0,7;v*) for f € E*;
Ef = L1(0,T;V*) with the norm I fller =1 fllL, 0,157+ for f € ET.

Denote by C!D(Q) the set of one-to-one maps z : Q@ —  coinciding with the
identity map on 02 and having continuous partial derivatives of the first order such

that det (g—i) = 1 ateach point of Q. We shall use the norm of the space of continuous

functions C(2)" in this set.

Let us introduce the set CG = C([0,T] x [0, T],C' D(RQ)). Note that CG C
C([0,T] x [0,T],CY(R)"), and CG will be considered as a metric space with the
metric of space C([0, T'] x [0, T], C(Q)").

Let Q7 = (0,T) x Q.

Equation (7.1.2) includes an integral along the trajectories of motion of particles of
the medium (cf. Section 1.3.3). Therefore the trajectories should be unambiguously
determined by the field of velocities v(z, x). In other words, equation (7.1.3) should
have a unique solution for a given velocity field v (¢, x). However, existence of solu-
tions for equation (7.1.3) at fixed v is known only in the case v € L1(0,T;C(Q)"),
and this solution is unique for v € L1(0,7;C'(Q)") such that v lo,T)xa@= 0
(see, for example, [46, 47], [48, Lemmas 1 and 2]). Therefore, for weak solutions,
the motion trajectories cannot be determined unambiguously. A possible way out of
the situation (see e.g. [39]) is a smoothing (a regularization) of the velocity field and
determination of the trajectories z = Zg(v) for the smoothed velocity field Sg(v).

Let us choose some linear regularization operator Ss : H — C1(Q)" NV for
8 > 0 such that the map S5 : L2(0,T:H) — L»(0,T;C'(RQ)" N V) generated



7.1 Formulation of the problem and the main results 199

by the operator is continuous and the operators Sg : L(0,7; H) — L(0,T; H)
converge strongly to the identity operator / as § — 0. A construction of such an
operator is given in Section 7.7.

Replace equation (7.1.3) in system (7.1.2) — (7.1.6) with the following equation:

S
z(c, t,x) = x +/ Ssv(s,z(s,t,x))ds, ¢,t€(0,T), x € Q. (7.1.9)
t

For each v € L,(0, T; V), this equation has a unique solution z = Zg(v) in the class
CG. Substituting Zg(v) for z in equation (7.1.2), we arrive at the regularized problem

v v ! t—=s Mo
— 4 v — - Div/ e~ * 8(v)(s,Zs()(s,t,x))ds — —Av
o U RPN | T ez ds = A
=—gradp+ f, (t,x) €(0,T) x L,
divv=0, (t,x)€(0,T) xR, (7.1.11)
v |0,r)x80 = 0, (7.1.12)
v(0,x) =a(x), x €. (7.1.13)

In order to define weak solutions for this problem, let us introduce the maps

AV = V*, (A@), h) = 1o(Bw), 8(h)), u,h €V,

K:V —>V* (Ku),h) = (ujuj, ?), u,hev,
Xj

(C(v,z)(t),h)y =pn (/(;t e_t;_SS(v)(s,z(s,t,x)) ds,8(h)) .

Herev € E,z € CG,t € (0,T), C(v,z)(t) € V*, h € V. Below we show that
C:ExCG— E*.

Definition 7.1.1. Given f € L1(0,7;V*), a € H, a weak solution for the regular-
ized problem (7.1.10) — (7.1.13) is a function v € L»(0,T;V) N Cy ([0, T]; H) with
v’ € L1(0, T; V*) which satisfies equalities

v+ A(w) — K(v) + C(v, Zs(v)) = f. (7.1.14)
v(0) = a. (7.1.15)

We point out that a weak solution v belongs to the space

Wi ={v:veE, v eE]}



200 7 The regularized Jeffreys model

with the norm [[v]|w;, = [[v]|£ + [|[v'| gz. By Lemma 2.2.3, Wi C C([0,T],V*), so
condition (7.1.15) makes sense.

As in the case of problems (6.1.5) — (6.1.8) and (6.2.1) — (6.2.5), using integration
by parts one can check that this weak setting can by obtained in the framework of the
general scheme of Section 6.1.1.

Note that if vg is a strong solution of the regularized problem, then passage to
the limit in equality (7.1.9) (and then in (7.1.10)) as § — O leads us to a solution
of problem (7.1.2) — (7.1.6). In Section 7.6, we shall study this question for weak
solutions as well.

The solvability of the Cauchy problem (7.1.14) — (7.1.15) will be established pro-
vided f € L1(0,T; H*)+L»(0,T;V*),ie. f = fi+ f> where f1 € L1(0,T; H*)
and f2 S Lz(o, T; V*)

Let us construct the approximating equations. For this purpose, we make modifi-
cations in equation (7.1.14), so that all the terms belong to L(0, 7; V*). Let ¢ > 0.
Consider the operator

" UjU; oh;
Ks V=V y (Kg(ll),h) = (m, W) s
J

and approximate the function f; from L;(0,T; H*) by functions fi  from
L,(0,T; H*) so that

fie — fi in Ly(0,T;H*) as & — 0. (7.1.16)

Let f; denote the function fz = fi, + f2.
Consider the following Cauchy problem

v+ A@v) = Ke(v) + C(v, Z5 (v) = fe, (7.1.17)
v(0) = a, (7.1.18)
in the space W = {v: v € E, v/ € E*} with the norm |[v|lw = |[v|E + [V || E*.

The space W is a Banach space. Since W C C([0,T], H) (due to Lemma 2.2.7),
(7.1.18) makes sense.

Introduce the maps L,G, K, : W — E* x H with the help of the following
equalities:

L(v) = @ + A(v),v|t=0), G(v) = (C(v,Z5(v)),0), K= (Kqg,0).
Then problem (7.1.17) — (7.1.18) is equivalent to the operator equation
L(v) = K¢ = G() + (fs.,a). (7.1.19)

Now we can state the results on existence of weak solutions (see [88]).
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Theorem 7.1.1. Given e > 0, f. € E*, a € H, problem (7.1.17), (7.1.18) possesses
at least one solution v € W.

Theorem 7.1.2. Given f € L1(0,T;H*) + L(0,T;V*) and a € H, problem
(7.1.14), (7.1.15) has a solution in Wi N Cy ([0, T]: H).

The proof of these statements is given in the following three sections.

7.2 Properties of the operators

In this section we study properties of the operators which appear in equations (7.1.17),
(7.1.18), (7.1.19).

Lemma 7.2.1. a) For v € E one has A(v) € E*, the map A : E — E* is continu-
ous, and the following estimate is valid

[A@) g = Co(1 + [[v]E)- (7.2.1)

b) Forv € E one has K(v) € L1(0,T;V*) and K(v) € Loo(0,T; V™). The maps
K:E— L0, T;V*), K.: E — E* are continuous, and

C
IK:lex = — 1Kl orvm = Cillvlz. (722)

where the constants Cy, Cy are independent of v. The second estimate holds also
fore =0 (i.e. for Ko = K). The map K, : W — E* is compact for ¢ > 0.

These facts can be found in [16, Lemma 2.1 and Theorem 2.2] (cf. also the proof
of Theorem 6.3.1, Section 6.3 of this book, and [88]).

As it was mentioned above, W C E N C([0,T], H). For functions v € E N
C([0,T], H), consider the norm

lvllec = max [lv@)] + [vlE-
0<t<T

We shall also require the equivalent norms |lv
=exp(—kt)-v(t),k > 0.

Similarly, define equivalent norms |- ||x. £, || - |k, E*x&> |-
E, E*xH, L,(Or).

k,ec = |IV[lEc where v(t)

lk,L,(0) in the spaces

Theorem 7.2.1. The map L : W — E* x H is invertible, and for all functions
u,v € W the estimate

lv—ullx,ec < C2lIL(v) — LWk, E*xH (7.2.3)

holds for any k > 0. Here the constant Cy is independent of u, v, k.
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This statement is a particular case of Theorem 2.1 from [16], but as a matter of fact
invertibility of L follows easily from Lemma 3.1.3.

Lemma 7.2.2. For anyv € E, z € CG, one has C(v,z) € E*, and the map
C:ExCG— E*
is continuous and bounded.

Proof. By definition of the map C, forv e E,z € CG,h € Eandt € (0,T):

(.o = [ e B(0) (5, 2(s.1,1)) d. e
Let ;
B:(v,z)r> /0 e~ 3 8(s, 2(s, 1, X)) ds.
It suffices to show that
B:ExCG — Ly([0,T], Lo(Q,R"™)),

as well as continuity and boundedness of B.
But B is a superposition of an integral operator with the map

®:ExCG — Ly([0,T] x [0, T], Lo(S2, R™*MY),

(7.2.4)
®:(v,z) = 8(W)(s,z(s,1,x)).

Atany fixed z € CG,

T T 5
/0 /0 [8)(s.2(s.1.2)) = 8)(s. 25 1.3 | 7 gy 5
T T
= / / / 187 (v — u)(s, z(s, 2, x)) dx ds dt
oo (7.2.5)

T
— 200
= T/(; /;2|8| (v—u)(s,z)dz ds

T
= T/() ||8(U - M)(S, ')”iz(Q,Rnxn) dS = T“U — M”zE

Note that the change of variables x — z = z(s, ¢, x) at fixed s, ¢ does not change the
norm because det (g—;) = 1 forall (s,7,x) € [0,T] x [0, T] x Q. Therefore the map
® is continuous in v uniformly with respect to z.

Now, to prove continuity of ®, it remains to check its continuity in z at a fixed
value of v.
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Let z; be an arbitrary sequence from C G, converging to zg € CG in the space
C([0,T] x[0,T],C(R)"), and let & > 0 be an arbitrary number. Since the set of con-
tinuous functions C (Q7,R™ ") is dense in Ly (Q 7, R™ "), there exists a continuous
e/(3VT) - approximation of the function &(v) (denote it by £), i.e.

&
18(W) = &llzo0 7 mrmny < ST

Then

18(v)(s,z;(s. 1, x)) — E(V)(s.2o(s. . X)L, ([0,T]x[0,T], L (Q,R"*"))
< [18()(s,z1 (s, 2, x)) = &(s, 21 (5,2, X)) L ([0, T]x[0,T], L (2, R7¥1))
+ 1ECs, 21 (5.1, x)) — E(5,20(5. 1, X)) | L, ([0, 7]x[0,T], L (Q,R"<7))
+ 18(v) (s, zo (s, 2, x)) — &(s,z0(s, 2, X)) |1, ([0,T]x[0,T],L2(Q R7*1))-

Due to the choice of &, the first and last terms are less than ¢/3. The function £ is uni-
formly continuous on Q 7, so the operator of superposition z + £(-, z) is continuous
from CG to C([0, T] x [0, T], C(2, R"*")). Therefore,

16 (s. 21 (s, 2, x)) =& (s, zo(s. 2, X)) [ c(fo,T1x[0.T],C (2, Rr>n)) = O as | — oo,
Choosing [ large enough, [ > [y, we obtain
1§ s, 21 (s, 2, x)) = &(s, 20 (s, 7, X)) | L, (0. 71x[0.T1. Lo (@ Rr=n)) < €/3.
Hence,
[8(v)(s.zy (s, 2. x)) — 8(V)(s, Zo(s. 1. X)) || L, ([0,T]x[0.T]. Lo (2, RM>*n)) < E.

Thus, the map & is continuous in z.
Estimate (7.2.5) with u = 0, continuity of ®, and boundedness of the integral
operator yield boundedness and continuity of the map B. O

Lemma 7.2.3. The map Zg : L»(0,T; H) — CG is continuous.

Proof. The operator Sg is continuous from L, (0, T; H) to Ly(0,T;:C(Q)" N V).
The map Zg is a superposition of Sg with the resolving operator for equation (7.1.3),
Zo(v) = z. It remains to show that Zg : L»(0, T;C1(Q)" N V) — CG is continu-
ous.

Choose an arbitrary sequence

(v}, vy € Lr(0,T;CHQ"NV), v; — vy as] — 0.

By [48, Lemmas 1 and 3], forevery v = v;, [ = 0,1, 2,..., there is a unique solution
z; in CG to equation (7.1.3), and one has the estimate

S
lz1(5.1.) = 205 1. )l cyr < M ‘ / lv1(s.) = vo(s. ) ey d
t
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with some constant M independent of /, ¢, . Then

lz: — ZO”C([()’T])([()’T]’C(ﬁ)n) < Ml — U0||L1(0,T;C1(SZ)”)
< Cllvi = vollL,0,1:c1(@))-

Since v; — v as [ — oo in the space L5 (0, T;CI(Q_)”), we get z; = Zo(v;) —
Zo(vg) = zo strongly in the space C ([0, T'] x [0, T], C(2)"). O

Lemma 7.2.4. For z € CG, u,v € E there is the estimate
T
IC©.2) = Cu 2l = 1y 5 e = vles (126)

Proof. Letv(t) = exp(—kt)v(t), u(t) = exp(—kt)u(t). By the definition of C,
for h € E we have

(exp (=k1)C(v(1).2(1.7) —exp (=k)C(u(t). 2(-.1.)). (1)) g

T t
zu/ // e U=GHR g (T —7)(5. 2 (5.1, x)) ds 8 (h)(t.x) dx dt
o JalJo
Then with the help of Holder’s inequality we get
(exp (=k1)C(v(1), 2(-,1.7)) —exp (=k)C(u(),2(-,1,-)), h())]

T pt 1/2
< u/ / e_(t_s)(%Jrk)(/ 1812 — ) (s, z(s. 1, X)) dx)
o Jo Q

([Q |8|2(h)(t,x)dx)1/2ds di

T ot 1/2
" / DG H0( [ 820 —m)(s.2)dz) - k. y dsdr
0 0 Q

T t
—(f— 1 _ _
" /O e 9GHR | _iny(s. )y - () v ds di

T t . 1/2 t
<[ ([ e ma) ([a-mear i)

A )y de

T ¢ 1 1/2
su||v—ﬁ||E-||h||E~</ / e_z(’_s)(“k)dsdt) |
0 0

Let us estimate the remaining integral. Denote 1o = 2(% + k), then

L LA, 1T A 1T T
e v "dsdt=—[ 1 —e 70 dtf—/ dt = —.
/0 /0 Ao Jo ( ) Ao Jo Ao

(=}

1/2
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Thus,

TA
2+ 2Ak

(€ Cw,2) e F ). 1| < I —llg - k] g

whence

IC@,2) = Cu, 2)llg e+ = e ™ (C(v,2) = Cu, 2))l| £~

<y T Tl <y |
V—Uu — |V — U
=M 2Tk E=Myok

These lemmas allow us to investigate properties of the map G.

We recall [86] that, for given bounded maps F, 4 : X — Y (X and Y are Banach
spaces), the map F is called #A-condensing with respect to a measure of noncompact-
ness [S] y in Y if

lk,e. O

Y(F(M)) < qy(AM))

for any bounded set M in X with some constant g < 1.
Let y; denote the Kuratowski measure of noncompactness [5] in the space E* with
the norm | - ||, g*.

Theorem 7.2.2. The map G : W — E* x H is L-condensing with respect to yy. for
k large enough.

Proof. Let M C W be an arbitrary bounded set. Then it is relatively compact in
L,(0,T; H) by Theorem 2.2.6. Lemma 7.2.3 implies that the set Z5(M ) is relatively
compact in CG. Then the set C(v, Zs(M)) is relatively compact in E* for any
fixed v € W. Besides, for any z € Zs(M) the map C(-, z) satisfies the Lipschitz

condition (7.2.6) with constant 1 4/ % Then by Theorem 1.5.7 from [5] the map

C(v, Zg(v)) (and hence G) is % -bounded with respect to the Hausdorff measure
of noncompactness yp, i.e.

T
1(GM)) = | 2 aw (M),
Due to [5, Theorem 1.1.7],

K (Ms) < yie(Ms) < 2)p (M)

for any bounded set M. Therefore

Ve(G(M)) = 25k (G(M)) =< 21 \/gl/k(M)- (7.2.7)
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Estimate (7.2.3) yields
V(M) < Coyp(L(M)). (7.2.8)

Estimates (7.2.7) and (7.2.8) imply

T
Y(G(M)) < 2Co \/;Vk(L(M))-

Choosing k so that 2C, % < 1, we conclude. O

7.3 A priori estimates of solutions and solvability of the
approximating equations
Consider the following auxiliary set of operator equations:
v+ A(W) — AK(v) + AC(v, Zs(v)) = fe. A €]0,1]. (7.3.1;)

At A = 1 this equation coincides with (7.1.17).
Let us derive some a priori estimates of solutions for this set.

Theorem 7.3.1. For any solution v € W to the Cauchy problem (7.3.1;), (7.1.18),
A € [0, 1], one has
Ivllec = C A+ felle= + llal). (7.3.2)

IV'llgs =€ A+ | felle= + lalD. (7.3.3)

where the constant C depends on ¢, but is independent of v and A € [0, 1].

Proof. Let v € W be an arbitrary solution to the Cauchy problem (7.3.1y), (7.1.18)
for some A € [0, 1]. Then

L(v) = AKs — AG(®) + (fo, a). (7.3.4)
As L(0) = 0, estimate (7.2.3) yields
Ivllk,ec = C2AIL(V) Ik, E*xH - (7.3.5)
Similarly, C(0, Zs(v)) = 0, and estimate (7.2.6) implies the following inequality
IC(, Zs W)k, e+ = IC (v, Zs(v)) = CO, Zs W)k, e+ = 1 \/g Ivllk,E -
(7.3.6)

Taking into account estimate (7.2.2), we conclude from equality (7.3.4) and estimates
(7.3.5), (7.3.6) that

1 T
ol pe = € (= + my 5 0l e + 1 fellge + llall).
£ 2k
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Since |[v|x,e < l[v|k.Ec for k large enough (such that C ./ % < %) we obtain

1
Ivlk.se <2€ (< + 1

kg -+ lall).

Taking into account the equivalence of norms || - |
| - | =, we get estimate (7.3.2).
Now express v’ from equation (7.3.1;):

v = —(A() = AKe(v) + AC (v, Z5(v)) — fe).

kec and || - |lgc, || - |k g+ and

Estimate (7.3.3) follows from estimate (7.3.2) and the properties of the maps
As Ks, C' O

Let us show the solvability of the Cauchy problem (7.1.17), (7.1.18) via the degree
theory for the class of #A-condensing perturbations of invertible maps (see [86]).

Proof of Theorem 7.1.1. As it was already mentioned, problem (7.1.17), (7.1.18) is
equivalent to the operator equation (7.1.19).
Similarly, the problem (7.3.1,), (7.1.18) is equivalent to the operator equation

L) = A(Ke(v) = G(v)) = (fe.a), (7.3.73)

so it suffices to show solvability of (7.3.7).

Due to Theorem 7.2.2 and Lemma 7.2.1, the map A(K; — G) : W x [0,1] —
E* is L-condensing with respect to the Kuratowski measure of noncompactness yy.
Moreover, a priori estimates (7.3.2), (7.3.3) imply that equations (7.3.7,) have no
solutions on the boundary of a ball Bg C W of large radius R centered at the origin.
Hence, for every A € [0, 1] the topological degree (see [86])

degz(L —A(Kg — G)’ER’ (fe.a))

is defined. Since the degree of a map is conserved with the change of A (homotopy
invariance), we have

degy(L — Ke + G, B, (fs.a)) = degy(L, BR. (fe.a)).
The map L is invertible, so the equation
L) = (f.a)

has a unique solution u in W, and for u¢ a priori estimates (7.3.2), (7.3.3) hold. Then
uo € Bg and deg,(L, BR, (f¢,a)) = 1[86]. Therefore

deg, (L — K¢ + G, BR, (fe,a)) = 1.

Since this degree is nonzero, we have existence of solutions for the operator equation
(7.3.7). a
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7.4 A priori estimate and existence of solutions for the
regularized problem

In this section we show that the solutions of approximating problems (7.1.17), (7.1.18)
converge in some sense to a solution to problem (7.1.14), (7.1.15) as ¢ — 0.
For the functions v € E N Cy, ([0, T]; H), consider the norm

lvler = v L0 + VIE
and the equivalent norms ||v||x, gz = ||| gL where v(¢) = e %), k > 0.

Theorem 7.4.1. For any solution v € WiNCy ([0, T; H) of problem (7.1.17), (7.1.18)
with € > 0, one has the estimate

lvler = C (1 + | frelln,o.7:m%) + I f2lLo0,7:v%) + llall)., (7.4.1)

with a constant C independent of & and 8.

Proof. Letv € Wi N Cy([0,T]; H) be a solution of problem (7.1.17), (7.1.18) for
some ¢ > 0. Then

v+ A@) — Ke(v) + C(v, Z5(v) = fre + f2. (7.4.2)

Let v(t) = eF'0(1), Ke(@) = e ¥ Ko (eF'0), C(@.Zs(e"1D)) = ¥ C(eF'v,
Z5(e*0)), f1. = e ¥ fio. f, = e7¥ fo. Multiplying (7.4.2) by e7*, we
obtain

¥+ kT + A®) — Ko(0) + C@. Zs("'0) = f1. + [ (7.4.3)

Consider the values of the functionals in the left-hand and right-hand members of
(7.4.3) on the function v:

1d —
S IFOI + EITOI? + (AF©). 50) — (Ke@0).5()
= —(C©. Z5( D)) 50) + (1,6 50) + (F2.50)).

Formula (6.1.21) with t = 0 yields (K(v(¢)),v(¢)) = 0 for all ¢ € [0, T]. There-
fore, integrating both parts of (7.4.4) along a segment [0, 7], we get

(7.4.4)

I, _ _ —
2 T + kITIZ,0,7:m) + #ollTIZ 070

1

t r
=5 e~ [ ©@ Zs s m)6) TN ds + [ Frate) 76N ds

t —_
4 / (F»(6). 7)) ds.
0
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From here and from estimate (7.2.6) for u = 0 with the help of Cauchy’s inequality
we arrive at

I _ — —
5 [POIP + FIPIZ, 0.7, + 1012, 0,720
=

_ T _ — _
lal® = nyf ﬁllvll?s + 1 F 1ellzyo,m;m%) - 10lLoc 0,76

+ 1 2llL0.1:v) - 1Pl Ly0.7:v)-

N —

Considering k large enough so that 1/ % < %, and using Cauchy’s inequality, we

get the estimate

||v||ioo(OyT;H) + 2k||§||i2(QT) + MO”EHE

| 1 _ —
< llal + 5 1913 oz + 5 R0 IT1% + 2071l o 7omae)

2 = 2
+ E”fZHLz(O,T;V*)'

Hence,
| —, AL 1 -
5 Iz o.r:my + 2KIVIL, 0y + EMOHUHE
_ — 2 —
= ||a||2 + 2||f1,e||%,1(0,T;H*) + %”fZHiz(O,T;V*)'
This estimate implies (7.4.1). O

Theorem 7.4.2. For any solution v € WiNCy ([0, T; H) of problem (7.1.17), (7.1.18)
with ¢ > 0, there is the estimate

VL 01 < C A+ I frele o + | 2liorve + llal)? (7.4.5)

with a constant C independent of € and §.

Proof. We repeat the arguments used in the proof of estimate (7.3.3). Express v’ from
equality (7.1.17): v/ = —(A(v) — K¢(v) + C(v, Z5(v)) — f¢). Thus,
1V, < C(IAWIE* + [Ke()lL, 0.7:7%)
+ €. ZsW)lle* + | frell,0,1;m% (7.4.6)
+ 1 £2llLy0.75v%)-

Let us estimate || K¢ (v) ||z, (0,7;v*)- Since, for n < 4, the embedding V' C L4(2)" is
continuous, for u € V we have

||Ks(u)HV* = ITll’ale Hm“lzz(ﬁ) = HI{EJ‘X ”uluj ||L2($2) = C||u||L4(Q)n-
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Hence, [|K:(v)||z,0,7:v%) = C ||v||i2(0’T;L4(Q)n). Furthermore, the embedding
E = L3(0,T:V) C L2(0,T; L4(2)") is also continuous, so |[v][z,(0,T:L4()7) =
Clvllg »and [|K:()|z,0,7;v) < Cllv ||125. This estimate and the properties of the
maps A and C allow us to derive (7.4.5) from (7.4.1) and (7.4.6). O

Proof of Theorem 7.1.2. Take a sequence of positive numbers {g; } converging to zero.
For every number ¢;, the corresponding problem (7.1.17), (7.1.18) has at least one
solution v; € W. Due to (7.1.16),

Sfie, = fiin Li(0,T; H) as [ — oo.

Hence, || f1,¢, 1L, (0,7;H*) are uniformly bounded. Due to estimate (7.4.1), the se-
quence {||v;||gL} is bounded. From estimate (7.4.5) it follows that the sequence of
derivatives {v;} is bounded in the space L1 (0, T'; V*). Then without loss of generality
we may assume that

vy =~ v*  weaklyin E;

vy =~ v*  *-weaklyin Loo(0,7T; H);
v; — v*  strongly in L, (Q71)";

v; — v*  in the sense of distributions.

Since linear operators are weakly continuous, A(v;) — A(v*) weakly in E*, and
B(11)(s. %) = B(v*)(s. x) weakly in Lo (O, R™™).
Let us show that

C(v;. Zs(vy)) — C(v*, Zs(v*)) weaklyin E*. (7.4.7)
Due to Lemma 7.2.3,
Zs(vy) — Zs(*) in C([0,T] x[0,T],C(Q)"). (7.4.8)
Let & € E be an arbitrary function. Then
(C(v1. Zs(vy)) = C(v*, Zs (™)), h)
= (C(v1. Zs(v))) — C(v*. Zs(v))). h) + (C(*, Zs(vy)) — C(v*, Zs(v™)). h).

The second term converges to zero due to (7.4.8) and continuity of the map C in z. In
the first term, let us change the variable x for z = Zg(v;)(s, ¢, x). The inverse change
of variable looks like x = Zg(v;)(t, s, 2).

(Cur, Zs(vy)) — C (0™, Zs(v))), h)
T t
= [ [ [ . Zsw.r.0) ~ 876, Z (.. ] ds

-8(h)(t,x)dx dt

T t
:/o /Qfo [8(v)(s.2) = B(™)(s.2)] ds - [8(h)(t. Zs (v1)(2.5.2))] dz dt.
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The first expression in square brackets converges to zero weakly in Lo (Q 7, R™*™),
Using continuity of the map @ defined by equality (7.2.4), from the proof of Lemma
7.2.2 and (7.4.8) we conclude that the second expression converges strongly in
L>([0,T] x [0, T], Lo(2,R™*"™)). Then the triple integral converges to zero as [ —
00, and this finishes the proof of (7.4.7).

Note that K, (v;) — K(v*) in the sense of distributions (cf. (6.4.8) with t = 0).
Passing to the limit in the sense of distributions as / — oo in the equality

v, + A(v)) — Ke(ug) + C(v1, Zs(v1)) = fie, + fa

we get equality (7.1.14) for the function v*. Hence, v* is a solution of equation
(7.1.14). Note that as v* € E, equality (7.1.14) implies v* € EY (cf. the proof of
Theorem 7.4.2). Therefore, v* € Wj. Since v* € Loo(0,7T; H), Lemmas 2.2.3 and
2.2.6 yield v* € Cy([0,T]; H). Arguments as in the proof of Theorem 6.4.1 show
that v* satisfies the initial condition. O

7.5 Another weak formulation
for the regularized Jeffreys model

Now we are going to study the problem of convergence of weak solutions of the
initial-boundary value problems for the regularized model (7.1.10) — (7.1.13) to weak
solutions of the initial-boundary value problem for system (6.2.1) — (6.2.5) as 6 tends
to zero.

Hereafter we assume that Q2 is a sufficiently regular bounded domain in R”, 2 <
n <3.

Leta € H, og € WZ_I(Q,RT;X"), f € L(0,T; V™). We recall (Definition 6.2.1)
that a weak solution of problem (6.2.1) — (6.2.5) is a pair of functions (u, o),

d
ue La0.T:V) () Cul0.T]: H), T= € Li0.T: V™), (7.5.)

0 € Ly(0.T: Loy(Q.RY*M) () Cw ([0. T): HH (@, RYN)) (7.5.2)
satisfying the initial condition

Ulr=0 = a, olt=0 = 09 (7.5.3)
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and the identities

n

d g
- (.9) + (0. V) —;(uiu, a_x,-) =(f.9), (7.5.4)
d " 9D
(0,D) + ME(G’ d) — Aq ; (ul-a, ﬁ)
= (7.5.5)

n
= 2(8(u). ) + 2nkz(di(8(u), ®) — Y (uiB(u), ail’))
t im ox;
forall ¢ € VU and ® € C§° in the sense of distributions on (0, 7). As in Chapter 6,
C° stands for the space Cy°(S2, R'¢™").
Hereafter let us assume (7.1.7) again. Definition 7.1.1 implies that a weak solution
of the regularized problem (7.1.10) — (7.1.13) is a function (let us denote it u here)
from class (7.5.1) satisfying the initial condition

Ul=0 =a (7.5.6)

and the identity

d - 9
£00.0) = 3 (uOu@). 52) + Jpo(Vu(0). Vo)

i (1.5.7)
o5t
o /0 ¢ 8(s. Z5u)(5.1.) ds.8(9)) = (£(0). )

forallgp € V on (0, 7).

Let us also consider another problem which is obtained as an immediate regulari-
zation of problem (6.2.1) — (6.2.5). Let us define a weak solution of the problem as a
pair of functions (u, o) satisfying conditions (7.5.3), (7.5.4) and the equality

n
(0, D) + Aldi(a, @) — A1 Y ((Ssu)io, 8ip)
t =1 0x;

(7.5.8)

d “ I
= 20(8(). ®) + 2nha (- (E(w). ©) - ; ((Sywie). 5-))
forall 9 € U and ® € C§° in the sense of distributions on (0, T').
It turns out that problems (7.5.6), (7.5.7) and (7.5.3), (7.5.4), (7.5.8) are associated
as follows:

Theorem 7.5.1 (see [74]). Let a function u from class (7.5.1) be a solution of problem
(7.5.6), (7.5.7). Then the pair (u, o) where

t

o(t) = we8u) (1) + ,u[o e_t*;fS(u)(s, Zs(u)(s,t,+))ds, (7.5.9)
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is a solution of problem (7.5.3), (7.5.4), (7.5.8) in class (7.5.1), (7.5.2).

For the proof of Theorem 7.5.1 we will need two technical lemmas.
Denote by /7 the second term in the right-hand side of (7.5.9).

Lemma 7.5.1. The following estimate is valid:
111112 0.7525) < K(IullL,00,757))s (7.5.10)
where the constant K does not depend on 6.

Proof. Note that the expression /] can be rewritten as uB(u, Zg(u)). We recall that
the operator B is defined by the formula

t —s
B(u,z)(t) = / e_tTIS(u)(s,z(s,tg)) ds, ue L0, T;V), zeCG.
0
We have:

o 5
”B(u’z)”%oo(O,T;Lz): sup // [e X1 |8(u)(s,z(s,t,x))|ds] dx
te(0,T) /2 JO

T
< sup /(; /Q|8(u)(s,z(s,t,x))|2dxds

t€(0,T)

T
_ 2
_/0 /Q|8(u)(s,z)| dzds

T
= [ 18606 NP ds = Kl 070,

We have taken into account the identity det(dz/dx) = 1. From these equalities and
inequalities estimate (7.5.10) immediately follows. O

Lemma 7.5.2. Let v € L»(0,T;CY(Q)" N V), and z, be a solution of equation
(7.1.1). Then for every function { € L(0,T; Lo(2,R)) the integral

t
¢ = [ ez ds
0
belongs to L»(0, T; Ly) and the identity

d - 0
e =3 (uk 30) = (€ 9) (.51

1=

is valid for all Y € C§°(2,R) in the sense of distributions on (0, T). Furthermore,
4 ¢ L1(0,T: H™?).
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Proof. Take a sequence of functions {{,} smooth enough and converging to ¢ in
L5(0,T; Ly). Then the corresponding &, converge to & in L,(0,7; L,). Really,

2
1&m = EN7,00,7:L5)

/ H[ Cm (s, 2y(s. 1, %)) = L(s. 2y (5.2, x))dsH

5/0 /0 /Q|(;m—;)(s,zv(s,z,x))|2dxdsdz

T
=7 [ [ =006, dzds = Tl =21 0.7,

— 0.

L (Q,Rnxn)

But for the smooth functions &, and ¢, formula (1.3.9) gives

d
E‘Em = {m.
Here (only here!) % stands for the substantial derivative, i.e.

n

(D) | 5, Bon)()

T o = ).

i=1
Taking the L, (€2, R)-scalar product of this equality with an arbitrary function ¥ €
Cs°(R2,R) at almost all 7 € (0, T'), and integrating by parts in the second term of the
left-hand side, we arrive at

d z oy
—Em ) =3 (vikm. 5 _) Cm- V).
i=1
Passing to the limit as m — oo in the sense of distributions on (0, 7)) we obtain
formula (7.5.11).
We have from (7.5.11), using Holder’s inequality:

d
1 W0 = 1561 0m = NI HLI(O 1V L.

i=1

< Z illLs 0,520 I8l L20,75L5) H HL4 + ¢l 0,152 1Y Ml Ly
i=1

< llia.rmlEla. 7)1Vl g2 + 1S1La0.m:L) 1V llL, < ClY il g2

Here we have used the continuity of embedding of HO1 (2) and V into L4. Thus,
4 ¢ L1(0,T: H™?). O
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Proof of Theorem 7.5.1. Let us show first that the defined by formula (7.5.9) function
o belongs to class (7.5.2). Really, since u € L,(0,7;V) () Cy ([0, T]; H), the first
term in (7.5.9) wo8u) € L»(0,T;L2)(Cw([0,T]; H™!). By Lemma 7.5.1 the
second term in (7.5.9) I1 € Loo(0,7T; H). And from Lemma 7.5.2 it follows that
%11 € L1(0,T; H™2). Then, by Lemma 2.2.3, I; € C([0, T]; H™?), so, by Lemma
2.2.6, 11 € Cy ([0, T]; H). Hence, o belongs to class (7.5.2).

From (7.5.7) and (7.5.9) it immediately follows that (7.5.4) is fulfilled. And (7.5.9)
and (7.1.7) yield

olr=0 = no€u)|t=0 = no8(a) = op.

Thus, the initial condition (7.5.3) is fulfilled.
It remains to show (7.5.8). Take an arbitrary ® € C§°. We have from (7.5.9):

L

t Ay
e*1 (0 — pnob(u)) = M/O e?18(u)(s. Zs(u)(s.1,7) ds.

By Lemma 7.5.2 we have

n
L

d = Z 0D
E(e“ (0—po&(u)), P)—ett Z ((S5(u))i (0 — 108 (), W) = e’ (&(u), @),

i=1 !

whence

1 '
Lo (0= 108 w), @) + ¥ Lo — now). @)
A1 dt

. 0 L
— e Y ((S5u))i(o — o8 (w)), g) = pett (8(u), P).

i=1

ot
Dividing by %e *1 and rearranging the terms, we obtain:

d é 9P
(0, 9) + 1 (0, ®) = A1 > ((Ssuio. —)

. 1
i=1
n

d )
= (ko + A€W, ) + porr 7 (B(0). ®) = pods ) ((S5)i€0w). a—j).

i=1

This immediately yields (7.5.8). O
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7.6 Behaviour of solutions of regularized problems
asd —> 0

In this section we assume a € H, o € W; 1 (Q,RE™), f € Ly(0,T;V*) and
condition (7.1.7) to be fulfilled. Theorems 7.1.2, 7.4.1, 7.4.2 guarantee existence of
solutions for problem (7.5.6), (7.5.7) which satisfy the estimate

llLy0.7:v) + 1l + \Ii—”,’ilLl(o,T;V*) < K(lall ILf Ia0.7:v%)-
(7.6.1)
where the constant K does not depend on §. By Theorem 7.5.1 these solutions gen-
erate pairs of solutions for problem (7.5.3), (7.5.4), (7.5.8). Now we are interested in
behavior of these solutions as § — 0. The following theorem gives an answer to this
question.

Theorem 7.6.1 (see [74]). Let §;, — 0 for k — o0 be a sequence of numbers, uj,
be some solutions of problem (7.5.6), (7.5.7) at corresponding S, satisfying estimate
(7.6.1), and let oy be the corresponding deviatoric stress tensors given by formula
(7.5.9). Then it is possible to select a subsequence 8y, — 0 for m — oo and a pair
(Ux, 0x) so that

the pair (Ux, 04) is a weak solution for problem (6.2.1) — (6.2.5);

Ug,, — ux*-weaklyin Loo(0,T; H),weakly in L(0,T;V),

strongly in L,(0,T; H);

Ok, —> Ox*-weakly in Loo(0,T: H_l), weakly in L(0,T; Ly).

Proof. From estimate (7.6.1) it follows that there exist a subsequence Jx, of sequence
) and a function u 4 so that

Ug,, — Ux weakly in L2(0,7;V),
Ug, — ux *-weaklyin Loo(0,7T; H)
duk

and the sequence || =L, (o,7;v*) is bounded. Due to Theorem 2.2.6, without loss
of generality we may assume that

Ug,, —> Ux strongly in Lo(0,7; H).
So we have:

8(ug,,) — &(ux) weakly in L»(0,T'; L»),
8(ug,,) — B(ux) *-weakly in Loo(0,T; H™Y).
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By Lemma 7.5.1 the expressions
L i
o[ e e, )05, 25, g, ) 5,150 ds
0

are bounded in Loo(0, T; L) and, therefore, in Loo(0,T; H™') and L, (0, T; L»).
Then from (7.5.9) it follows that without loss of generality there is o« such that

Ok,, — 0x weakly in L(0,T; L),
Ok,, —> 0x *-weaklyin Loo(0,T; H™Y.
The operators Sg converge strongly to the identity operator in L,(0,T; H) as § — 0;
therefore || S5|| < K, where K does not depend on §.
We have:
S5, Uk — UsllLo(0,7:H)
< IISsy,, | luk,, —uslLoo,1;m) + 1(Ssi,, — DuxllLy0,7:0)-
Both terms vanish as m — oo. Thus,

Ss,. Uk, — Ux strongly in L(0,7; H).

km

Fix an arbitrary function ¢ € U and ® € C§°. We have:

0P

/ ‘Z[ (Ss1.,, Wk )i Ok » gq)) (u*ia*,a—xi)]‘dz

i=1

0 0
/ L (Sskm Uk, )i — Uxi]Ok,,. aﬂ + [(uxilog,, — o, E)” dt
<y [IISskm Uk, — Ul Lo 0,7:8) [0k | 20,75 L2) H HLOO
i=1
od
+ (Uk T O, Unj 5 x; )LOO(O T:L>)xL,(0,T; Lz)]

All terms converge to zero. Therefore

n

D
—) = Y (uxion, W) inL1(0,7).

i

- 9D
Z((Ssk Uk,)i Ok, » o

i=1 i=1
Similarly

n n

0
Z((Sskmukmwukm),a—f) = D (i), 3 q’) in Ly (0. 7).

i=1 i=1
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It is easy to see that the remaining terms in (7.5.4) and (7.5.8) with uy, 0%, .8k,
substituted into these equalities converge to corresponding terms of (7.5.4) and (7.5.5)
with u,, 04 in the sense of distributions on (0, 7). Therefore the pair (ux, 04 ) satisfies
(7.5.4), (7.5.5). As in the proof of Theorem 6.4.1, one can check that the initial
condition (7.5.3) is fulfilled. Furthermore, as in the proof of estimates (6.3.14) and
(6.5.2) one can establish that

du
dt
By Lemma 223, ux € C([0,T];V*),04 — o8(us) € C([0,T]; H™?). Since
Us € Loo(0,T;H) and 0x — 108(Us) € Loo(0,T; H™'), Lemma 2.2.6 implies
that ux € Cy ([0, T]; H), 04 — o8ux) € Cyu ([0, T]; H™1). This yields 8(ux) €
Cy([0,T]: H7 ') and 04« € Cy ([0, T]; H7V). O

w d -
€ Li(0,T;V*), E(o* — 108(ux)) € L2(0,T: H™2).

7.7 Two constructions of regularization operator

7.7.1 The first construction

Let  be a sufficiently regular bounded domain in R”.

For 1 < g < o0, denote the closure of the set V(2) in the norm of the space
L4(2)" by Hy, and the closure of ‘V(2) in the norm of the space qu (2)" by V.

In this section we construct the regularization operator Sg (see [17, 18]). We recall
(Section 7.1) that it should satisfy the properties: i) the operator S5 : H — C1(Q)" N
V for§ > 0;ii) themap S5 : L2(0,T; H) — L(0,T;C(Q)"NV) generated by this
operator is continuous; iii) the operators Sg : L(0,7; H) — L»(0,T; H) converge
strongly to the identity operator / as § — 0. However, we are going to present more
general constructions which are suitable not only for L;-case but also for L,-case.
Namely, we are constructing an operator Sg : H; — C ()" NV, such that the map
Ss : Lg(0,T; Hy) — Lg4(0,T;CY(Q)" N V,) is continuous, and Sg(v) converges to
vin Ly(0,T;Hy)asé — Oforallv e Ly(0,7:Vy) (andevenforv € L,(0,7; H)
ifg = 2).

We point out that classical averaging procedures are not directly applicable here
since they do not conserve the condition v(t) € V.

Choose a finite covering of the domain 2 by sets U, Uy, ..., U such thati) U C
U C Q, ii) each of the sets 92 N Uj, j =1,2,...,k,is not empty and is a graph of
a Lipschitz function, iii) each of the sets 2 N U; is star-shaped with respect to one of
its points x 7.

Choose a C°°-smooth partition of unity subordinated to the covering U, Uy, ...,
Uy of the set €2, i.e. scalar functions ¢, ¢;, j =1,2,... .k, on Q such that

k
¢+Z¢j=1, where supp¢ C U, suppgp; C U;, j =1,2,...,k.
j=1
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Then for a function v € Hy we have

k
v=gv+ Y v, (7.7.1)
j=1

and each term belongs to L, (£2)".
Let o, (xj’f‘), & # 0, denote the homothetic transformation with coefficient 1 — &:

x> xF e+ x-(1—e).

For this transformation o,(2 N U;) C 0 (QNU ;1) C & N Uj for every j. Denote
by u; the function u; = ¢;v and by og[u;] the function o, [u;](x) = u;(0s(x)). We
assume that each of the functions u; is continued by zero onto the whole space R”.
Due to [61, Chapter I, Lemma 1.1], 0¢[u ;] converges to u; in L4 (£2)" as & — 0. Note
also that for fixed & > 0 the support of each function og[u;], j = 1,2,...,k, and its
28-neighbourhood is contained in U; N Q for § > 0 small enough. The same is true
for the function u = ¢w, since the function ¢ has a compact support in €2. Thus, the
function

k
v=u+ Zog[uj]
j=1

has a compact support in 2.
Take the subdomain of the domain €2 of the form

Qs = {x € Q:dist(x,0R) > 8},

containing the support of the function v.

It is known (see [6, 36]) that the space L,(£25)" may be decomposed in the fol-
lowing direct sum: Lg(25)" = Hy(Rs) & G¢(R2s), where G4(25) ={Vp:pe€
qu (25)}. Denote by Ps the operator of projection from L,(£25)" onto H,;(25).
Applying this operator to the function v, one obtains vg = Pg(v). The function vg
belongs to space H,(£2s), therefore its continuation by zero onto the domain €2 has
the property div vg = 0 in every point of the domain. Hence, vg € H; = Hy; ().

Let p be a function of the class C°° with a compact support in the ball B1(0) of
radius 1 centered at the origin, such that p > 0, [g, p(x)dx = [ (o) P(x)dx = 1.
Denote by pg the function Slnp(g). As § — 0 the functions pg converge in the sense
of distributions to Dirac function and ps * v — v in L4(R")"” for any function
v € Ly (R")", where * is the convolution of functions.

Applying the operation of Steklov averaging to this function, we obtain v = pg *vg.
The choice of § ensures the condition that the support of v'is a compact set in €. Since

divv = div(pg * vg) = pg x divvg = 0,
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onehasv € V N C®(Q)".

Each of the transformations used at the construction of 7 determines a linear boun-
ded map in the corresponding spaces. Therefore the map Ss : v — T = pg * vg
satisfies the conditions on a regularization operator. Namely, S : H; — V; N
C1(Q)" is continuous. Since the construction of S5 does not depend on ¢, the map
Ss : Lg(0,T; Hy) — Lgy(0,T;V, N CY(Q)") is also continuous.

Besides, Ssv — v in L4(0,T; Hy) as § — 0. The check of this fact is rather long,
so we shall consider another construction of a regularization operator and present a
proof of the convergence only for the second construction.

7.7.2 The second construction

Let 2 be a sufficiently regular bounded domain in R”. For § > 0, we denote by Q5
the set

Qs = {x € Q:dist(x,0Q) > §}.

Let v € H, be an arbitrary function. Denote by vgs the restriction of the function v
to the domain Qs: vs = v |q,. We suppose that the function vs is continued by zero
onto 2\ Q5.

We recall that by Ps we denote the operator of projection from L,(£25)" onto
H,;(Q25). Applying this operator to the function vg, we obtain v = Pgs(vg). The
function v belongs to the space H,(25), therefore its continuation by zero onto the
domain 2 has the property v € H,; = H,(2). Hence, divy = 0 in every point of
the domain. Really, by definition of the space H,(£2s) the function v is a limit of a
sequence of functions wy € VU(2s) in the norm of the space L, (£2s). Continuing the
functions wy by zero on the complement of the domain €25, we obtain functions wy,
€ V(R2). Itis easy to see that the function v is a limit of the sequence of functions Wy
in the norm of the space L, (£2). Therefore this function belongs to the space H,(2).

Again, let p be a function of the class C° with a compact support in the ball of
radius 1 centered at the origin, such that p > 0, [, p(x)dx = fBl(O) p(x)dx = 1.
Denote by pg the function g—: p(zg—x).

Applying the operation of Steklov averaging to the function v we obtain v = pg *v.

The choice of § ensures the condition that the support of v is a compact set in 2.
Since

divv = div(pg *v) = ps * divy = 0,

one hasv € V N C®(Q)".

Each of the transformations used at the construction of v determines a linear boun-
ded map in the corresponding spaces. Therefore the map Ss : v — T = pg * vg
satisfies the conditions on a regularization operator. Namely, S5 : H; — V; N
C'(Q)" is continuous. Since the construction of Sg does not depend on ¢, the map
Ss : Lg(0,T; Hy) — Lg(0,T;V, N CY(Q)") is also continuous.
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It is easy to see that the maps Sg : V; — V4 N C1(Q)" and S5 : Lg(0.T:Vy) —
Ly(0,T;V, N CY(Q)") are correctly defined and continuous.
Let us check that for any function v € V;; (or v € H for ¢ = 2) one has

Ssv—-v in Hy as & —0.

First of all, it is easy to see that |[v [Q\@; L, @\25" — 0as§ — 0. It follows
from the property of absolute continuity of the Lebesgue integral.
Let p be a solution of the boundary value problem

Ap =0,
a
#bﬂg = Vv,s(US)v

such that fQ p(x)dx = 0, where vy is the exterior normal vector to the boundary 02
of the domain Q5 and y,,;(vs) = vs |y -vs (this has a special meaning for g = 2
and v € H, see [61]). Then v = Psvg = vg — grad p (cf. [61]).
Since
”p”qu Q)" = CO”VVs (US)”B(}_U‘{(ZJQ,S)"

with some constant Cy independent from &, one has || p||y, J(@sn — 0as 5§ —0,

if ||yvs (US)”B(}_U({(Z’Q,S)" —0asd —>0 (B;_l/q is the Besov space [11]; it must be

replaced by H~/2 ifg=2andv € H).

The concept of trace of a function assumes “continuous dependence” of values of a
function on the variation of the manifold d<2. For small § the manifolds 925 and 92
are close and there exists a one-to-one map of one manifold onto another, therefore the
traces of a function on these manifolds y,,;(v) and y, (v) are also close. Since y, (v) =
0, one has ||y, (v3)||33,—1/‘1(3s28)n is close to zero, i.e. ||y, (v3)||B;_1/q(8QS),, —0as

§ — 0. Thus, p tends to zero in qu as§ — 0.
Finally, the operation of Steklov averaging has the property

ps *v — v in Lg(R")"
for any function v € Ly (R")". Therefore
V" = vllL,@n = llps ¥V —ps * v, @n + llos * v — VL, @)
and the second term tends to zero. For the first term we have the estimate
lps * v — ps * vlL, @ = Ci1llv — vlL, @)

< Ci(llgradpllL, + lv le\es L, @\25")

= Culllpliwy + llv levas 2y @\e5m)
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with C; independent from §. Both terms in the parentheses vanish as § — 0. Thus,
||’l\)/ - U”Lq(Q)" — 0as§ — 0.
Since Sgv = 7, for every function v € V; (or H for ¢ = 2) we have

Ssv—-v in Hy; as & —0.

Moreover,if v € Ly(0,T;Vy) (orv € L2(0,T; H) for ¢ = 2), a similar reasoning
shows that
Ssv—v in L4(0,T;Hy;) as §—0.
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(E, F)-attracting set, 77
(E, F)-attractor, 77
s-weak topology, 33
A-condensing map, 205

A
absorbing set, 77, 80
attracting set, 80

B

Bochner integrable function, 40
Bochner integral, 40

Bochner measurable function, 40
body force, 3

bounded semigroup, 77

C

closed family of trajectory spaces, 102
closed semigroup, 96

compact embedding, 34

compact operator, 74

compact set, 46

compressible medium, 10

constitutive equation, 3

continuous embedding, 34
corotational derivative, 20

D

dashpot, 5

deviatoric stress tensor, 2
distribution, 34

domain, 31

E

elasticity, 5

equation of motion, 3
extra-stress tensor, 20

F
frame-indifferent function, 15

G
generalized (distributional) derivative, 43

Index

generalized function, 34
geometrical vector, 15
global (E, Ey)-attractor, 79
global attractor, 81

H

homogeneous incompressible medium, 4

homogeneous trajectory quasiattractor, 90

homogeneous uniform trajectory quasiat-
tractor, 98

hydrostatic pressure, 4

I

ideal fluid, 3
incompressible medium, 10
invariant set, 77

J

Jaumann’s derivative, 19

K

kernel of a set, 82

Kuratowski measure of noncompactness,
205

L

LCM, 20

Leray projection, 114

Leray—Hopf solution, 141
Leray—Schauder topological degree, 74
linear homotopy, 74

lower-convected Maxwell derivative, 20

M

minimal trajectory attractor, 81
minimal trajectory semiattractor, 86
minimal uniform trajectory attractor, 99
multi-index, 32

N
Newtonian fluid, 3
no-slip condition, 5

(0]
objective derivative, 19
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Oldroyd’s derivative, 20 A%
viscoelastic, 21
P viscosity, 3, 5
plasticity, 5 vorticity tensor, 2
principle of material frame-indifference, 15
w
R weak solution, 61, 141-143, 151, 192,199
reflexive space, 33 weak statement, 142
relatively compact set, 46 weakly continuous function, 42

relaxation time, 8
retardation time, 8
rheological behavior, 2
rheology, 2

S

scalar distribution, 34
semigroup, 77

simple function, 40

spring, 5

stationary solution, 191
steady flow regime, 191
strain velocity tensor, 2
stress tensor, 2

stress vector, 2

strongly positive operator, 65
sufficiently regular domain, 35
symbol space, 98

T

tensor, 1

trajectory, 80, 98

trajectory attractor, 81

trajectory quasiattractor, 80

trajectory semiattractor, 80

trajectory space, 80, 98

translation-coordinated family of trajectory
spaces, 99

U

UCM, 20

uniform global attractor, 99

uniform trajectory attractor, 99

uniform trajectory quasiattractor, 98
uniform trajectory semiattractor, 98
uniformly absorbing set, 98

uniformly attracting set, 98

uniformly strongly positive operator, 66
upper-convected Maxwell derivative, 20
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